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Abstract. In this work, we study an initial value problem for variable-coefficient differential equa-
tion with nonsingular kernel. Firstly, we obtain existence and uniqueness of solutions for the above
problem. Secondly, we obtain a stability result within the Ulam-Hyers sense of the given problem.
As a special case, we obtain the corresponding conclusions with constant coefficients. An example
is provided to verify the theoretical results.

Keywords: Caputo-Fabrizio derivative, variable-coefficient, Ulam-Hyers stability,
constant-coefficient.

2010 Mathematics Subject Classification: : 26A33, 34A08, 92D30.

1 Introduction

Compared to traditional integer-order equations, fractional differential equations(FDEs), by virtue
of the nonlocality of their operators, can accurately characterize complex processes with memory
effects and hereditary properties([1, 2]). Therefore, they have become important research tools in
fields such as anomalous diffusion, viscoelastic mechanics, soft matter physics, biological system
modeling, and control theory([3]).

In 2015, Caputo and Fabrizio proposed a fractional derivative as a modification of the traditional
Caputo derivative, which is now known as the Caputo-Fabrizio (CF) derivative([4]). It replaces
the power-law kernel in the classical definition with an exponential function. This derivative is
extensively applied in modeling across diverse practical domains, including biomedicine, physics
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and engineering, economics and finance, as well as ecology. Research on equations containing the
CF derivative has yielded some results([5, 6, 7, 8, 10, 9, 11, 12]), however, to the best of the authors’
knowledge, there is still a great deal of research that has not been addressed. For instance, research
on the initial value problem (IVP) for variable-coefficient differential equations involving the CF
derivative is scarce.

When the coefficients in the equation are time-varying functions, they can more realistically
describe phenomena where memory properties and time-varying characteristics coexist in practical
scenarios, such as the dynamic evolution of cells in biophysics or the diffusion of pollutants in
environmental science.

Ulam-Hyers (UH) stability serves as a tool for analyzing the error bound between approximate
and exact solutions. This theory was introduced by Ulam and Hyers in 1940 ([13, 14]) and has now
been widely applied in the study of various types of FDEs. However, its application to variable-
coefficient differential equations with the CF derivative remains rare.

In this paper, we study the following initial value problem (IVP) for a variable-coefficient diffe-
rential equation with nonsingular kernel

CED (t) + At) CF]_)g+93(t) = /t f(s,z(s))ds, t € J:=[0,T], (1.1)
0

z(0) = xo, (1.2)

where a, 3 € (0,1) and A\(t) € CH(J,R), A\(t) # 0, (1 — a)A(t) # 1 — B, f(t,z(t)) will be
specified later.

By overcoming the effect of the coefficient A(¢), we obtain the existence and uniqueness re-
sult for the solution to (1.1)-(1.2), and the UH stability of (1.1). As a special case, we obtain the
corresponding results for constant coefficients.

This paper is divided into six sections. Section 2 presents the foundational concepts and prop-
erties for later use. In section 3, we obtain the existence and uniqueness of solutions to (1.1)-(1.2).
In section 4, we study the UH stability of (1.1). In section 5, we obtain the results for the constant-
coefficient case. In section 6, we present the application of the theoretical result.

2 Preliminaries

Throughout this paper, the notation C'(.J, R) is used for the space of continuous functions on J with
the norm ||z||¢c = max |z(t)|, and C1(J,R) denotes the space of continuously differential functions
€

on J with the norm [|z||c1 = [|z|lec + ||2]|c-

Definition 2.1 ([6]) Ler 0 < n < 1. The fractional integral of Caputo-Fabrizio type of a function
is defined by

WW@W=@WMWMAMW&t20

t
Clearty, “"1 () = Iholt) = [ ol ds
0
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Definition 2.2 ([6]) Let 0 < n < 1. The generalized fractional Caputo-Fabrizio derivative of a
Sunction ¢ : [0, +00) — R is defined by

