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1 Introduction

Forany N > 2,1 < p < oo, and an arbitrary bounded open subset {2 of R" containing the origin
0, we study in this paper the following nonlinear and noncoercive elliptic Dirichlet problem

{ —div(b(x,v, Vv) + B(z,v)) = A'v“;;v + f in Q, (1.1

v=20 on 0f),

where b : 2 x R xRN +— R¥ is a Carathéodory function which satisfies the classical Leray—Lions
assumptions:

b(x7777§) 5 2 a‘ﬂpa (12)
b(z,n, )| < C(L(x)+ P~ + P71, (1.3)
(b(l‘, 7775) - b(l‘, 7775,))(5 - gl) Z 07 (14)

for almost every = € , for every (1,£) € R x RV, o and C are positive real numbers, and
’ . P

L e LP(Q), withp = ——.
(€2), with p )

B:Q xR+ RY is a Carathéodory function such that
|B(z,n)| < co(x)|n|” with co(z) € LP%(Q) and0 <~y <p-—1 (1.5)
FeLl(Q),0<s<(p—1) (1—%) and \ > 0. (1.6)

Numerous researchers, as highlighted in papers like [[1.2}/14}/15]], have delved into comprehend-
ing the impact of the Hardy potential on the existence and nonexistence of solutions.

Notably, in [[8], authors studied both the existence and the summability of solutions for the given
problem
v
—div(M(z)Vv) = A— + f in Q,
|z (1.7)
v =20 on 0.

Here M : Q — R™” is a bounded and measurable matrix, i.e., there exist «;, 8 > 0 such that
ale? < M(2)¢ ¢ |M(x)| <B, ae zeQ VEeRY,

A > 0, and the data f belongs to L"(€2) with m > 1. More in detail the authors, in the paper
we quoted before, proved that the problem has no weak solution when the data f belongs to
L' (£2). Moreover, the weak solution of the problem (I.7) is unbounded even if m > % Related
results, for problems involving the Hardy potential, can be seen in the book [[15[] and [[14]], in a more
general framework. Furthermore, for problems involving a lower order term with natural growth
are covered extensively in the literature (see, for instance, [7,|{16] and the references therein).

M. F. Betta, O. Guibé, and A. Mercaldo studied the following nonlinear elliptic Neumann prob-
lem [5]]:

{—div(b(x,v,vv) + B(z,v)) = f in Q, (1.8)

(b(z,v,Vv) 4+ B(z,v)) -n=0 on 0.
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Their research has compellingly demonstrated the existence of renormalized solutions to the above
problem. Furthermore, their approach provides a means to prove the existence of solutions for an
operator containing a zero-order term and to deduce the stability of renormalized solutions. Inter-
ested readers are encouraged to explore the details in the cited references for a more comprehensive
understanding.

Moving on, let’s address the Dirichlet problems brought up by the nonlinear convection term.
When f is a Radon measure with bounded variation defined on €2, T. Del Vecchio and M.R. Poster-
aro demonstrated, using the symmetrization method, the existence of weak solutions for a class of
nonlinear and noncoercive problem involving a lower order term, whose prototype is

(1.9

—div(|VoP=2Vv + co(z)[v]Y) + d(z)|Vo[* = f in Q,
v=0 on 0.

N
In this context, the functions d(z) and co(x) belong to L™V (2) and L»-1 (2) respectively. Moreover,
in the case when A = ;1 = p — 1 they supposed that [|d|| ;v ) or ||c0||L%(Q) is small enough.
o

In another notable study [12], O. Guibé and A. Mercaldo studied the problem (1.9) in the general
framework of Lorentz spaces. The authors successfully demonstrated the existence of renormalized
solutions under the conditions 0 <y <p—land0 < pu <p—1.

In the present paper, our main contribution is the incorporation of both the nonlinear convection
and the Hardy potential terms in the same equation and to give an existence result of renormalized
solutions.

Proving the existence of renormalized solutions for the nonlinear noncoercive elliptic problem
(T-T) with data in L!(92) presents several obstacles.

