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Abstract. The main objective of this work is to study the existence and uniqueness of the square-
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1 Introduction

In this paper, we study the existence and uniqueness of square-mean (µ, ν)-pseudo almost automor-
phic solutions in the α-norm for the following stochastic differential equation

dx(t) = [−Ax(t) + L(xt) + f(t)]dt+ g(t)dW (t) for t ∈ R, (1.1)
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where −A : D(A) ⊂ H → H is the infinitesimal generator of a compact analytic semi-group
(T (t))t≥0 on L2(P,H). Let Hα = (D(Aα), ∥.∥α), and let Cα = C([−r, 0], Hα), with 0 < α < 1,
denote the space of continuous functions from [−r, 0] to Hα, where Aα is the fractional α-power of
A. (The operator Aα and the space Hα will be described later.) We define the norm on Cα by

∥φ∥Cα = ∥Aαφ∥C([−r,0],L2(P,H)).

For every t ≥ 0 and x ∈ Cα = C([−r, 0], Hα), where r > 0, the history function xt is defined by
xt(θ) = x(t + θ) for −r ≤ θ ≤ 0. Here, L is a bounded linear operator from Cα into L2(P,H),
and f : R → L2(P,H) and g : R → L2(P,H) are two stochastic processes. Finally, W (t) is a
two-sided standard Brownian motion defined on the filtered probability space (Ω,F , P,Ft) with
Ft = σ{W (u)−W (v)|u, v ≤ t}. Here, we assume that (H, ∥.∥) is a real separable Hilbert space
and L2(P,H) is the space of all H-valued random variables x such that

E∥x∥2 =
∫
Ω
∥x∥2dP < +∞.

The concept of almost automorphy is a generalization of the classical periodicity. This notion was
introduced in the literature by Bochner [8, 9]. For a comprehensive treatment of almost automorphic
functions, we refer the reader to the books by G. M. N’Guérékata [23, 24] (see also [3]).

The notion of square-mean almost automorphic stochastic processes was introduced by Fu and
Liu; for more details see [11] and the references therein. In addition, these authors defined the space
of pseudo-almost automorphic stochastic processes to study the existence, uniqueness, and stability
of solutions in the square-mean sense.

The aim of this work is to extend the results obtained in [17, 21, 29], where the authors studied
equation (1.1) in the deterministic setting. It is well-known that stochastic modelling plays a crucial
role in many fields, including physics, engineering, economics, and the social sciences. Accordingly,
stochastic differential systems have attracted considerable research attention in recent years, with
particular interest in their quantitative and qualitative properties, such as the existence, uniqueness
and stability of their solutions. For further details, the reader is referred to [14, 19, 18] and the
references therein. In this context, recent contributions have focused on square-mean pseudo almost
automorphic solutions for abstract differential equations similar to equation (1.1); see, for instance,
[4, 5, 15, 14, 22] and the references therein.

In [13], M. A. Diop et al. studied the existence, uniqueness and stability of the square-mean
µ-pseudo almost periodic and automorphic solutions of a stochastic evolution equation. In [20], the
authors used the Banach contraction principle and the techniques of fractional powers of operators
to study the existence and uniqueness of square-mean almost automorphic mild solutions for a
class of stochastic differential equations in a real separable Hilbert space. More recently, in [30],
I. Zabsonre and M. Kiema studied the existence and uniqueness of the square-mean (µ, ν)-pseudo
almost automorphic solutions of infinite class for a stochastic evolution equation. However, to the
best of the authors’ knowledge, the existence of square-mean (µ, ν)-pseudo almost automorphic
solutions of class r in the α-norm for equation (1.1) has not yet been addressed in the literature,
which constitutes the main motivation of this paper.

This paper is organized as follows. In Section 2, we recall some preliminary results on analytic
semi-groups and fractional powers associated to their generators. In Section 3, we present the
spectral decomposition of the phase space and the variation of constants formula. In Section 4,
we study square-mean (µ, ν)-ergodic processes of class r. In Section 5, we study square-mean
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(µ, ν)-pseudo almost automorphic processes. In Section 6, we discuss the existence and uniqueness
of square-mean (µ, ν)-pseudo almost automorphic solutions of class r. The final section is dedicated
to an application.

2 Analytic semi-group

Let (L2(P,H), ∥.∥) be a Banach space, let α be a constant such that 0 < α < 1 and let −A be the
infinitesimal generator of a bounded analytic semi-group of linear operators (T (t))t≥0 on L2(P,H).
We assume without loss of generality that 0 ∈ ρ(A). Note that if the assumption 0 ∈ ρ(A) is not
satisfied, instead of the operator A one can consider the operator (A− σI) with σ large enough such
that 0 ∈ ρ(A− σI). This allows us to define the fractional power Aα as a closed linear invertible
operator with domain D(Aα) dense in L2(P,H). The closedness of Aα implies that D(Aα) is a
Banach space when endowed with the graph norm of Aα, that is, |x| = ∥x∥ + ∥Aαx∥. Since Aα

is invertible, its graph norm |.| is equivalent to the norm ∥x∥α = ∥Aαx∥. Thus, D(Aα) equipped
with the norm ∥.∥α is a Banach space, which we denote by L2(P,Hα). For 0 < β ≤ α < 1 the
imbedding L2(P,Hα) ↪→ L2(P,Hβ) is compact if the resolvent operator of A is compact. Also, the
following properties are well-known.

Proposition 2.1 ([26]) Let 0 < α < 1. Assume that the operator −A is the infinitesimal generator
of an analytic semi-group (T (t))t≥0 on the Banach space L2(P,H) such that 0 ∈ ρ(A). Then, we
have

(i) T (t) : H → D(Aα) for every t > 0,

(ii) T (t)Aαx = AαT (t)x for every x ∈ D(Aα) and t ≥ 0,

(iii) for every t > 0 the operator AαT (t) is bounded on H and there exist Mα > 0 and ω > 0
such that ∥AαT (t)∥ ≤ Mαe

−ωtt−α for t > 0,

(iv) if 0 < α ≤ β < 1, then D(Aβ) ↪→ D(Aα),

(v) there exists Nα > 0 such that ∥(T (t)− I)A−α∥ ≤ Nαt
α for t > 0.

Recall that A−α is given by the following formula

A−α =
1

Γ(α)

∫ +∞

0
tα−1T (t)dt,

where the integral converges in the uniform operator topology for every α > 0. Consequently, if T (t)
is compact for each t > 0, then A−α is compact.

3 Spectral decomposition

To equation (1.1) we associate the following initial value problem{
dut = [Aut + Lut + f(t)]dt+ g(t)dW (t) for t ≥ 0,

u0 = φ ∈ Cα,
(3.1)
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where f, g : R+ → L2(P,H) are two continuous stochastic processes.

For each t ≥ 0 we define the linear operator U(t) on Cα by U(t) = vt(., φ), where v(., φ) is the
solution of the following homogeneous equation

d

dt
v(t) = −Av(t) + L(vt) for t ≥ 0,

v0 = φ ∈ Cα.

Proposition 3.1 ([1]) Let AU be defined on Cα by{
D(AU ) =

{
φ ∈ Cα : φ′ ∈ Cα, φ(0) ∈ D(A), φ(0)′ ∈ D(A) and φ(0)′ = −Aφ(0) + L(φ)

}
,

AUφ = φ′ ∈ D(AU ).

Then, AU is the infinitesimal generator of the semi-group (U(t))t≥0 on Cα.

Let
〈
X0

〉
be the space defined by〈

X0

〉
= {X0c : c ∈ L2(P,H)},

where the function X0c is defined by

(X0c)(θ) =

{
0, if θ ∈ [−r, 0),
c, if θ = 0.

Consider the extension ÃU of AU defined on Cα ⊕
〈
X0

〉
by D(ÃU ) =

{
φ ∈ C1([−r, 0], L2(P,Hα)) : φ(0) ∈ D(A) and φ(0)′ ∈ D(A)

}
,

ÃUφ = X0(Aφ(0) + L(φ)− φ(0)′).

We make the following assumption:

(H0) The operator −A is the infinitesimal generator of an analytic semi-group (T (t))t≥0 on the
Banach space L2(P,H) and satisfies 0 ∈ ρ(A).

Lemma 3.2 ([2]) Assume that (H0) holds. Then, ÃU satisfies the Hile–Yosida condition on Cα ⊕〈
X0

〉
, that is, there exist M̃ ≥ 0, ω̃ ∈ R such that (ω̃,+∞) ⊂ ρ(ÃU ) and

∥(λI − ÃU )
−n∥α ≤ M̃

(λ− ω̃)n
for n ∈ N and λ > ω̃.

Definition 3.3 We say a semi-group (U(t))t≥0 is hyperbolic if σ(AU ) ∩ iR = ∅.

For the sequel, we make the following assumption:

(H1) (T (t))t≥0 is compact on D(A) for t > 0.
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The following result on the spectral decomposition of the phase space Cα is obtained.

Proposition 3.4 Assume that (H0) and (H1) hold. If the semi-group (U(t))t≥0 is hyperbolic, then
the space Cα can be decomposed as a direct sum Cα = S⊕U of two U(t) invariant closed subspaces
S and U such that the restriction of (U(t))t≥0 to U is a group and there exist positive constants M
and ω such that

∥U(t)φ∥α ≤ Me−ωt∥φ∥α for t ≥ 0 and φ ∈ S,

∥U(t)φ∥α ≤ Meωt∥φ∥α for t ≤ 0 and φ ∈ U .

The subspaces S and U are called the stable and unstable space, respectively. Moreover, by Πs and
Πu we denote the projection operators on S and U , respectively.

4 Square-mean (µ, ν)-ergodic of class r

In the following, N denotes the Lebesgue σ-field of R, while M the set of all positive measures µ
on N satisfying µ(R) = +∞ and µ([a, b]) < +∞ for all a, b ∈ R (a ≤ b). Note that L2(P,H) is a
Hilbert space endowed with the following norm

∥x∥L2 =

(∫
Ω
∥x∥2dP

) 1
2

.