D)0 = 1= [ doen (- 1) as

- 1L7[<p(t) —exp ( N 177—7577)%0(0)] T _1777)2 /ot ols)ex - ngt—_;)) o

Remark 2.3 From Definition 2.2, for o € C*(J,R), we have

d op 1 N cr
— YD o) = ——(t) — —— YD1 p(t), 0<n<l.
o Dore(t) 1_7790() T o+ P(t), n

Lemma 2.4 ([10]) Let 0 <7 < 1 and ¢ € C*(J,R). Then
LI TDY o) = ¢(t) — ¢(0).
Clearly, I [§¢(t)] = ¢(t) = ¢(0).

Lemma 2.5 Let0 < 7 < 1 and p € C*(J,R). Then

nt

“IDY I (1) = (t) — e T=1(0).

Proof.  From Definitions 2.1 and 2.2, one has
1 t

DL Fpt) = [ 0= mel(e) +mes)] exp(— (¢ ) s

nt

= ¢(t) —e =79(0).

Lemma 2.6 Let ¢ € C(J,R), 0 <&, n < 1. Then
CFI§+ CFIg+ pt) = OFIng CFIng e(t),
LS Iheo(t) = Iy OIS, o(t).
Moreover,
L5, I p(t) = (L =) (1 = (1) + (n+ & = 206) I 0(t) + né TG o(1)-
Proof. From Definition 2.1, we have
OIS, TR p(t) = CTIS (1= me(t) + b o(0)|

= (1= )1 = me(t) + e p(t)| + €D | (1 = m)p(t) + 1 o(t)
= (1-n) CFIngSO(t) + 7715+ CFI§+<P(15) = CF[67+ CFI§+‘P(t>-
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Likewise, the second relation follows. From Definition 2.1, we can see that

CFI§+ CF167+90(15) = (1-9 CFIngSD(t) + £Ié+ CFI&SD@)
= A=9[A=net) +nlyet)] +£[(1—n) Iy o(t) +n 15 o(t)].

Then the conclusion can be proved to hold. g

Theorem 2.7 (Gronwall-Bellman Inequality [15]) Let 1)(t) and 05(t) be non-negative continuous
functions defined on the interval |a, b, and let 61 (t) be a non-negative and nondecreasing function.
If ¢ (t) satisfies the following integral inequality for all t € |a, b]:

B(t) < 0u(t) + / 0a(5)(s) ds,

then it follows that
t
W(t) < 01(t) exp </ 92(s)d5> , tela,b].
3 Existence and uniqueness of solutions

In this section, we present the existence and uniqueness of solution for IVP (1.1)-(1.2).

Theorem 3.1 [f for any z(t) € C(J,R), f(t, z(t)) € C(J,R), then x € C*(J,R) satisfies (1.1)-
(1.2) if and only if x(t) satisfies the following equation

x(t) = —al(t)/o g;:éz;d8+a2(t)oFIg+ [/\(175)/0 e_ﬁ(t_s)x(s)ds]

a(t) OFT, [A(lt) /Otf(s,:c(s))ds +H(®), G.1)
where ay(t), as(t), a(t), H(t) are defined by
alt) = 1—él+_ (611)_)\?»(75); 3-2)
a) = - f —a(t), ax(t) = ﬁa(t), (3.3)
H(t) = a(t)m0+1a£t)aCFI§+ [eAE;at]xo. (3.4)

Proof. Let x(t) satisfy (1.1)-(1.2). By Definition 2.2, we have

! /O Lo 5090 (s)ds + A(t) CFDP, a(t) = /O " (s, a(s)) ds.