Firstly, since no assumed smallness hypothesis on ||co||L 1y the operator
o

v +— —div (b(z, v, Vv) + B(z,v))

is not, in general, coercive. Secondly, the lack of compactness, mainly attributed to the impact of the
singular term (the Hardy potential), generally obstructs the existence of a solution. This means that
we will be dealing with all the difficulties previously described, at the same time. To our knowledge,
the analysis of the combined effect of the convection term satisfies only a growth property and the
Hardy potential has not been previously explored.

The paper is organized as follows. In Section 2, we provide some preliminaries on the definitions
of the Lorentz-Marcinkiewicz space and the notion of a renormalized solution. Section 3 will be
devoted to give the proof of the existence result.

2 Definitions of renormalized solutions

Before giving the definition of such a notion of solution, we need a few notations and definitions.
For k& > 0, denote by 7, : R — R the usual truncation at level k, that is

Ti(1) = min{k, max{—Fk,}}.
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We recall the basic tools on the Lorentz-Marcinkiewicz space that we need in our study. For 1 <
g < ooand 1 < s < oo the Lorentz space L?°(€) is the space of Lebesgue measurable functions

such that y
meas(2) 118 dl s
[ fllzas @) = </0 [f*(l)lq} l) < 400.

Here f* denotes the decreasing rearrangement of f, i.e., the decreasing function defined by
() =inf{s > 0 : meas{z € Q: |f(x)| > s} <1} t¢€[0,meas(Q)].

We recall also that, for any 1 < r < 400 the Lorentz-Marcinkiewicz space L™>°({2) is the set of
measurable functions f on €2 such that

|71l (@) = supl(meas{z € 0 ] > 17 < +oo, @1

endowed with the norm defined by (2.1]). Moreover for any p and ¢ such that
1 < g <r < p< 400, the following chain of continuous inclusions in Lebesgue spaces holds true

LP(Q) C L™™(Q) C LY(Q) C L*(Q). (2.2)

For references about rearrangements see, for example, [[9]. The following technical lemma will be
useful in the sequel.

Lemma 2.1 Assume that ) is an open subset of RN with finite measure and that 1 < p < N. Let
u be a measurable function satisfying Tr(v) € VVO1 P(Q), for every positive k, and such that

/|V77€(v)]p de < Mk+ L, VEk>D0,
Q

where L and M are given constants. Then, there exist a constant C' which depending only on N
and p such that

p—1 L
1 s e ) < CONp) M+ (meas(2))2 77} 23)
and L
-1 ST T
V51, gy e g < COVp) [M o+ (meas(@) L7 | (2.4)
here p* = Np
where p* = N_—p
Proof. See [12]. O

Consider a measurable function v : 2 — R that is finite almost everywhere and satisfies T (v) €
VVO1 P(Q) for all k£ > 0. According to the uniqueness result found in [4], Lemma 2.1, there exists a
unique measurable function G : Q — RY such that:

VTi(v) = Gx{uj<ky ae.in 2, forall k > 0. (2.5)

We define the gradient Vo of function v to be this function G and represent it as Vv = G. It is
important to note that this definition differs from the definition of the distributional gradient. How-
ever, if G € (Li,, (Q))N, then v € VVI}):}(Q), and in this case, G corresponds to the distributional
gradient of v.
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Conversely, there are examples of functions G ¢ LIOC( ) (resulting in the distributional gradient
of GG being undefined) for which the gradient Vv is defined in the previous sense.

We are now in a position to introduce the notion of renormalized solutions.

Definition 2.1 We say that a function v : Q — R is a renormalized solution of Problem (1.1 if it
satisfies the following conditions:

v is measurable and finite almost everywhere in (), (2.6)
Te(v) € WoP(Q) VE >0, 2.7)

- Py —
ngrfwn/ VT ()P dz = 0, 2.8)

and if, for any h € W1H*°(R) such that supp(h) is compact we have

/b(x,v Vov)-Voh' (v )gpdx—i—/ b(x,v, Vv)-Voh(v)dz
Q

B(z,v)-Voh' (v goda:+/l31:v -Vh(v) dz (2.9)
s 1
|”||x|p v)pda + /Q Fh(v)pdz Voo € WEP(Q) N L®(9Q).

In the following we will indicate by C; any positive constant which depends only on data and whose
values may change from line to line.