Definition 4.1 ([13]) Let x : R → L2(P,H) be a stochastic process.

(i) x said to be stochastically bounded in square-mean sense, if there exists M > 0 such that

E∥x(t)∥2 ≤ M for all t ∈ R.

(ii) x said to be stochastically continuous in square-mean sense if

lim
t→s

E∥x(t)− x(s)∥2 ≤ M for all t, s ∈ R.

We denote by SBC(R, L2(P,H)) the space of all the stochastically bounded continuous processes.

Remark 4.2 ([13]) (SBC(R, L2(P,H)), ∥.∥∞) is a Banach space, where

∥x∥∞ = sup
t∈R

(E(∥x(t)∥2))
1
2 .

Definition 4.3 Let µ, ν ∈ M. A stochastic process f is said to be α-(µ, ν)-ergodic in square-mean
sense, if f ∈ SBC(R, L2(P,Hα)) and satisfies

lim
τ→+∞

1

ν([−τ, τ ])

∫ τ

−τ
E∥f(t)∥2αdµ(t) = 0.

We denote by E (R, L2(P,Hα), µ, ν) the space of all such process.
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Definition 4.4 Let µ, ν ∈ M. A stochastic process f is said to be α-(µ, ν)-ergodic of class r in
square-mean sense, if f ∈ SBC(R, L2(P,Hα)) and satisfies

lim
τ→+∞

1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E∥f(t)∥2αdµ(t) = 0.

We denote by E (R, L2(P,Hα), µ, ν, r) the space of all such process.

For µ ∈ M and a ∈ R, we denote by µa the positive measure on (R,N ) defined by

µa(A) = µ({a+ b : b ∈ A}) for A ∈ N . (4.1)

In what follows, we will need the following assumptions on µ, ν ∈ M.

(H2) Let µ,ν ∈ M be such that

lim sup
τ→+∞

µ([−τ, τ ])

ν([−τ, τ ])
= δ < +∞.

(H3) For all a, b, c ∈ R such that 0 ≤ a < b < c, there exist δ0 and α0 > 0 such that

|δ| ≥ δ0 ⇒ µ(a+ δ, b+ δ) ≥ α0µ(δ, c+ δ).

(H4) For all τ ∈ R there exist β > 0 and a bounded interval I such that

µ
(
{a+ τ : a ∈ A}

)
≤ βµ(A) for A ∈ N satisfying A ∩ I = ∅.

Proposition 4.5 Assume that (H2) holds. Then, the space E (R, L2(P,Hα), µ, ν, r) endowed with
the uniform topology norm is a Banach space.

Proof. We can see that E (R, L2(P,Hα), µ, ν, r) is a vector subspace of SBC(R;L2(P,Hα)).
To complete the proof it is enough to prove that E (R, L2(P,Hα), µ, ν, r) is closed in
SBC(R, L2(P,Hα)). Let (fn)n be a sequence in E (R, L2(P,Hα), µ, ν, r) such that
limn→+∞ fn = f uniformly in R. From ν(R) = +∞, it follows that ν([−τ, τ ]) > 0 for τ
sufficiently large. Let ∥f∥2∞,α = supt∈R E∥f(t)∥2α, and let n0 ∈ N be such that for all n ≥ n0 we
have

1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[t−r,t]
E∥fn(θ)− f(θ)∥2α

)
dµ(t)

+
1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[t−r,t]
E∥fn(θ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ +τ

−τ

(
sup
θ∈R

E∥fn(θ)− f(θ)∥2α

)
dµ(t)
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+
1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[t−r,t]
E∥fn(θ)∥2α

)
dµ(t)

≤ ∥fn − f∥2∞,α × µ([−τ, τ ])

ν([−τ, τ ])
+

1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[t−r,t]
E∥fn(θ)∥2α

)
dµ(t).

This implies that

1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) ≤ δε for any ε > 0.

The proof is complete. □

The following theorem is a characterization of square-mean α-(µ, ν)-ergodic processes.

Theorem 4.6 Suppose that (H2) holds. Let µ, ν ∈ M and let I be a bounded (possibly empty)
interval. Assume that f ∈ SBC(R, L2(P,Hα)). The following conditions are equivalent:

(i) f ∈ E (R, L2(P,Hα), µ, ν, r),

(ii) lim
τ→+∞

1

ν([−τ, τ ] \ I)

∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) = 0,

(iii) for any ε > 0 we have

lim
τ→+∞

µ
(
{t ∈ [−τ, τ ] \ I : E∥f(θ)∥2α > ε}

)
ν([−τ, τ ] \ I)

= 0.

Proof. The proof follows the same arguments as in the proof of [12, Theorem 2.22].

First, we will show the equivalence (i) ⇔ (ii). Let A = µ(I) and

B =

∫
I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t).

Since the interval I is bounded and the process f is stochastically bounded and continuous, both A
and B are finite. For τ > 0 such that I ⊂ [−τ, τ ] and ν([−τ, τ ] \ I) > 0 we have

1

ν([−τ, τ ]) \ I

∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ∥2α

)
dµ(t)

=
1

ν[−τ, τ ]−A

[∫
[−τ,τ ]

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t)−B

]

=
ν([−τ, τ ])

ν[−τ, τ ]−A

[
1

ν([−τ, τ ])

∫
[−τ,τ ]

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t)− B

ν([−τ, τ ])

]
.
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From above equalities and the fact that ν(R) = +∞, we deduce (ii) is equivalent to

lim
τ→+∞

1

ν([−τ, τ ])

∫
[−τ,τ ]

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) = 0,

which is precisely condition (i).

Now, we will prove the implication (iii) ⇒ (ii). Denote by Aε
τ and Bε

τ the following sets

Aε
τ =

{
t ∈ [−τ, τ ] \ I : sup

θ∈[t−r,t]
E∥f(θ)∥2α > ε

}
and

Bε
τ =

{
t ∈ [−τ, τ ] \ I : sup

θ∈[t−r,t]
E∥f(θ)∥2α ≤ ε

}
.

Assume that (iii) holds. Then,

lim
τ→+∞

µ(Aε
τ )

ν([−τ, τ ]) \ I)
= 0. (4.2)

From the equality∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t)

=

∫
Aε

τ

(
sup

θ∈[t−r,t]
∥f(θ)∥p

)
dµ(t) +

∫
Bε

τ

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t),

we deduce that for τ sufficient large we have

1

ν([−τ, τ ] \ I)

∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t)

≤ ∥f∥2∞,α × µ(Aε
τ )

ν([−τ, τ ] \ I)
+ ε

µ(Bε
τ )

ν([−τ, τ ] \ I)
.

Since µ(R) = ν(R) = +∞, and by (H2), it follows that for all ε > 0 we have

1

ν([−τ, τ ] \ I)

∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) ≤ δε.

Consequently, (ii) holds.

Finally, we will show the implication (ii) ⇒ (iii). From (ii) we have∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) ≥

∫
Aε

τ

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t).

Hence,
1

ν([−τ, τ ] \ I)

∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) ≥ ε

µ(Aε
τ )

ν([−τ, τ ] \ I)

and
1

εν([−τ, τ ] \ I)

∫
[−τ,τ ]\I

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµ(t) ≥ µ(Aε

τ )

ν([−τ, τ ] \ I)
.

Since this holds for sufficiently large τ , we obtain (4.2), that is, (iii). □



SQUARE-MEAN PAA SOLUTIONS OF CLASS r 69

Definition 4.7 Let f ∈ SBC(R, L2(P,Hα)) and τ ∈ R. We denote by fτ the function defined by
fτ (t) = f(t+ τ) for t ∈ R. A subset F of SBC(R, L2(P,Hα)) is said to be translation invariant
if for all f ∈ F , we have fτ ∈ F for all τ ∈ R.

Definition 4.8 Let µ1, µ2 ∈ M. We say that µ1 is equivalent to µ2, denoted by µ1 ∼ µ2, if there exist
constants α, β > 0 and a bounded (possibly empty) interval I such that αµ1(A) ≤ µ2(A) ≤ βµ1(A)
for every A ∈ N satisfying A ∩ I = ∅.

Remark 4.9 The relation ∼ is an equivalence relation on M.

Theorem 4.10 Let µ1, ν1, µ2, ν2 ∈ M. If µ1 ∼ µ2 and ν1 ∼ ν2, then E (R, L2(P,Hα), µ1, ν1, r) =
E (R, L2(P,Hα), µ2, ν2, r).

Proof. Since µ1 ∼ µ2 and ν1 ∼ ν2, there exist some constants α1, α2, β1, β2 > 0 and a bounded
(possibly empty) interval I such that α1µ1(A) ≤ µ2(A) ≤ β1µ1(A) and α2ν1(A) ≤ ν2(A) ≤
β2ν1(A) for each A ∈ N satisfying A ∩ I = ∅. Clearly, we can then write

1

β2ν1(A)
≤ 1

ν2(A)
≤ 1

α2ν1(A)
.

Since µ1 ∼ µ2 and N is the Lebesgue σ-field, for sufficiently large τ we obtain

α1µ1

({
t ∈ [−τ, τ ] \ I : supθ∈[t−r,t] E∥f(θ)∥2α > ε

})
β2µ2([−τ, τ ] \ I)

≤
µ2

({
t ∈ [−τ, τ ] \ I : supθ∈[t−r,t] E∥f(θ)∥2α > ε

})
ν2([−τ, τ ] \ I)

≤
β1µ1

({
t ∈ [−τ, τ ] \ I : supθ∈[t−r,t] E∥f(θ)∥2α > ε

})
α2ν([−τ, τ ] \ I)

.

By Theorem 4.6, we deduce that E (R, L2(P,Hα), µ1, ν1, r) = E (R, L2(P,Hα), µ2, ν2, r). □

For µ, ν ∈ M we set cl(µ, ν) =
{
ω1, ω2 ∈ M : µ1 ∼ ω1, ν1 ∼ ω2

}
.

Lemma 4.11 ([7]) Let µ ∈ M satisfy (H4). Then, the measures µ and µτ are equivalent for all
τ ∈ R.