1—«a
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By calculation, we obtain
1 1 __a gy (0% ¢ ——2_(t—s) CFpR8
. a(x(t) — g %oe T-a A=y ), e T-a z(s)ds + A(t) "Dy, x(t)
t
(s,z(s))ds

This can be rewritten as ( )
1 z(t 1 T o
CF 0 _ t
D 11—«
o alt) = TToaxt) 1—ax®©

« | L 1/t
+(1—O¢)2)\(t)/0 e Toa )x<3)ds—|—>\(t)/0 f(s,x(s))ds. 3.5)

Applying the operator CFpp
count, we have

z(t) = {1 + ﬁCFI& [6;1@; ] }xo B 1 :féig B z(s) s

o+ to both sides of the above equation and taking Lemma 2.4 into ac-

which implies

x(t)——al(t)/o :;E:Zids—i—ag(t) CFI(?+ [)\(115)/0 e_l—aa(t_s)x(s)dsl

+ a(t) CFB[ /fsm ))ds

where H (t) is defined by (3.4).

Then we conclude that (3.1) holds. On the other hand, if x(¢) satisfies (3.1), then it satisfies

(3.6). Applying the operator ¢¥’ D’B to both sides of (3.6) and taking Lemma 2.5 into account, we
have

1

——a ¢
CF crps crps Z(t) To crpB crpB |€1T°
D — D I —= D I
ora(t) = =g =5 “Dp O TT1—a o | T
o 1L [t ey 1
+m%g+ CFpf [A(t) /0 e s (s)ds | + CFDP, CFIf, [A(t) 1L f(t,a:(t))]
B 1 x(t) 1 xg _Bt zg e Toat :roe_%

—axt) 1-ax0)® “TiZaam

AT _O‘am(lt)/o e e ")y (s) ds + /\(1)15+f(t z(t)).

This is (3.5), so we can prove that x(¢) satisfies (1.1). Obviously, z(0) = x¢, the theorem is proved

0
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Next, we study the existence and uniqueness of solutions for IVP (1.1)-(1.2).

Theorem 3.2 Let f(t, 2(t)) € C(J,R) for any x(t) € C(J,R). If there exists a function l¢(t) €
C(J,R") such that

[f(t 1) = f(t,@2)| < Up(t)|wr — a2|,  for 1,32 €R, (3.7
then (1.1)-(1.2) has a unique solution z(t) € C*(J,R).

For convenience, we set

Ha”C =a’, HGZHC = a:v 1=1,2, my:= tg[l()l,r’ll“] ’)‘(t)‘v
A= —[ai+ (1= B+ 5-)(as +a’lliylle)].
my 2

Proof. We define an operator 7 : C(J,R) — C(J,R) as follows:

(Tx)(t) = —al(t)Ié+g/iEg+a2(t)CFI€+ [A(lt)/o elaa(ts)x(s)dsl

+ a(t) CFI§+ [1 Iol+f(t? (1))

0 +H().

Clearly, 7 is well-defined and a fixed point of 7 is a solution of (3.1).
For z1(t), z2(t) € C(J,R), one obtains

t t
x1(s) xa($) t
_ < _
)/0 NOh /0 () ds‘ < e —aale
t t
’/ ela(ts)xl(s)ds—/ eiﬁ(t*s)xg(s)ds‘
0 0

t 7a(t—s)
< / 21(5) — 22(5)|e” T ds < t a1 — sl
0

Lo+ £ (8, 21(8)) — Lge F(t, 22(0))] < Mgl tllzn — 22l -

Furthermore, we get

)CFI(,)BJF [)\(1t) /Ot T2 (s) ds] _ CFIOﬁ+ [)\(175) /Ot T ) g () ds”

_ BT
< w”m — a3,
my
and
CFyB I 5 CryB 1 7! < t(1 —5+’87T)Hlf\|c
|5 [y B T 0] = O e 9)]| < o o1 — @l