Remark 2.1 In 2.9), every term is well-defined. It is worth noting that growth assumption (1.3) on
the function B, along with the conditions —, allows us to establish that any renormalized
solution v satisfies

lim / |B(z,v)||VT,(v)|dx = 0. (2.10)

n—-+oo N

To prove this, we first observe that the growth assumption (1.5) implies that

[ 18IV T @lds < [ a@ITo)! 970 ds.
By employing Holder’s and Sobolev’s inequalities, we can deduce that
ACo(w)I%(v)WV%(v)\dxS(meaS(Q))ppl* leoll s N T ()0 ) IV Tn(0) Lo
<8 (meas(@) 7 ol x, o IV (@)

Therefore Young inequality leads to

1 C Co )
+ [ @@L PP < Ll o+ 2 V0 @

By combining (2.11)) and (2.8), we can derive [2.10).
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Remark 2.2 We point out that the term
|’U|s_1U
)\/ h(v)pdx
o 1P
is well-defined. Indeed, let n > 0 such that supp(h) C [ 2n, 2n]. We have
]’U|5*1v \7§n " Tan(v)
P h(v)p dz.

ll‘l”

By applying Holder’s and Hardy’s inequalities, we can conclude that:

|72n / | T2n (v)|P » / dx e
%) <
)\/ | |p ) |d$ 2)\71”@”[/00 7‘$|p dx 7| |p

S

s P dz \'7
< 2] o H / Vo (0)|P da / dr e
Q Q |x|P

1
Ultimately, by 2.7) and since W e LY(Q), it results
x

‘v’sflv

27 h(v)p € L'(Q). (2.12)

3 Existence

This section is devoted to establish the following existence theorem.

Theorem 3.1 Under assumptions (1.2) — there exists a renormalized solution of equation
(L.I).
Proof.  'We split the proof into four steps.

First Step: A priori estimates

For £ > 0, let us define
Be(z,l) = B(z,T: (1)) VIeR.

1°=Talf). (3.1)
Letv. € VVO1 P(£2) be a weak solution to the following approximate problem
| T2 (ve) P71 (ve)

|z|P + €
ve =0 on 0f).

- div(b(m,ve, VUE) + Be(l‘, Uz—:)) =A + f‘S in ),

3.2)

The existence of a solution v of (3.2)) is a well-known result (see, e.g., [13]]), namely for all ¢ €
W, P(Q) N L®(R) it satisfies

|72 (ve) P71 T2 (ve)

|x|P + ¢

/b(x Ve, Ve ) Vgpdm—i—/B x,ve) Vgpdx—)\/ 90d$+/f590d$-
Q Q
3.3)

Now we give the following lemma which gives some a priori estimates results on v, and V.
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Lemma 3.1 Assume that the assumptions (1.2)) — (1.6) hold. Then, there exist two positive con-
stants ¢1 and co depend only on N, p, o, meas(€2), ||co HL St such that every weak solution of the
e

problem (3.3)) satisfies

[Pt < 3.4

el e < 1 G4
p—1

| Vve| HL%,DO(Q)SCQ. (3.5)

Proof. We first establish an estimate of the level sets of the functions |v.|. In the second step we
prove that 7y (v.) is bounded in T/VO1 P(Q).

Step 1: v. is finite a.e. in €.
Let us consider the real valued function v, : R — R defined by

dr

!
)= [
0 ( Pl 4 |T\)
where 3; > 1 will be suitable chosen. We use ¢ = v,(ve) € WHP(2) N L>°(Q) in (3.3), we get

/b($ Ve, VUg ) vawp(vg d:c+/ Be(x,ve)- vawp(vg)
\T (ve)|* M (ve)
lzP + ¢
Using (1.2)), (1.3), @ and Young’s inequality, we get that

|vv5|p y /
a | —g———dz < | co(x)|ve|"| Voel[¢' (ve)| da
(B + [vel)r “

=A

wm@m+éﬁ%mmm (3.6)

[T (ve)[? :
A / 1 ‘d +||f||L(Q)
Q

+ x
ﬁs(p_ 1) |$|p_|_5 Bz—:(p_ 1)
p
< el + S [ de
p/ap 1 ) P Ja (ﬁepj + ‘Ua‘)p 68(])_ 1)
where
‘ﬁ(vs)fsdx -
M. = A/ W + £l 21 )
ie.,