Lemma 4.12 ([7]) Condition (H3) implies that for all σ > 0 we have

lim sup
τ→+∞

µ([−τ − σ, τ + σ])

µ([−τ, τ ])
< +∞.

Theorem 4.13 Assume that (H4) holds. Then, E (R, L2(P,Hα), µ, ν, r) is invariant under transla-
tions.
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Proof. The proof is inspired by the proof of [6, Theorem 3.5]. Let f ∈ E (R, L2(P,Hα), µ, ν, r)
and a ∈ R. Since ν(R) = +∞, there exists a0 > 0 such that ν([−τ − |a|, τ + |a|]) > 0 for |a| > a0.
Set

Ma(τ) =
1

νa([τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥f(θ)∥2α

)
dµa(t) for all τ > 0 and a ∈ R,

where νa is the positive measure define by equation (4.1). By Lemma 4.11, it follows that ν and
νa are equivalent, as are µ and µa. Hence, by Theorem 4.10 we have E (R, L2(P,Hα), µa, νa, r) =
E (R, L2(P,Hα), µ, ν, r). Therefore, f ∈ E (R, L2(P,Hα), µa, νa, r), that is, limt→+∞Ma(τ) = 0
for all a ∈ R.

For A ∈ N we denote by χA the characteristic function of A. By the definition of µa, we obtain∫
[−τ,τ ]

χA(t)dµa(t) =

∫
[−τ,τ ]

χA(t)dµa(t+ a) =

∫
[−τ+a,τ+a]

χA(t)dµa(t).

Since t 7→ supθ∈[t−r,t] E∥f(θ)∥2α is the pointwise limit of an increasing sequence of function (see [27,
Theorem 1.17, p. 15]), we deduce that∫

[−τ,τ ]
sup

θ∈[t−r,t]
E∥f(θ)∥2αdµa(t) =

∫
[−τ+a,τ+a]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2dµ(t).

Let a+ = max(a, 0) and a− = max(−a, 0). Then, we have |a| + a = 2a+, |a| − a = 2a− and
[−τ + a− |a|, τ + a+ |a|] = [−τ − 2a−, τ + 2a+]. Therefore, we obtain

Ma(τ + |a|) = 1

ν([−τ − 2a−, τ + 2a+])

∫
[−τ−2a−,τ+2a+]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2αdµ(t). (4.3)

From (4.3) and the following inequality

1

ν([−τ, τ ])

∫
[−τ,τ ]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2αdµ(t)

≤ 1

ν([−τ, τ ])

∫
[−τ−2a−,τ+2a+]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2αdµ(t),

we obtain

1

ν([−τ, τ ])

∫
[−τ,τ ]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2αdµ(t)

≤ ν([−τ − 2a−, τ + 2a+])

ν([−τ, τ ])
×Ma(τ + |a|).

This implies that

1

ν([−τ, τ ])

∫
[−τ,τ ]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2αdµ(t)

≤ ν([−τ − 2|a|, τ + 2|a|])
ν([−τ, τ ])

×Ma(τ + |a|).

(4.4)
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From equations (4.3)–(4.4) and Lemma 4.12 we deduce that

1

ν([−τ, τ ])

∫
[−τ,τ ]

sup
θ∈[t−a−r,t−a]

E∥f(θ)∥2αdµ(t) = 0,

which is equivalent to

1

ν([−τ, τ ])

∫
[−τ,τ ]

sup
θ∈[t−r,t]

E∥f(θ − a)∥2αdµ(t) = 0.

Hence, fa ∈ E (R, L2(P,Hα), µ, ν, r). We have proved that if f ∈ E (R, L2(P,Hα), µ, ν, r), then
f−a ∈ E (R, L2(P,Hα), µ, ν, r) for all a ∈ R, that is, E (R, L2(P,Hα), µ, ν, r) is invariant under
translations. □

Proposition 4.14 The space SPAA(R, Lp(Ω, H), µ, ν, r) is invariant under translations, that is,
fa ∈ PAA(R, Lp(Ω, H), µ, ν, r) for all a ∈ R and f ∈ SPAA(R, Lp(Ω, H), µ, ν, r).

5 Square-mean (µ, ν)-pseudo almost automorphic process

This section is devoted to defining square-mean α-(µ, ν)-pseudo almost automorphic processes and
studying their properties.

Definition 5.1 ([10]) A continuous stochastic process f : R → L2(P,H) is said to be almost auto-
morphic process in the square-mean sense, if for every sequence of real numbers (sm)m∈N there
exist a subsequence (sn)n∈N and a stochastic process g : R → L2(P,H) such that

lim
n→∞

E∥f(t+ sn)− g(t)∥2 = 0 for each t ∈ R

and
lim
n→∞

E∥g(t− sn)− f(t)∥2 = 0 for each t ∈ R.

We denote by SAA(R, L2(P,H)) the space of all such stochastic processes.

Lemma 5.2 ([10]) The space SAA(R, L2(P,H)) of square-mean almost automorphic stochastic
processes equipped with the norm ∥.∥∞ is a Banach space.

Definition 5.3 ([10]) A bounded continuous stochastic process f : R → L2(P,H) is said to be
compact almost automorphic process in the square-mean sense, if for every sequence of real numbers
(sm)m∈N there exist a subsequence (sn)n∈N and a stochastic process g : R → L2(P,H) such that

lim
n→∞

E∥f(t+ sn)− g(t)∥2 = 0 for all t ∈ R

and
lim
n→∞

E∥g(t− sn)− f(t)∥2 = 0 for all t ∈ R,

uniformly on compact subsets of R. We denote by SAAc(R, L2(P,H)) the space of all such
stochastic processes.
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Lemma 5.4 ([10]) The space SAAc(R, L2(P,H)) equipped with the norm ∥.∥∞ is a Banach space.

Definition 5.5 ([10]) A function f : R× L2(P,H) → L2(P,H), (t, x) 7→ f(t, x), which is jointly
continuous, is said to be almost automorphic in the square-mean sense in t ∈ R for each x ∈
L2(P,H), if for every sequence of real numbers (sm)m∈N there exist a subsequence (sn)n∈N and a
stochastic process g : R× L2(P,H) → L2(P,H) such that

lim
n→∞

E∥f(t+ sn, x)− g(t, x)∥2 = 0 for all t ∈ R

and
lim
n→∞

E∥g(t− sn, x)− f(t, x)∥2 = 0 for all t ∈ R.

We denote by SAA(R× L2(P,H), L2(P,H)) the space of all such stochastic processes.

Definition 5.6 ([10]) A bounded function f : R× L2(P,H) → L2(P,H), (t, x) 7→ f(t, x), which
is jointly continuous, is said to be compact almost automorphic process in the square-mean sense, if
for every sequence of real numbers (sm)m∈N there exist a subsequence (sn)n∈N and a stochastic
process g : R× L2(P,H) → L2(P,H) such that

lim
n→∞

E∥f(t+ sn, x)− g(t, x)∥2 = 0 for all t ∈ R

and
lim
n→∞

E∥g(t− sn, x)− f(t, x)∥2 = 0 for all t ∈ R,

uniformly on compact subsets of R. We denote by AAc(R× L2(P,H), L2(P,H)) the space of all
such stochastic processes.

Definition 5.7 Let µ, ν ∈ M. A continuous stochastic process f : R → L2(P,H) is said to be
α-(µ, ν)-square-mean pseudo almost automorphic process, if it can be decomposed as follows
f = g + ϕ, where g ∈ SAA(R, L2(P,Hα)) and ϕ ∈ E (R, L2(P,Hα), µ, ν). We denote by
SPAA(R, L2(P,Hα), µ, ν) the space of all such stochastic processes.

Definition 5.8 Let µ, ν ∈ M. A continuous stochastic process f : R → L2(P,H) is said to be
compact α-(µ, ν)-square-mean pseudo almost automorphic process, if it can be decomposed as
follows f = g + ϕ, where g ∈ SAAc(R, L2(P,Hα)) and ϕ ∈ E (R, L2(P,Hα), µ, ν). We denote by
SPAAc(R, L2(P,Hα), µ, ν) the space of all such stochastic processes.

Definition 5.9 Let µ, ν ∈ M. A bounded continuous stochastic process f : R → L2(P,Hα)
is said to be α-(µ, ν)-square-mean pseudo almost automorphic process of class r (respectively,
compact α-(µ, ν)-square-mean pseudo almost automorphic process of class r), if it can decom-
posed as follows f = g + ϕ, where g ∈ SAA(R, L2(P,Hα)) and ϕ ∈ E (R, L2(P,Hα), µ, ν, r)
(respectively, g ∈ SAAc(R, L2(P,Hα)) and ϕ ∈ E (R, L2(P,Hα), µ, ν, r)). We denote by
SPAA(R, L2(P,Hα), µ, ν, r) (respectively, SPAAc(R, L2(P,Hα), µ, ν, r)) the space of all such
stochastic processes.

Theorem 5.10 Let µ, ν ∈ M and let f ∈ SPAA(R, L2(P,Hα), µ, ν, r) be such that
f = g + ϕ, where g ∈ SAA(R, L2(P,Hα)) and ϕ ∈ E (R, L2(P,Hα), µ, ν, r). If
SPAA(R, L2(P,Hα), µ, ν, r) is invariant under translations, then {f(t) : t ∈ R} ⊃ {g(t) : t ∈
R}.
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The proof of Theorem 5.10 is similar to the proof of [6, Theorem 4.1].

Theorem 5.11 Let µ, ν ∈ M and assume that (H2) holds. The space SPAA(R, L2(P,Hα), µ, ν, r)
endowed with the uniform topology norm is a Banach space.

The proof of Theorem 5.11 is similar to the proof of [6, Theorem 4.9].

Next, we study the composition of square-mean α-(µ, ν)-pseudo almost automorphic processes.