Thus we have

T
(To)(®) — (Taa)(0)] < - [af + (1= 5+ 5) (a3 + @ligle)] oa = e = s = e
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Since
Tx ) t(Tﬂfg)(S) A 2
S ds_/o/\(s)ds’ < gl mle
t t
[ e T sy ds = [ e (T (o) ds|
0 0
_a(=s) At?
/m:l ()~ (Ta)(le™ 5 ds < T flor — ol
1 1 A2
Lot f(t, (Tx)(t) — Lyr f(t, (Tx2)(1))] < ||lf||C7||331 2|, s
we have

’ CFIg’)+ [)\gt) /Ot e Tats) (Tx1)(s) ds} - CFI(?+ [)\gt) /t e Tats) (Tx2)(s) ds} ‘

0

A1 — B+ B0y 2 A1 BNT)t?
< —— Sl -l £ ———=
my

and
415 [ e P To) )] = 8 [555 B 10 (T )]
A= B+ ) ], 2

< . 5 llzn =22l

Then, we have

2
(T2 (t) - (TPan)(t)] < B0

= 2 Hl'l - x2”c :

By induction, we deduce that

k
(T - (Tan )| < 7

According to the generalized Banach contraction principle, 7 has a unique fixed point z(t) €
C(J,R), which is precisely the unique solution of (1.1)—(1.2). O

4 Stability result
Definition 4.1 Ler f(t, z(t)) € C(J,R) for any z(t) € C(J,R). Equation (1.1) is UH stable if
there is a constant C, > 0 such that for any € > 0 and for u(t) € C1(J, R) satisfying

| 9D a(t) + Mt) OFDg, i (t) — Igs f(t, @(1)| < e, te (4.1)
there exists a solution x(t) to equation (1.1) with |z(t) — z(t)| < Cye.
Remark 4.2 The function (t) € C1(J,R) is a solution of (4.1) if and only if there exists a function

o(t) € CL(J,R) (depending on #(t)) such that (i) |o(t)| <&, t € J;
(ii) for t € J, “FDg i (t) + A(t) OFDY a(t) — I f(t, (1)) = o(t).
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Theorem 4.3 Ler f(t, x(t)) € C(J,R) for any x(t) € C(J,R). Then (1.1) is UH stable.

Proof. Let &(t) be a solution to (4.1) and (0) = x¢, denote
o(t) = “FD (1) + () TG () — L. (1 (1),
then |o(t)| < e and 0(0) = 0. From Theorem 3.1, () satisfies

z(t) = —al(t)ISJriEg—i—ag(t)CFIg+ L\(lt)/o elaa(ts)ia(s)dlg]
o(t)

s B lre 0] + 1} + HO).

We denote by x(t) € C'(J,R) the unique solution of IVP (1.1) with (1.2) and
(1)

+a(t) CFI§+{

o) = ey +aa(®) I A(lt) /0 e‘li“a“—%(s)ds]
+a(t) °F1’, [A(lt) 1L f(tx(t) | + H().
Since
Fa(s) — "i(s) L ta:s—a?s S
[ 3L agel < ro-seie
tefﬁ(tfs):ns 5 — tefﬁ(tﬁs):ﬁs s ta:s — 2(s)|ds
| (s | s < [ lale) — (o)l as,
[y [t () — Igs f (1, 2(1)] < IIZfIIC/0 |z(s) — 2(s)| ds,
we get

1 [ [t a6 ] < I [hate) -1

and
715, [ e F0:200)] = OB [505 B £ie.2 )|
_ 0= 8+ 8Dl / A
m>\ 0
We deduce
a(t) — i) < A /0 j2(s) — #(s)] ds,
where
R = o+ =B+ A7)0 + 'l le)].

By Theorem 2.7, we conclude that
z(t) = 2(t)] < Ce,

a* (1—B+5T)6AT

where C = o

. From Definition 4.1, equation (1.1) is UH stable.
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5 The case of constant coefficients

We first recall Theorem 3.1 in [16], o = 1, as follows.