/ ‘V’Ug‘p ]_ / p/
—) dz P + —FM..
1 = AP L' (Q) _ €
RN CTRE TR ) L P =1

/

p

a(p—1)

p 1 / —1

/ vad -dz < — el oy fe—1

Q P ol Lr (Q) ﬁe
( e T |U€|)p

Let us define . = 1 + M. As 8. > 1, we have that

IN

p
@ + 1.
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Applying the Poincaré inequality, we get that

p
/1|Ws|d >A/
Q /op—1

(B2 + [vel)p

Be

Note that, for any h > 0, we have

1 1
> hBrt :/ In(1+ A)P d
meas {[ue] 2 R} (In(1 -+ h)JP {\v5|zh@§’%}[n( e
ol ]
Ve
< In|1+ dx
(1 + R)Jp A|vg|>hﬁfi1 } T
ol \ ]
1 Ve
D — 1 1 d
= un<1+h>1p/g o]
£
C3
<
~ [In(14+h)JP

Then, for any 7 > 0, we deduce that

1
meas {|v:| > o} < pr

where

o= (exp(nc§/p) - 1) iy

Step 2: Ti(ve) is bounded in Wol’p(Q).

We take Ty (v) as test function in (3.3]) we obtain

/b(:r,vs,Vvs)-Vﬁ(ve)d:r—l—/Bs(x,ve)-VE(vs)dx
Q Q

|72 (ve) P~ T3 (ve)
Y /Q

|z|P + ¢

E(va)dx+/fsﬁ(va)dx
Q

Let us notice that we require to distinguish two cases.

If v < p — 1, by (1.2), (I.3), Holder inequality and Young inequality we get
|71 (ve)|*

P dx < v de,+kX | ———do + k|| f°
o [ 9Tl do < [ @l VTl do.+kA | Z2m o Kl

< / co(@)|vo] [VTa(v.)| da + k M.
Q
<Cy ||V77C(U€)H Q) + ||V77€(UE)H P(Q) +k M.

cy

<—3 4+ |V k M.,
— TJ(%;)T"/T’ || E(UE)H + €

3.7
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where
1 1
r=—— and -+ =
roor

Then, we obtain that
HVE(UE)HL;D(Q < M; + Mé k vk > 0,

with
/Cr’ /
Ml = /paifr’/r and Mé/. = EME

ar' (%) o

From Lemma 2.1} it follows that

3=

e, e g < COV.p) |2 (meas ()

[ T
()

If v = p — 1, by (I.2), (I.3), Holder and Young inequalities, we get

a/ ‘Vﬁ(ve)‘pdxg/co(x) oo P VT (0.) | die + k M.
Q Q

g/’ o) [oeP 1 [V i (v2)] da
{lve|>0}

+ / o) [ve P~ [ Ta(ve)| dee + k M.
{|ve|<o}

< 8P Y¢ T (ve
< HM\NHIPDH o)l
- ||V72(va)H o T kM.,

where o is the number defined by (3.7).

Now, we choose n = 7 such that

1
L1 1
meas {|v€| > (exp(nCl/p) 1)B§1} < o < T,
for some 7 > 0, implies

/
P ap—1
—SP <
o HCOH N 1

1
I
M|

< C(N,p) [Mé + (meas (Q))I%M1

|

1
P

pfl({|v€|>exp(77C§/p)—1)ﬁspj}) 2

Therefore, we get

IVTe(wlnqy < Mo+ Mk, Yk >0,
where ”
M, = 226
o

Again, thanks to Lemma [2.1] we derive the following estimates

1
|||Us|”_1||LNL7P,m(Q) < C(N,p) | M, + (meas (Q))» My

)

+Cﬁ

)
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15
H]VUE\I’_IHL%,OO(Q) < C(N,p) [ME’ + (meas (2))?" My

On the other hand we have
T2 (ve) |
M€<A/ = de 4[|l (3.8)
o |z

By (2.2), Holder inequality and since s < (p — 1) (1 — &), we get

T2 (ve)]? T
/6€dx§ /|UE|P—1d$ v /dx1
o |zf? Q Q|2

] p=

p—s—1
p—1

S
< C?IIIUEV’_IH,’{IIQ

< Cs[[ve|”~ 1H

<C8[

< CsC(N,p) <a> MZF~ P + C3sC(N, p)(meas (Q))P(TSA)ME

< CoMZ™" + CsC(N, p)(meas ()76 My

1 s s
< Cio + =~ M. + CsC(N, p)(meas (£2)) -1 M, .