Definition 5.12 Let µ, ν ∈ M. A function f : R × L2(P,Hα) → L2(P,Hα), (t, x) 7→ f(t, x),
which is jointly continuous, is said to be square-mean α-(µ, ν)-pseudo almost automorphic of
class r in t ∈ R for any x ∈ L2(P,Hα), if it can decomposed as follows f = g + ϕ, where
g ∈ SAA(R×L2(P,Hα), L

2(P,Hα)) and ϕ ∈ E (R×L2(P,Hα), L
2(P,Hα), µ, ν, r). We denote

by SPAA(R×L2(P,Hα), L
2(P,Hα), µ, ν, r) the set of all such stochastically continuous processes.

Lemma 5.13 Assume that (H2) holds and let f ∈ SBC(R, L2(Ω, H)). Then, f ∈
E (R, L2(P,Hα), µ, ν, r) if and only if for any ε > 0,

lim
τ→+∞

µ(Mτ,ε(f))

ν([−τ, τ ])
= 0,

where

Mτ,ε =

{
t ∈ [−τ, τ ] : sup

θ∈[−r,t]
E∥f(θ)∥2α ≥ ε

}
.

Proof. Suppose that f ∈ E (R, L2(P,Hα), µ, ν, r). Then, we have

1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

=
1

ν([−τ, τ ])

∫
Mτ,ε(f)

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

+
1

ν([−τ, τ ])

∫
[−τ,τ ]\Mτ,ε(f)

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

≥ 1

ν([−τ, τ ])

∫
Mτ,ε(f)

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

≥ ε

ν([−τ, τ ])

∫
Mτ,ε(f)

dµ(t)

≥ εµ(Mτ,ε(f))

ν([−τ, τ ])
.

Consequently,

lim
τ→+∞

µ(Mτ,ε(f))

ν([−τ, τ ])
= 0.
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Now, suppose that f ∈ SBC(R, L2(P,Hα)) is such that for any ε > 0 we have

lim
τ→+∞

µ(Mτ,ε(f))

ν([−τ, τ ])
= 0.

We assume that E∥f(t)∥2α ≤ N for all t ∈ R. Using (H2), we have

1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

=
1

ν([−τ, τ ])

∫
Mτ,ε(f)

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

+
1

ν([−τ, τ ])

∫
[−τ,τ ]\Mτ,ε(f)

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t)

≤ N

ν([−τ, τ ])

∫
Mτ,ε(f)

dµ(t) +
ε

ν([−τ, τ ])

∫
[−τ,τ ]\Mτ,ε(f)

dµ(t)

≤ Nµ(Mτ,ε)

ν([−τ, τ ])
+

εµ([−τ, τ ])

ν([−τ, τ ])
.

This implies that

lim
τ→+∞

1

ν([−τ, τ ])

∫ +τ

−τ

(
sup

θ∈[−r,t]
E∥f(θ)∥2α

)
dµ(t) ≤ δε for any ε > 0.

Therefore, f ∈ E (R, L2(P,Hα), µ, ν, r). □

Theorem 5.14 ([18]) Let f : R× L2(P,H) → L2(P,H), (t, x) 7→ f(t, x), be almost automorphic
in square-mean sense in t ∈ R for each x ∈ L2(P,H), and assume that f satisfies the Lipschitz
condition in the following sense:

E∥f(t, x)− f(t, y)∥2 ≤ L∥x− y∥2

for all x, y ∈ L2(P,H) and for each t ∈ R, where L is independent of t. Then, for any square-mean
almost automorphic process x : R → L2(P,H) the stochastic process F : R → L2(P,H) given by
F (t) = f(t, x(t)) is square-mean almost automorphic.

Theorem 5.15 Let µ, ν ∈ M. Also, let ϕ = ϕ1 + ϕ2 ∈ PAA(R× L2(P,Hα), L
2(P,Hα), µ, ν, r)

with ϕ1 ∈ SAA(R × L2(P,Hα), L
2(P,Hα)) and ϕ2 ∈ E (R × L2(P,H), L2(P,Hα), µ, ν, r).

Finally, let h ∈ PAA(R, L2(P,Hα), µ, ν, r). Assume that:

(i) ϕ1(t, x) is uniformly continuous on any bounded subset uniformly for t ∈ R,

(ii) there exists a non negative function Lϕ ∈ Lp(R) (1 ≤ p ≤ +∞) such that

E∥ϕ(t, x)− ϕ(t, y)∥2α ≤ Lϕ(t)E∥x− y∥2α (5.1)

for all t ∈ R and for all x, y ∈ L2(P,Hα).
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If

β = lim
τ−→+∞

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[−r,t]
Lϕ(θ)

)
dµ(t) < +∞, (5.2)

then the function t 7→ ϕ(t, h(t)) belongs to SPAA(R× L2(P,Hα), L
2(P,H), µ, ν, r).

Proof. Suppose that ϕ = ϕ1 + ϕ2, h = h1 + h2, where ϕ1 ∈ SAA(R× L2(P,Hα), L
2(P,Hα)),

ϕ2 ∈ E (R × L2(P,Hα), L
2(P,Hα), µ, ν, r), h1 ∈ SAA(R, L2(P,Hα)) and h2 ∈

E (R, L2(P,Hα), µ, ν, r). Consider the following decomposition

ϕ(t, h(t)) = ϕ1(t, h1(t)) + [ϕ(t, h(t))− ϕ(t, h1(t))] + ϕ2(t, h1(t)).

From [14], it follows that ϕ1(., h(.)) ∈ SAA(R, Lp(Ω, H)). To complete the proof it remains to
show that both ϕ(., h(.)) − ϕ(., h1(.)) and ϕ2(., h(.)) belong to E (R, L2(P,Hα), µ, ν, r). Clearly,
t 7→ ϕ(t, h(t))−ϕ(t, h1(t)) is bounded and continuous. Assume that E∥ϕ(t, h(t))−ϕ(t, h1(t))∥2α ≤
N for all t ∈ R. Since h(t), h1(t) are bounded, we can choose a bounded subset B ⊂ R such that
h(R), h1(R) ⊂ B. Under assumption (ii), for a given ε > 0 if E∥x− y∥2α ≤ ε, then

E∥ϕ(t, x)− ϕ(t, y)∥2α ≤ εLϕ(t) for all t ∈ R.

Since η ∈ E (R, L2(P,Hα), µ, ν, r), Lemma 5.13 yields that

lim
τ−→+∞

1

ν([−τ, τ ])
µ(Mτ,ε(η)) = 0.

Consequently,

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[−r,t]
E∥ϕ(θ, h(θ))− ϕ(θ, h1(θ))∥2α

)
dµ(t)

=
1

ν([−τ, τ ])

∫
Mτ,ε(η)

(
sup

θ∈[−r,t]
E∥ϕ(θ, h(θ))− ϕ(θ, h1(θ))∥2α

)
dµ(t)

+
1

ν([−τ, τ ])

∫
Mτ,ε(η)\[−τ,τ ]

(
sup

θ∈[−r,t]
E∥ϕ(θ, h(θ))− ϕ(θ, h1(θ))∥2α

)
dµ(t)

≤ N

ν([−τ, τ ])

∫
Mτ,ε(η)

dµ(t) +
ε

ν([−τ, τ ])

∫
[−τ,τ ]\Mτ,ε(η)

(
sup

θ∈[−r,t]
|Lϕ(θ)|

)
dµ(t)

≤ N

ν([−τ, τ ])

∫
Mτ,ε(η)

dµ(t) +
ε

ν([−τ, τ ])

∫
[−τ,τ ]

(
sup

θ∈[−r,t]
|Lϕ(θ)|

)
dµ(t)

≤ Nµ(Mτ,ε(η))

ν([−τ, τ ])
+

ε

ν([−τ, τ ])

∫
[−τ,τ ]

(
sup

θ∈[−r,t]
|Lϕ(θ)|

)
dµ(t).

We deduce that for any ε > 0 we have

lim
τ−→+∞

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[−r,t]
E∥ϕ(θ, h(θ))− ϕ(θ, h1(θ))∥2α

)
dµ(t) ≤ εβ.
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This shows that t 7→ ϕ(t, h(t))− ϕ(t, h1(t)) is (µ, ν)-ergodic of class r.

Now, to complete the proof we need to show that t 7→ ϕ2(t, h(t)) is (µ, ν)-ergodic of class r.
Since ϕ2 is uniformly continuous on the compact set ∧ = {h(t) : t ∈ R} with respect to the second
variable x, we deduce that for a given ε > 0 there exists δ > 0 such that for all t ∈ R and ξ1, ξ2 ∈ ∧
one has E∥ϕ2(t, ξ1(t))− ϕ2(ξ, ξ2(t))∥2α ≤ ε, provided that E∥ξ1 − ξ2∥2 ≤ δ. Therefore, there exist
n(ε) and {zi}n(ε)i=1 ⊂ ∧ such that

∧ ⊂
n(ε)⋃
i=1

Bδ(zi, δ).

And then

E∥ϕ2(t, h1(t))∥2α ≤ ε+

n(ε)∑
i=1

E∥ϕ2(t, zi)∥2α.

Since

lim
τ−→+∞

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[−r,t]
E∥ϕ2(θ, h1(θ))∥2α

)
dµ(t) = 0

for every i ∈ {1, . . . , n(ε)}, for any ε > 0 we get

lim sup
τ→+∞

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[−r,t]
E∥ϕ2(θ, h1(θ))∥2α

)
dµ(t) ≤ ε.

This implies that

lim
τ→+∞

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[−r,t]
E∥ϕ2(θ, h1(θ))∥2α

)
dµ(t) = 0.

Consequently, t 7→ ϕ2(t, h1(t)) is (µ, ν)-ergodic of class r. □

6 Square-mean pseudo almost automorphic solution of class r

Lemma 6.1 (Ito’s Isometry, see [25]) Let W : [0, T ] × Ω → R denote the canonical real-valued
Wiener process defined up to time T > 0 and let X : [0, T ]× Ω → R be a stochastic process that is
adapted to the natural filtration FW

∗ of the Wiener process. Then,

E
[(∫ T

0
XtdWt

)2]
= E

[∫ T

0
X2

t dt

]
,

where E denotes expectation with respect to the classical Wiener measure.