Lemma 5.1 For any i € R, we have the following results:

o0
(i) Forany h € C(J,R), the series Z(—,u)kléﬁ h(t) is convergent and the sum is given by
k=0

i(—u)kfg;h(t) = h(t) — p /0 t e M=9p(s)ds,  tel

k=0
(ii) The operator I + pl}, : C[J,R] — C[J,R] is invertible and continuous, and satisfies
(I+pld)'0(e) = D (~w) IEh(t),  te .
k=0

When A(t) = A # 0 is a constant, a(t), a1 (t), az(t) in (3.2)—(3.3) can be rewritten as
(1 —a)A AB « A

I A -y YTISAr(can 2T iai—gr-an O
Theorem 5.2 Let f(t, z(t)) € C(J,R) for any x(t) € C(J,R). If (3.7) holds, then the IVP

CFDg () + XD, a(t) = /tf(s,:x(s)) ds, t € J :=[0,T], (5.2)

2(0) = 0,0 (5.3)

has a unique solution x(t) € C(J,R) satisfying the integral equation

1 t
o) = 35 1 O [0 () s

where D =1— 0+ (1—a)A# 0and p := 6?«1‘

Proof. By Theorem 3.1, A(t) = A, we can deduce that (5.2)—(5.3) is equivalent to the following
integral equation

t t
2(t) = a1/0 x(s)ds+d20FI§+[/0 e T2 (9 (5) ds} +aCFI§+[Ig+f(t,x(t)) :
where
. a l-a ~_@_ﬁ __ay «
““XT D TN TD TN T Dl-a) S

Applying “FT o+ to both sides of the above equation and combining with

O, /Otzv(s) ds = —a(-a) /Ot:v(s) ds+a/0t/osx(7') drds|
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and

t t ai=s) t ps
cr 81[/ e Toa(t—s) (s)ds] = (1—04)/ x(s)e” T-e ds—l—a/ / x(T)e
0 0 0

= 1-a) [ e

we find

CF[o w(t) = —a [(1—a) / s)ds + / / des

a(s—1)

- drds

46, OFpP, CFpo O+[/ e (s ds] +a I I [ 1 (k. 2(0)]

= _al[(1—a)/ ds+a// des

+a2(1—a)0Fﬁ/ w(s)ds +a“r1?, OrIe [Ig+f(t x(t ))}

= _al[(1—a)/ ds+a// des

+ as(1 —a)(1 6)/ z(s)ds + as( 1—a,8// 7)drds

~CFfﬂ Fre [ 1 1t 2(1))]

a_
_ 5 $)ds+a 10, Orag [ 18 f (2 (1)].
Therefore
B+ A 1
L ORIt iy A S (RO
By Lemma 5.1, we obtain
1 oo
o) = 5 OI OIS (I (k)
k=0
1 t
= CFIB OFfa 0+/ e M=9) £ (s, 2(s)) ds.
D 0

6 Applications

Example 6.1 We consider the following IVP
2

t
{CFDO+:U( )+ ¢! CFD3, x(t) = /0 %ds’ e
z(0) =2
For
2
a = %’ B = %7 o = 27 T = 17 )‘(t) = et’ f(t’x(t)) - ].:‘Z(Qt()t)’

5.5

6.1
(6.2)
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we can rewrite (6.1)—(6.2) as IVP (1.1)~(1.2). Clearly, for x € C(J,R), f(t,z(t)) € C(J,R).
Since

L—mz|  _ VA+a)(+a)) _ 1
Q+a)(1+23) = (1+af)(1+a3) VAt 1 +23) ~

we have

) |l‘1 — 1‘2‘ |1 — :L‘1$2|

< t2 |z — 2] .
1+ 22)(1 + 22 o1 = 2]
1 2

|f(t,21) — ft,22)| < ¢

Now we have satisfied all the assumptions of Theorem 3.2, and it follows that IVP (6.1)—(6.2) has a
unique solution z(t) € C*([0,1],R).
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