2A
Which, by (3.8)), implies that
|71 (ve)[®
o |z
Thus, we deduce that
HVE(UE)H <M/<:+L vk > 0. (3.10)
Finally, by (3.7) and Lemma[2.1] we get @ and (3.5). O

Following the papers [4,/6], we deduce that there is a function v, € VVO1 P(2) such that, up to a
subsequence still denoted by v. one has

Tr(v2) — vy, weakly in Wy P (Q),

Ti(ve) — vy strongly in LP(Q).
Let 0 > 0 and n > 0 be fixed. For every k£ > 0, and every ¢ and ¢ we have

{lve —vsl > o} S {lve| > K} U{vs| > Kk} U{| T (ve) — T (vs)| > o}

Let n > 0 be fixed, there exists & > 0 such that, for every ¢ and 9,

3

meas ({|vs| > k}) + meas ({|vs| > k}) < .

\]

Once k is chosen, we deduce from (3.10) that 7% (v<) is bounded in VVO1 P(Q), and so, up to a
subsequence still denoted by v, Ty (ve) is (strongly convergent in LP(Q2) and hence) a Cauchy
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sequence in measure. Consequently, there exists g such that, for every ¢ and § smaller than g, we
have .

meas ({[ Ty (ve) — Tk (vs)] > 0}) < 5.
We have thus proved that up to a subsequence, v, is a Cauchy sequence in measure. Therefore, there
exist a further subsequence, still denoted by v., and a measurable function v, which is finite almost

everywhere, such that

ve — v ae.in . (3.11)
Consequently, we have
Ti(ve) — Ti(v) weakly in W, P(Q), (3.12)
Ti(ve) = T (v) strongly in LP(2) and a.e. in €2, (3.13)
VE >0, bz, Ti(ve), VTi(v:)) = o weakly in (L¥ (Q))". (3.14)

Second step: Energy formula

In this step, we aim to derive an energy estimate for the approximating solutions.

1
Using — 7, (ve) as test function in (3.3) leads to
n

1/ b(xavsavvs)'v%(vzs)dx"i'i/Bs(wave)'vﬁL(Us) dz
Q Q

n

[ T @) T ()
=2 /Q

|z|P + ¢

ﬁl(va)dm—i-l/ fTn(ve) da
nJo

Thanks to (1.2)) and (1.5]) we deduce that

o / V(o) dr < © / 0 ()| To (07| To(v2)] d
nJjo nJjao

A [ Tl 1 [ ..
n/QWHW%(Us)’dJT‘*‘n/Qf Tn(ve) da

If v < p — 1, we have, by Holder, Sobolev and Young inequalities, that

As before, we distinguish two cases.

O‘/ VT (v2)|P da
n Jjq

p—1 1
< 1HCOHL;>IXl(Q) (/ !%(vg)\ﬁp* dx) P (/ ‘V%(Ug)pd.%) »

|71 (ve) | T
~ | e+ [ T

‘7-1(1}5)|
< Cu +/ VT (0P d + 2 /| o (0.)| dx+i/f57;(v5)d:z:
Q Q

n |z|P + €

Which implies that

T2 (ve) |
/ VTP d:c<Cl4+)\/ 5|7;l(v5)|dx+71l/f57;l(v5)dx
Q Q

n |z|P + ¢
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If v = p — 1, we have, by Holder and Sobolev inequalities, that

/ V(o) dr < © / o)\ To (02) P~ [V T (02| da
n QN{jve|<c}

1 / o (@) | To (0P~ [V To(v2)| da
n Jan{|ve|>0}

A [T (we)f? 1 .
n/ﬂwﬂm(va)!dx+n/9f Tn(ve) da

1
<! / o)\ To (02) P~ [V To(v2)| da
QN{jve|<o}

p—1
ve)|P do
ol 25 (o })/‘ (el

| Tawlar+ 4 [ fo T d
n Q |1‘|p+6 n UE T n Q n /UE '1"7
where o is the number defined by (3.7).
Now, we choose o such that
SPYeol| <2
ool 3% sy < 2
Thus, we get
Cis 1 _1
\VT (ve)Pde < — —|— co(z)|Tn(ve) [P~ |V T (ve)| dz
n QN{jve|<co}