We make the following assumption:

(H5) g is a stochastically bounded process.

Theorem 6.2 Assume that (H0), (H1) and (H5) hold and that the semi-group (U(t))t≥0 is hyperbolic.
If f is bounded on R, then there exists a unique bounded solution u of equation (1.1) on R given by

ut = lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds
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+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s),

where B̃λ = λ(λI − AU )
−1 for λ > ω̃, and Πs,Πu are projections of Cα onto the stable and

unstable subspaces, respectively.

Proof. Let

ut = v(t) + lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s),

where

v(t) = lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds+ lim

λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds.

Let us first prove that ut exists. The existence of v was proved in [1]. Now, we show that the limit

lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

exists. Using Ito’s isometry for the stochastic integral for t ∈ R we have

E

∥∥∥∥∥
∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

≤ E

(∫ t

−∞
M

2 e−2w(t−s)

(t− s)2α
|Πs|2∥(B̃λX0g(s))∥2ds

)

≤ M
2E

(∫ t

−∞

e−2w(t−s)

(t− s)2α
|Πs|2∥(B̃λX0g(s))∥2ds

)

≤ M
2
M̃2|Πs|2E

(∫ t

−∞

e−2w(t−s)

(t− s)2α
∥g(s)∥2ds

)

≤ M
2
M̃2|Πs|2

∞∑
n=1

E

(∫ t−n+1

t−n

e−2w(t−s)

(t− s)2α
∥g(s)∥2ds

)

≤ M
2
M̃2|Πs|2

[
E

(∫ t

t−1

e−2w(t−s)

(t− s)2α
∥g(s)∥2ds

)
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+
∞∑
n=2

E

(∫ t−n+1

t−n

e−2w(t−s)

(t− s)2α
∥g(s)∥2ds

)]
.

Then, using Hölder’s inequality, we obtain

E

∥∥∥∥∥
∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

≤ M
2
M̃2|Πs|2

[(∫ t

t−1

e−4w(t−s)

(t− s)4α
ds

) 1
2

× E

(∫ t

t−1
∥g(s)∥4ds

) 1
2

+
∞∑
n=2

(∫ t−n+1

t−n

e−4w(t−s)

(t− s)4α
ds

) 1
2

× E

(∫ t−n+1

t−n
∥g(s)∥4ds

) 1
2
]

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

[(∫ 4w

0
e−ss−4αds

) 1
2

+

∞∑
n=2

(∫ 4wn

4w(n−1)
e−ss−4αds

) 1
2
]

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

[(∫ 4w

0
e−ss−4αds

) 1
2

+
∞∑
n=2

(∫ 4wn

4w(n−1)
e−s(n− 1)−4α(4w)−4αds

) 1
2
]

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

[(∫ 4w

0
e−ss−4αds

) 1
2

+

∞∑
n=2

(
(n− 1)−4α

∫ 4wn

4w(n−1)
e−s(4w)−4αds

) 1
2
]

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

(∫ 4w

0
e−ss−4αds

) 1
2

+
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

∞∑
n=2

(∫ 4wn

4w(n−1)
e−sds

) 1
2

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

(∫ 4w

0
e−ss−4αds

) 1
2

+
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(e4w − 1)
1
2

∞∑
n=2

e−2wn
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≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

(∫ 4w

0
e−ss−4αds

) 1
2

+
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(e4w + 1)
1
2

∞∑
n=2

e−2wn.

Since the series
∞∑
n=2

e−2wn

is convergent, it follows that

E

∥∥∥∥∥
∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

≤ K, (6.1)

where

K =
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

(∫ 4w

0
e−ss−4αds

) 1
2

+
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(e4w + 1)
1
2

∞∑
n=2

e−2wn.

Using Ito’s isometry for the stochastic integral, for sufficiently large n and σ ≤ t we obtain

E

∥∥∥∥∥
∫ σ

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

≤ M
2
M̃2|Πs|2

[(∫ σ

σ−1

e−4w(t−s)

(t− s)4α
ds

) 1
2

× E

(∫ t

t−1
∥g(s)∥4ds

) 1
2

+
∞∑
n=2

(∫ t−n+1

t−n

e−4w(t−s)

(t− s)4α
ds

) 1
2

× E

(∫ σ−n+1

σ−n
∥g(s)∥4ds

) 1
2
]

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1−4α

2

[(∫ 4w(t−σ+1)

4w(t−σ)
e−s(t− σ)−4α(4w)−4αds

) 1
2

+

∞∑
n=2

(∫ 4w(t−σ+n)

4w(t−σ+n−1)
e−s(t− σ + n− 1)−4α(4w)−4αds

) 1
2
]

≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(t− σ)−2α

(∫ 4w(t−σ+1)

4w(t−σ)
e−sds

) 1
2

+
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(t− σ)−2α

(∫ 4w(t−σ+n)

4w(t−σ+n−1)
e−sds

) 1
2
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≤ M
2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(t− σ)−2α(1− e−4w)
1
2 e−2w(t−σ)

+
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(e4w + 1)
1
2 e−2w(t−σ)

∞∑
n=2

e−2wn

≤ K1(t− σ)−2αe−2w(t−σ) +K2e
−2w(t−σ),

where

K1 =
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(1− e−4w)
1
2

and

K2 =
M

2
M̃2|Πs|2E∥g(s)∥2

(4w)
1
2

(e4w + 1)
1
2 .

Set F (n, s, t) = Us(t− s)Πs(B̃λX0g(s)) for n ∈ N and s ≤ t. It follows that for sufficiently large
n and m and σ ≤ t we have

E

∥∥∥∥∥
∫ t

−∞
F (n, s, t)dW (s)−

∫ t

−∞
F (m, s, t)dW (s)

∥∥∥∥∥
2

α

≤ E

∥∥∥∥∥
∫ σ

−∞
F (n, s, t)dW (s) +

∫ t

σ
F (n, s, t)dW (s)

−
∫ σ

−∞
F (m, s, t)dW (s)−

∫ t

σ
F (m, s, t)dW (s)

∥∥∥∥∥
2

α

≤ 3E

∥∥∥∥∥
∫ σ

−∞
F (n, s, t)dW (s)

∥∥∥∥∥
2

α

+ 3E

∥∥∥∥∥
∫ σ

−∞
F (m, s, t)dW (s)

∥∥∥∥∥
2

α

+ 3E

∥∥∥∥∥
∫ t

σ
F (n, s, t)dW (s)−

∫ t

σ
F (m, s, t)dW (s)

∥∥∥∥∥
2

α

≤ 6K1(t− σ)−2αe−ω2(t−σ) +K2e
−2w(t−σ)

+ 3E

∥∥∥∥∥
∫ t

σ
F (n, s, t)dW (s)−

∫ t

σ
F (m, s, t)dW (s)

∥∥∥∥∥
2

α

.

Since

lim
n→+∞

E

∥∥∥∥∥
∫ t

σ
F (n, s, t)dW (s)

∥∥∥∥∥
2

α

exists, we get

lim sup
n,m→+∞

E

∥∥∥∥∥
∫ t

−∞
F (n, s, t)dW (s)−

∫ t

−∞
F (m, s, t)dW (s)

∥∥∥∥∥
2

α
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≤ 6
(
K1(t− σ)−2αe−2ω(t−σ) +K2e

−2w(t−σ)
)
.

If σ → −∞, then

lim sup
n,m→+∞

E

∥∥∥∥∥
∫ t

−∞
F (n, s, t)dW (s)−

∫ t

−∞
F (m, s, t)dW (s)

∥∥∥∥∥
2

α

= 0.

We deduce that

lim
n→+∞

E

∥∥∥∥∥
∫ t

−∞
F (n, s, t)dW (s)

∥∥∥∥∥
2

α

= lim
n→+∞

E

∥∥∥∥∥
∫ t

−∞
Us(t− s)Πs(B̃nX0g(s))dW (s)

∥∥∥∥∥
2

α

exists. Therefore, the limit

lim
n→+∞

∫ t

−∞
Us(t− s)Πs(B̃nX0g(s))dW (s)

exists. Moreover, from equation (6.1) we can see that the function

η1 : t 7→ lim
n→+∞

E

∥∥∥∥∥
∫ t

−∞
Us(t− s)Πs(B̃nX0g(s))dW (s)

∥∥∥∥∥
2

α

is bounded on R. Similarly, we can show that the function

η2 : t 7→ lim
n→+∞

E

∥∥∥∥∥
∫ +∞

t
Uu(t− s)Πu(B̃nX0g(s))dW (s)

∥∥∥∥∥
2

α

is well-defined and bounded on R. □

Theorem 6.3 Assume that (H3) holds. Let µ, ν ∈ M and ϕ ∈ SPAAc(R, L2(P,Hα), µ, ν, r).
Then, the function t 7→ ϕt belongs to SPAAc(C([−r, 0], L2(P,Hα)), µ, ν, r).

Proof. Assume that ϕ = g+h, where g ∈ SAAc(R, L2(P,Hα)) and h ∈ E (R, L2(P,Hα), µ, ν, r).
Then, we can see that ϕt = gt + ht and that gt is a square-mean almost automorphic process. Firstly,
we show that gt ∈ SAAc(R, L2(P,Hα)). Let (sm)m∈N be a sequence of real numbers. Fix a
subsequence (sn)n∈N and v ∈ SBC(R, L2(P,Hα)) such that g(s + sn) −→ v(s) uniformly on
compact subsets of R. Let K ⊂ [−L,L]. For ε > 0 fix Nε,L ∈ N such that E∥g(s+sn)−v(s)∥2α ≤ ε
for s ∈ [−L,L] whenever n ≥ Nε,L. For t ∈ K and n ≥ Nε,L we have

E∥gt+sn − v(s)∥2α ≤ sup
θ∈[−L,L]

E∥g(θ + sn)− v(s)∥2α ≤ ε.

Hence, gt+sn converges to vt uniformly in K. Similarly, we can show that vt+sn converges to vt
uniformly in K. Thus, the function s 7→ gs belongs SAAc(R, L2(P,Hα)).

Finally, we show that ht ∈ E (R, Lp(P,Hα), µ, ν, r). Let

Ma =
1

νa([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E∥h(θ)∥2αdµa(t),
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where µa and νa are the positive measures defined by equation (4.1). By Lemma 4.11, it follows that
µ and µa are equivalent, and so are ν and νa. By Theorem 4.10, we get E (R, L2(P,Hα), µ, ν, r) =
E (R, L2(P,Hα), µa, νa, r). Therefore, h ∈ E (R, L2(P,Hα), µa, νa, r), that is, limτ→∞Ma(τ) =
0 for all a ∈ R.

On the other, hand for τ > 0 we have

1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]

(
sup

θ∈[−r,0]
E∥h(θ + ξ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−2r,t]
E∥h(θ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−2r,t−r]
E∥h(θ)∥2α + sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−2r,t−r]
E∥h(θ)∥2α

)
dµ(t)

+
1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ τ−r

−τ−r

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t)

+
1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t)

≤ 1

ν([−τ, τ ])

∫ τ+

−τ−r

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t+ r)

+
1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−r,t]
∥h(θ)∥2α

)
dµ(t)

≤ ν([−τ − r, τ + r])

ν([−τ, τ ])

(
1

ν([−τ − r, τ + r])

∫ τ

−τ−r

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t+ r)

)

+
1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t).

Consequently,

1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]

(
sup

θ∈[−r,0]
E∥h(θ + ξ)∥2α

)
dµ(t)

≤ ν([−τ − r, τ + r])

ν([−τ, τ ])
×Mr(τ + r) +

1

ν([−τ, τ ])

∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥h(θ)∥2α

)
dµ(t).
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By Lemmas 4.11 and 4.12 this shows that ϕt belongs to SPAAc(C[−r, 0], L2(P,Hα)), µ, ν, r).
The proof is complete. □

Theorem 6.4 Assume that (H5) holds. Let f, g ∈ SAAc(R, L2(P,Hα)), and let Ψ be the mapping
defined for t ∈ R by

Ψ(f, g)(t) =

[
lim

λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s)

]
(0).

Then, Ψ(f, g) ∈ SAAc(R, L2(P,Hα)).

Proof. We can see that Ψ(f, g) ∈ SBC(R, L2(P,Hα)). In fact,

E∥Ψ(f, g)(t)∥2α

= E

∥∥∥∥∥
[

lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s)

]
(0)

∥∥∥∥∥
2

α

≤ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds

∥∥∥∥∥
2

α

+ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds

∥∥∥∥∥
2

α

+ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

+ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

.



84 Djendode Mbainadji and Issa Zabsonre, J. Nonl. Evol. Equ. Appl. 2025 (2025) 61–98

Using Ito’s isometry for the stochastic integral, we obtain

E∥Ψ(f, g)(t)∥2α

≤ 4E

(
M

2
M̃2

∫ t

−∞

e−2w(t−s)

(t− s)2α
|Πs|2∥f(s)∥2ds

)

+ 4E

(
M

2
M̃2

∫ +∞

t

e2w(t−s)

(s− t)2α
|Πu|2∥f(s)∥2ds

)

+ 4E

(
M

2
M̃2

∫ t

−∞

e−2w(t−s)

(t− s)2α
|Πs|2∥g(s)∥2ds

)

+ 4E

(
M

2
M̃2

∫ +∞

t

e2w(t−s)

(s− t)2α
|Πu|2∥g(s)∥2ds

)

≤ 8∆(∥f∥2∞ + ∥g∥2∞)

(2w)1−2α

(∫ +∞

0
e−ss−2αds

)

=
8∆(∥f∥2∞ + ∥g∥2∞)

(2w)1−2α
Γ(1− 2α) < +∞,

(6.2)

where ∆ = max(M
2
M̃2|Πs|2,M2

M̃2|Πu|2).

For a given sequence (sm)m∈N of real numbers, fix a subsequence (sn)n∈N and v, h ∈
SBC(R, L2(P,H)) such that f(t + sn) converges to v(t) and g(t + sn) converges to h(t) uni-
formly on compact subsets of R. Let

w(t+ sn) =

[
lim

λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s+ sn))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s+ sn))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s+ sn))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s+ sn))dW (s)

]
.

By equation (6.2) and the Lebesgue dominated convergence theorem, it follows that w(t + sn)
converges to

z(t) =

[
lim

λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0v(s))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0v(s))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0h(s))dW (s)
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+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0h(s))dW (s)

]
.

Now, it remains to show that this convergence is uniform on all compact subset of R. Let K ⊂ R be
an arbitrary compact set and let ε > 0. Fix L > 0 and Nε ∈ N such that K ⊂ [−L

2 ,
L
2 ] with∫ +∞

L
2

e−ss−2αds < ε,

E∥f(s+ sn)− v(s)∥2 ≤ ε for n ≥ Nε and s ∈ [−L,L] (6.3)

and
E∥g(s+ sn)− h(s)∥2 ≤ ε for n ≥ Nε and s ∈ [−L,L]. (6.4)

Then, for each t ∈ K, we get

E∥w(t+ sn)− z(t)∥2α

= E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s+ sn))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s+ sn))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s+ sn))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s+ sn))dW (s)

− lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0v(s))ds

− lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0v(s))ds

− lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0h(s))dW (s)

− lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0h(s))dW (s)

∥∥∥∥∥
2

α

≤ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0(f(s+ sn)− v(s))ds

∥∥∥∥∥
2

α

+ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0(f(s+ sn)− v(s))ds

∥∥∥2
α

+ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0(g(s+ sn)− h(s))dW (s)

∥∥∥∥∥
2

α
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+ 4E

∥∥∥∥∥ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0(g(s+ sn)− h(s))dW (s)

∥∥∥∥∥
2

α

= 4(γ1 + γ2 + γ3 + γ4).

Firstly, we evaluate γ1. We have

γ1 = E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0(f(s+ sn)− v(s))ds

∥∥∥∥∥
2

α

≤ M
2
M̃2

∫ t

−∞

e−2ω(t−s)

(t− s)2α
|Πs|2E∥(f(s+ sn)− v(s))∥2ds

≤ M
2
M̃2|Πs|2

∫ −L

−∞

e−2ω(t−s)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds

+M
2
M̃2|Πs|2

∫ t

−L

e−2ω(t−s)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds.

Similarly, we have

γ2 = E

∥∥∥∥∥ lim
λ→+∞

∫ +∞

t
Uu(t− s)Πs(B̃λX0(f(s+ sn)− v(s))ds

∥∥∥∥∥
2

α

≤ M
2
M̃2

∫ t

−∞

e2ω(t−s)

(s− t)2α
|Πs|2E∥(f(s+ sn)− v(s))∥2ds

≤ M
2
M̃2|Πu|2

∫ −L

−∞

e2ω(s−t)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds

+M
2
M̃2|Πu|2

∫ t

−L

e2ω(s−t)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds.

Secondly, by Ito’s isometry for the stochastic integral, we obtain

γ3 = E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0(g(s+ sn)− h(s))dW (s)

∥∥∥∥∥
2

α

≤ M
2
M̃2

∫ t

−∞

e−2ω(t−s)

(t− s)2α
|Πs|2E∥(g(s+ sn)− h(s))∥2ds

≤ M
2
M̃2|Πs|2

∫ −L

−∞

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds

+M
2
M̃2|Πs|2

∫ t

−L

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds.

Finally, applying Ito’s isometry for stochastic integrals once again, we get

γ4 = E

∥∥∥∥∥ lim
λ→+∞

∫ +∞

t
Us(t− s)Πu(B̃λX0(g(s+ sn)− h(s))dW (s)

∥∥∥∥∥
2
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≤ M
2
M̃2

∫ t

−∞

e−2ω(t−s)

(t− s)2α
|Πu|2E∥(g(s+ sn)− h(s))∥2ds

≤ M
2
M̃2|Πu|2

∫ −L

−∞

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds

+M
2
M̃2|Πu|2

∫ t

−L

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds.

Consequently, we have

E∥w(t+ sn)− z(t)∥2α

≤ 4

[
M

2
M̃2|Πs|2

∫ −L

−∞

e−2ω(t−s)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds

+M
2
M̃2|Πs|2

∫ t

−L

e−2ω(t−s)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds

+M
2
M̃2|Πu|2

∫ +∞

t

e2ω(s−t)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds

+M
2
M̃2|Πs|2

∫ −L

−∞

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds

+M
2
M̃2|Πs|2

∫ t

−L

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds

+M
2
M̃2|Πu|2

∫ +∞

t

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds

]

≤ 4

(
2εM

2
M̃2|Πs|2

(2w)1−2α

∫ +∞

t+L
e−ss−2αds

+M
2
M̃2
(
|Πs|2 + |Πu|2

) ∫ +∞

−L

e−2ω(t−s)

(t− s)2α
E∥(f(s+ sn)− v(s))∥2ds

+M
2
M̃2
(
|Πs|2 + |Πu|2

) ∫ +∞

−L

e−2ω(t−s)

(t− s)2α
E∥(g(s+ sn)− h(s))∥2ds

)

≤ 4

(
2εM

2
M̃2|Πs|2

(2w)1−2α

∫ +∞

L
2

e−ss−2αds

+
2εM

2
M̃2
(
|Πs|2 + |Πu|2

)
(2w)1−2α

∫ +∞

0
e−ss−2αds

)

≤ 8M
2
M̃2

(2w)1−2α

(
ε|Πs|2 +

(
|Πs|2 + |Πu|2

)
(2w)1−2α

Γ(1− 2α)

)
ε.

Since the last estimate is independent of t ∈ K, this proves that the convergence is uniform on K.
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Proceeding as before, one can similarly prove that z(t− sn) converges to w uniformly on compact
subsets of R. The proof is complete. □

Theorem 6.5 Assume that (H2) and (H5) hold. Let f, g ∈ E (R, L2(P,Hα), µ, ν, r). Then,
Ψ(f, g) ∈ E (R, L2(P,Hα), µ, ν, r).