/Qm(va)| T (ve)| da + = /fa (ve)

|z[P +
For any n > o, by applying Holder and Sobolev inequalities, we derive

1 e
_ " v " < , Tg p ,
o o OO ITT 0217 < Tl 0| 950

which implies, thanks to (3.10), that

n—+00 ¢ 40

1
lim limsup — / co(2)|T5(ve) || VT, (ve)| dz = 0.
Qn{|ve|<c}
By virtue of (3.11)) we have that
T (ve) = Tp(v), weak-*in L™ (Q).

Additionally, since f¢ strongly converges to f in L'(Q), it follows that

- /\ngT (0] dz = - /erT )| da.

Moreover, it is easy to prove, since v is finite a.e. in €2, that

Tulv)

n

— 0 weak-* in L*°(92).

(3.15)

(3.16)

(3.17)
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Therefore, we deduce that

1
lim limsup/ ol 175 (v2)] dz = 0.
n.Jjqo

n—+00 o0

Let F be a measurable subset of 2 such that
Vo > 0,3n(d) > 0 such that meas (F) < n(9).
Observe that, by (3:4) and the Holder inequality, and since s < (p — 1) (1 — %), we have

s FEst
/ ’1)5’ de < (/ |U5|p—1dm>1’ / %
g |z E E || 2%

tlas

-~ = dz
< (/ |ve [P 1d$> /mp—n
Q E7|x|p—1—s

p—1l—s
dx
< Cig /Emn

p—1
‘x‘pflfs

p—1—s
p—1

p—1l—s

|
2

By means of the absolute continuity of the Lebesgue integral, using (3.19), it follows

p—1l—s
p—1

dx
/mpn <o
E)‘x’pflfs

Hence,

/ el 4, < Cy66.
E

[P

Consequently by Vitali’s theorem, we deduce that
ol ol
P [l

which, together with (3.16) and (3.17), yields that

AT
lim limsup — / ————To(ve)dz =0,
Q

n—+00 .0 N |z|P + ¢

and therefore, thanks to (3.15)) and (3.18)),

strongly in L'(Q),

1
lim limsup / b(x,ve, Vue)-Vo. dz = 0.
{lve|<n}

n—+00 o4 n

Third step: The weak L' —convergence of the truncated energy

In this step we prove that for any £ > 0,

lim [ (b (x, Ty (v2) , VT (v2)) = b (2, Te(ve), VTi(v))) -V (T (v2) — Ti(v)) dz = 0.

e—0 9]

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)
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The method which we use to prove (3.22) relies on similar techniques developed in [5]]. For all
n € N, we define the function h,, : R — R as:

0, lI| > 2n,
b)) = { 20 < 20,
1, 1| < n.

Let k > 0, if we take ¢ = hyp (v:)(Tx(ve) — Ti(v)) in (B.3) we get
| bl 0e Vo) Dbl (0 (Ti o) = T e+ [ B0, T0) V(T (02) = Talw)a(ee) da

+/ B.(x,v:)-Vuhl, (ve) (T (ve) — Tr(v)) da —|—/ Be(x,v:)-V(Ti(ve) — Ti(v)) b (ve) dze
Q Q

’7-1(”6”87171(”6)
_ A/Q

|z|P + &

han(ve) (T (ve) = Ti(v)) do + /Q f (o) (Th(ve) = Ti(v)) da.
(3.23)
Now, we proceed by taking the limit in (3.23)) first as ¢ — 0, then as n — 4-o0.

Observe that, recalling the definition of the function h,,,

/b(ac,Ua,va)-Vvah;l(vg)(’ﬁg(vs)—ﬁ(v))d:): < 2k/ b(x,ve, Ve )-Vue da,
Q QQTL

n

where
Qo ={z € Q| n < |ve(z)] <2n}.