Proof. Let

Ψ(f, g)(t) = lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s).

Then,

E∥Ψ(f, g)(t)∥2α =E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0f(s))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s))dW (s)

+ lim
λ→+∞

∫ t

+∞
Uu(t− s)Πu(B̃λX0g(s))dW (s)

∥∥∥∥∥
2

α

.

Consequently, by Ito’s isometry for stochastic integrals, we have∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥Ψ(f, g)(θ)∥2α

)
dµ(t)

≤
∫ τ

−τ

(
sup

θ∈[t−r,t]

[
4M

2
M̃2E

(∫ θ

−∞

e−2w(θ−s)

(θ − s)2α
|Πs|2∥f(s)∥2ds

+

∫ θ

−∞

e2w(θ−s)

(s− θ)2α
|Πu|2∥f(s)∥2ds+

∫ θ

−∞

e−2w(θ−s)

(θ − s)2α
|Πs|2∥g(s)∥2ds

+

∫ θ

−∞

e2w(θ−s)

(s− θ)2α
|Πu|2∥g(s)∥2ds

)])
dµ(t)

≤ 4M
2
M̃2

∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e−2w(θ−s)

(θ − s)2α
|Πs|2E∥f(s)∥2ds

)
dµ(t)
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+

∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e2w(θ−s)

(s− θ)2α
|Πu|2E∥f(s)∥2ds

)
dµ(t)

+

∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e−2w(θ−s)

(θ − s)2α
|Πs|2E∥g(s)∥2ds

)
dµ(t)

+

∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e2w(θ−s)

(s− θ)2α
|Πu|2E∥g(s)∥2ds

)
dµ(t)

≤ ∆

[∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e−2w(θ−s)

(θ − s)2α
(
E∥f(s)∥2 + E∥g(s)∥2

)
ds

)
dµ(t)

+

∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e2w(θ−s)

(s− θ)2α
(
E∥f(s)∥2 + E∥g(s)∥2

)
ds

)
dµ(t)

]
,

where ∆ = max(4M
2
M̃2|Πs|2, 4M2

M̃2|Πu|2).

By Fubini’s theorem, we have∫ τ

−τ

(
sup

θ∈[t−r,t]

∫ θ

−∞

e−2w(θ−s)

(θ − s)2α
(
E∥f(s)∥2 + E∥g(s)∥2

)
ds

)
dµ(t)

≤
∫ τ

−τ

(∫ +∞

0
sup

θ∈[t−r,t]

e−2ws

s2α
(
E∥f(θ − s)∥2 + E∥g(θ − s)∥2

)
ds

)
dµ(t)

≤
∫ +∞

0

e−2ws

s2α

(
sup

θ∈[t−r,t]

∫ τ

−τ

(
E∥f(θ − s)∥2 + E∥g(θ − s)∥2

)
dµ(t)

)
ds.

Moreover, by the Lebesgue dominated convergence theorem and Theorem 4.13, we deduce that

lim
τ→+∞

e−2ws

s2α
1

ν([−τ, τ ])
sup

θ∈[t−r,t]

∫ τ

−τ

(
E∥f(θ − s)∥2 + E∥g(θ − s)∥2

)
dµ(t) = 0

for all s ∈ R+, and

e−2ws

s2α
1

ν([−τ, τ ])
sup

θ∈[t−r,t]

∫ τ

−τ

(
E∥f(θ − s)∥2 + E∥g(θ − s)∥2

)
dµ(t)

≤ e−2ws

s2α
µ([−τ, τ ])

ν([−τ, τ ])

(
∥f∥2∞ + ∥g∥2∞

)
.

Since the functions f and g are bounded, we infer that

s 7→ e−2ws

s2α
µ([−τ, τ ])

ν([−τ, τ ])

(
∥f∥2∞ + ∥g∥2∞

)
belongs to L1([0,+∞]). In view of the Lebesgue dominated convergence theorem, it follows that

lim
τ→+∞

∫ +∞

0

e−2ws

s2α
1

ν([−τ, τ ])

(
sup

θ∈[t−r,t]

∫ τ

−τ

(
E∥f(θ − s)∥2 + E∥g(θ − s)∥2

)
dµ(t)

)
ds = 0.
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Similarly, we obtain

lim
τ→+∞

∫ +∞

0

e−2ws

s2α
1

ν([−τ, τ ])

(
sup

θ∈[t−r,t]

∫ τ

−τ

(
E∥f(θ + s)∥2 + E∥g(θ + s)∥2

)
dµ(t)

)
ds = 0.

Consequently,

lim
τ→+∞

1

ν([(−τ, τ)])

∫ τ

−τ

(
sup

θ∈[t−r,t]
E∥Ψ(f, g)(θ)∥2α

)
dµ(t) = 0.

Thus, we obtain the desired result. □

To prove the existence of a square-mean compact pseudo almost automorphic solution of class r,
we need the following condition:

(H6) f, g : R → L2(P,H) are compact α-cl(µ, ν)-pseudo almost automorphic of class r.

Theorem 6.6 Assume that (H0), (H1), (H3) and (H6) hold. Then, equation (1.1) has a unique
compact α-cl(µ, ν)-pseudo almost automorphic solution of class r.

Proof. Since f and g are (µ, ν)-pseudo almost automorphic functions, we can write f = f1+f2 and
g = g1 + g2, where f1, g1 ∈ SAAc(R, L2(P,Hα)) and f2, g2 ∈ E (R, L2(P,Hα), µ, ν, r). Using
Theorem 6.2, Theorem 6.4 and Theorem 6.5, we get the desired result. □

Our next objective is to show the existence of square-mean α-(µ, ν)-pseudo almost automorphic
solutions of class r for the following problem

dx(t) = [−Ax(t) + L(xt) + f(t, ut)]dt+ g(t, ut)dW (t) for t ∈ R, (6.5)

where f, g : R× Cα → L2(P,H) are two continuous stochastic processes. To do this we will need
the following assumptions.

(H7) Let µ, ν ∈ M, and let f : R×C([−r, 0], L2(P,Hα)) → L2(P,H) be a square-mean cl(µ, ν)-
pseudo almost automorphic of class r such that there exists a positive constant Lf such
that

E∥f(t, ϕ1)− f(t, ϕ2)∥2 ≤ LfE∥ϕ1 − ϕ2∥2α
for all t ∈ R and ϕ1, ϕ2 ∈ C([−r, 0], L2(P,Hα)).

(H8) Let µ, ν ∈ M, and let g : R × C([−r, 0], L2(P,Hα)) → L2(P,Hα) be a square-mean
cl(µ, ν)-pseudo almost automorphic of class r such that there exists a positive constant Lg

such that
E∥g(t, ϕ1)− g(t, ϕ2)∥2 ≤ LgE∥ϕ1 − ϕ2∥2α

for all t ∈ R and ϕ1, ϕ2 ∈ C([−r, 0], L2(P,Hα)).

(H9) The unstable space is trivial, that is, U ≡ {0}.
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Theorem 6.7 Assume that (H0)–(H4) and (H7)–(H9) hold. If

2M
2
M̃2|Πs|2(Lf + Lg)

(2w)1−2α
Γ(1− 2α) < 1,

then equation (6.5) has a unique compact α-cl(µ, ν)-square-mean pseudo almost automorphic
solution of class r.

Proof. Let x be a function in SPAAc(R, L2(P,Hα), µ, ν, r). From Theorem 6.3 the function
t → xt belongs to SPAAc(C([−r, 0], L2(P,Hα)), µ, ν, r). Hence, Theorem 5.15 implies that the
function g(.) = f(., x) is in SPAAc(R, L2(P,Hα), µ, ν, r). Since by (H9) the unstable space is
trivial, that is, U ≡ {0}, if follows that |Πu| = 0. Consider the mapping

H : SPAAc(R, L2(P,Hα), µ, ν, r) → SPAAc(R, L2(P,Hα), µ, ν, r)

defined for t ∈ R by

(Hx)(t) =

[
lim

λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0f(s, xs))ds

+ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs(B̃λX0g(s, xs))dW (s)

]
(0).

From Theorem 6.2, Theorem 6.4 and Theorem 6.5, it suffices to show now that the operator H has a
unique fixed point in SPAAc(R, L2(P,Hα), µ, ν, r). Let x1, x2 ∈ SPAAc(R, L2(P,Hα), µ, ν, r).
Then, we have

E∥(Hx1)− (Hx2)∥2α

≤ 2E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs

(
B̃λX0(f(s, x1s)− f(s, x2s))

)
ds

∥∥∥∥∥
2

α

+ 2E

∥∥∥∥∥ lim
λ→+∞

∫ t

−∞
Us(t− s)Πs

(
B̃λX0(g(s, x1s)− g(s, x2s))

)
dW (s)

∥∥∥∥∥
2

α

.

By Ito’s isometry, it follows that

E∥(Hx1)− (Hx2)∥2α ≤ 2M
2
M̃2|Πs|2

∫ t

−∞

e−2w(t−s)

(t− s)2α
LfE∥x1s − x2s∥2αds

+ 2M
2
M̃2|Πs|2

∫ t

−∞

e−2w(t−s)

(t− s)2α
LgE∥x1s − x2s∥2αds

≤
2M

2
M̃2|Πs|2

(
Lf + Lg

)
(2w)1−2α

(∫ +∞

0
e−ss−2αds

)
∥x1 − x2∥2∞,α

≤
2M

2
M̃2|Πs|2

(
Lf + Lg

)
(2w)1−2α

Γ(1− 2α)∥x1 − x2∥∞,α.

This means that H is a strict contraction. Thus, by Banach’s fixed point theorem, H has a unique
fixed point u in SPAAc(R, L2(P,Hα), µ, ν, r). We conclude that equation (6.5) has one and only
one compact α-cl(µ, ν)-square-mean pseudo almost automorphic solution of class r. □
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7 Application

As an illustration, we propose to study the existence of solutions for the following model

dz(t, x)

= − ∂2

∂x2
z(t, x)dt+

[∫ 0

−r
G(θ)z(t+ θ, x)dθ + sin

(
1

2 + cos t+ cos
√
2t

)

+ arctan(t) +

∫ 0

−r
h

(
θ,

∂

∂x
z(t+ θ, x)

)
dθ

]
dt+

[
x sin

(
1

2 + cos t+ cos
√
3t

)

+ cos(t) +

∫ 0

−r
h

(
θ,

∂

∂x
z(t+ θ, x)

)
dθ

]
dW (t) for t ∈ R and x ∈ [0, π],

z(t, 0) = z(t, π) = 0 for t ∈ R and x ∈ [0, π],

(7.1)

where G : [−r, 0] → R is a continuous function and h : [−r, 0] × R → R is Lipschitz continuous
with the respect to the second argument. For example, we can take

G(θ) =
θ2 − 1

(θ2 + 1)2
for θ ∈ [−r, 0]

and
h(θ, x) = θ2 + sin

(x
4

)
for (θ, x) ∈ [−r, 0]× R.

We can see that G is continuous, and |h(θ, x1) − h(θ, x2)| ≤ 1
4 |x1 − x2|, which implies that h is

Lipschitz continuous with the respect to its second argument. W (t) is a two-sided standard Brownian
motion defined on the filtered probability space (Ω,F , P,Ft) with Ft = σ

{
W (u)−W (v) | u, v ≤

t}.

To rewrite equation (7.1) in abstract form, we introduce the space H = L2((0, π)). Let
A : D(A) → L2((0, π)) be defined by{

D(A) = H2(0, π) ∩H1(0, π),

Ay(t) = y′′(t) for t ∈ (0, π) and y ∈ D(A).

Then, the spectrum σ(A) of A equals to the point spectrum σp(A) and is given by

σ(A) = σp(A) = {−n2 : n ≥ 1},

and the associated eigenfunctions (ζn)n≥1 are given by

ζn(s) =

√
2

π
sin(ns), s ∈ [0, π].

Consequently, the operator A takes the form

Ay =
∞∑
n=1

n2(y, ζn)ζn, y ∈ D(A).
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For each

y ∈ D(A
1
2 ) =

{
y ∈ H :

∞∑
n=1

n(y, ζn)ζn ∈ H

}
,

we define the fractional power
A

1
2 : D(A

1
2 ) ⊂ H → H

by

A
1
2 y =

∞∑
n=1

n(y, ζn)ζn, y ∈ D(A
1
2 ).

It is well-known that −A is the generator of a compact analytic semi-group (T (t))t≥0 on H which is
given by

T (t)u =
∞∑
n=1

e−n2t(u, ζn)ζn, u ∈ H.

This means that (H0) and (H2) are satisfied.

Here, we choose α = 1
2 . Moreover, we define f : R×C 1

2
→ L2((0, π)) and L : C 1

2
→ L2(P,H)

as follows

f(t, ϕ)(x) = x sin

(
1

2 + cos t+ cos
√
2t

)
+ arctan(t)

+

∫ 0

−r
h

(
θ,

∂

∂x
ϕ(θ)(x)

)
dθ for x ∈ (0, π) and t ∈ R

g(t, ϕ)(x) = x sin

(
1

2 + cos t+ cos
√
3t

)
+ cos(t)

+

∫ 0

−r
h

(
θ,

∂

∂x
ϕ(θ)(x)

)
dθ for x ∈ (0, π) and t ∈ R

and

L(ϕ)(x) =

∫ 0

−r
G(θ)ϕ(θ)(x)dθ for − r ≤ θ and x ∈ (0, π).

Lemma 7.1 ([28]) If y ∈ D(A
1
2 ), then y is absolutely continuous, y′ ∈ L2(P,H) and |y′| = |A

1
2 y|.

Let us set v(t) = z(t, x). Then, equation (7.1) takes the following abstract form

dv(t) = [−Av(t) + L(vt) + f(t, vt)]dt+ g(t, vt)dW (t) for t ∈ R. (7.2)

Consider the measures µ and ν whose Randon–Nikodym derivatives ρ1 and ρ2 are given by

ρ1(t) =

{
1 for t > 0,

et for t ≤ 0

and ρ2(t) = |t| for t ∈ R, respectively. Then, dµ(t) = ρ1(t)dt and dµ(t) = ρ2(t)dt, where dt
denotes the Lebesgue measure on R. In other words,

µ(A) =

∫
A
ρ1(t)dt and ν(A) =

∫
A
ρ2(t)dt for A ∈ N .
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From [7], it follows that µ, ν ∈ M satisfy condition (H4). Moreover,

A
1
2

(
x sin

(
1

2 + cos t+ cos
√
2t

))
= sin

(
1

2 + cos t+ cos
√
2t

)
and

A
1
2

(
x sin

(
1

2 + cos t+ cos
√
3t

))
= sin

(
1

2 + cos t+ cos
√
3t

)
.

Then,

t 7→ sin

(
1

2 + cos t+ cos
√
2t

)
and t 7→ sin

(
1

2 + cos t+ cos
√
3t

)
are α-almost automorphic. We have also

lim
τ→+∞

µ([−τ, τ ])

ν([−τ, τ ])
= lim sup

τ→+∞

∫ 0

−r
etdt+

∫ τ

0
dt

2

∫ τ

0
tdt

= lim sup
τ→+∞

1 + e−τ + τ

τ2
= 0 < +∞,

which implies that (H2) is satisfied.

Obviously,−1 ≤ sin θ ≤ 1 for θ ∈ R. Hence, by Lemma 7.1, we have

1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E| cos(θ)|21

2

dµ(t)

=
1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E|A

1
2 cos(θ)|2dµ(t)

=
1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E| sin(θ)|2dµ(t)

≤ 1

ν([−τ, τ ])

∫ τ

−τ
dµ(t)

≤ µ([−τ, τ ])

ν([−τ, τ ])
→ 0 as τ → +∞.

This means that t 7→ cos(t) is α-(µ, ν)-ergodic of class r. Similarly, we have

1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E| arctan(θ)|21

2

dµ(t)

=
1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E|A

1
2 arctan(θ)|2dµ(t)

=
1

ν([−τ, τ ])

∫ τ

−τ
sup

θ∈[t−r,t]
E
∣∣∣∣ 1

1 + θ2

∣∣∣∣2dµ(t)
≤ 1

ν([−τ, τ ])

∫ τ

−τ
dµ(t)

≤ µ([−τ, τ ])

ν([−τ, τ ])
→ 0 as τ → +∞.
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Thus, t 7→ arctan(t) is α-(µ, ν)-ergodic of class r. Consequently, f and g are uniformly compact
(µ, ν)-pseudo almost automorphic of class r. Moreover, L is a bounded linear operator from C 1

2
to

L2(P,L2(0, π)).

Let Lh be the Lipschitz constant of h. Then, for every ϕ1, ϕ2 ∈ C 1
2

we have

E∥f(t, ϕ1)(x)− f(t, ϕ2)(x)∥2

= E

∥∥∥∥∥
∫ 0

−r
h

(
θ,

∂

∂x
ϕ1(θ)(x)

)
− h

(
θ,

∂

∂x
ϕ2(θ)(x)

)
dθ

∥∥∥∥∥
2

≤ L2
h

∫ 0

−r
E
∥∥∥∥ ∂

∂x
ϕ1(θ)(x)−

∂

∂x
ϕ2(θ)(x)

∥∥∥∥2dθ
≤ L2

h

∫ 0

−r
sup

−r≤θ≤0
E
∥∥∥∥ ∂

∂x
ϕ1(θ)(x)−

∂

∂x
ϕ2(θ)(x)

∥∥∥∥2dx
≤ rL2

h sup
−r≤θ≤0

E∥ϕ1(θ)(x)− ϕ2(θ)(x)∥2α

≤ rL2
hλE∥ϕ1(x)− ϕ2(x)∥2α for certain λ ∈ R+.

Similarly,

E∥g(t, ϕ1)(x)− g(t, ϕ2)(x)∥2 ≤ rL2
hλE∥ϕ1(x)− ϕ2(x)∥2α for certain λ ∈ R+.

Consequently, we conclude that f and g are Lipschitz continuous and α-cl(µ, ν)-pseudo almost
automorphic of class r.

Moreover, since h is Lipschitz continuous and therefore bounded, there exists a positive real
number M1 such that ∥h(θ, x)∥ ≤ M1. Consequently, for t ∈ R+ and x ∈ [0, π], we have

E∥g(t, ϕ)(x)∥2 ≤ 3π2 + 3 + 3

∫ 0

−r
E
∥∥∥∥h(θ, ∂

∂x
ϕ(θ)(x)

)∥∥∥∥2dθ
≤ 3(π2 + 1 + rM2

1 ) = M2.

This implies that g satisfies (H5).

For hyperbolycity, we assume that:

(H10)
∫ 0

−r
|G(θ)|dθ < 1.

Lemma 7.2 ([16]) Assume that (H10) holds. Then, the semi-group (U(t))t≥0 is hyperbolic and the
unstable space is trivial, that is, U ≡ {0}.

We can see that ∫ 0

−r
|G(θ)|dθ =

∫ 0

−r

∣∣∣∣ θ2 − 1

(θ2 + 1)2

∣∣∣∣dθ =

[
θ

θ2 + 1

]0
−r

=
r

r2 + 1
< 1
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and ∫ 0

−r
|G(θ)|dθ

=

∫ 0

−r

∣∣∣∣ θ2 − 1

(θ2 + 1)2

∣∣∣∣dθ =

∫ −1

−r

θ2 − 1

(θ2 + 1)2
dθ +

∫ 0

−1

−θ2 + 1

(θ2 + 1)2
dθ = 1− r

r2 + 1
< 1,

if r ≥ 1.

Theorem 7.3 Assume that (H7)–(H10) hold. If Lip(h) is small enough, then equation (7.2) has a
unique compact α-cl(µ, ν)-square-mean pseudo almost automorphic solution v of class r.
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