Thus, by (3.21)), we deduce that

lim lim Sup/ b(z, ve, Ve )-Voehl (ve)(Tr(ve) — Te(v)) dz = 0. (3.24)
Q

n—+00 0

Thanks to we obtain
Be(x,ve)hn(ve) = B(x,v)hp(v) ae. in 2.
In addition, by (I.5]), we have
|Be (2, v2) hn (ve)| < (20) 7o ().
By Lebesgue’s dominated convergence theorem, we conclude
B (z,ve)hn(ve) = B(x,v)hy(v) strongly in LT]XI(Q)

So that, using (3.12)), we deduce that

lim lim sup / B.(, Ton (02))-V (T (02) — Ti(0))hn (v2) daz = 0. (3.25)
Q

n—+00 40
According to the definition of h,,, it follows that

2k
< / |Be(x, v:) || Vve| da.
Q2n

n

/Q Be (@, Ton (v2))- Yookt (ve) (Ti(ve) — Ta(v)) do
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Thus, by (3.21)) and Remark [2.1] we affirm that

lim lim sup/ B-(z, Tan(ve))-Vv:hl (v:) (Tr(ve) — Te(v)) dx = 0. (3.26)
Q

n—+oo 0

For 2n < 1 and for any I € R we have

TOPTTO . Tl ()

|z|P + & " |z|P + &

hn (D).
Moreover, due to (3.11)), we have
Ti(ve) — Ti(v) — 0 a.e. in © and weak-* in L°°(92).

By Vitali’s theorem, since h,, is bounded by 1 and due to (3.20), we get that

[ T3 (o) T (ve)
Q

|z|P + &

hn,(ve) (Tg (ve) — Ti(v)) dz = 0. 3.27)

lim limsup A
n—+00 -0

Furthermore, as a consequence of (3.1)), we deduce that

lim lim sup / F R (0) (Ti(v) — Ta(v)) dar = 0. (3.28)
Q

n—+00 o0

Then (3:24) — (3:28)) allow one to assure that

lim limsup/ b(x,ve, Ve )V (Ti(ve) — T (v)) i (ve) da < 0.
Q

n—+00 o0

Note that, for any n > k, we have
hn(ve)b (2, Tan (ve) , VTan (ve)) X{Jve|<k} = b (, Tk (ve) , VTi (ve)) a.e. in .
From (3.11)) and (3.14) it follows that for any k < n
0on-VTe(v) = 0k-VTi(v) a.e. in Q.

Therefore,

fimsup | b, i), VTo(02) Vi (v2) do
Q

e—0

< lim limsup/hnb(a:,ﬁ(vg),VE(UQ)-V%(UE)dx
Q

n—+00 o0

= lim b (V)02 V Tk (v) dx—/ok-Vﬁ(v)dx. (3.29)
n—4o00 Q Q

Moreover, we have
/Q (0, Tk (ve) , VT (ve)) = b (@, T (ve) , VTk(v))) - (VTk (ve) = VTi(v)) d
= [ b T (0) VT (02) - (VT2 (0) = VTi(0) do

- /Q b(x, T (v2) , VTE(0)) - (VT3 (v2) — VTa(w)) da.
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From (T.4), it follows, for any £ > 0, that
0< /Q (b(x, Ti (ve), VTi (ve)) = b (2, T (ve) , VTi(v))) - (VTx (ve) — VTi(v)) dz.  (3.30)

In addition, thanks to (3.11)) and (T.3)), we affirm that
bz, Tr (v2), VTi(v)) = b (z, Tr(v), VTi(v)) strongly in (L¥ (),

which implies, by (3.29) and (3.30), that the approximate solution v, verifies (3.22).
As a consequence of (3.22), we have

lim [ b (2, T (ve), VTi (ve)) -VTi (ve) do = / 0k VTi(v) dz.
e—=0 Jo Q

By the monotone character of b and Minty’s argument, we conclude that
or = bz, Te(v), VTi(v)). (3.31)

Using (3:12) and (3.14) leads to
b(x, ve, Vvo)-VTi(ve) — bz, v, Vu)-VTi(v) weakly in L' (). (3.32)

Fourth Step: Passing to the limit

In this step we prove that u satisfies (2.6)), (2.7), 2.8) and 2.9).
We first observe that, by the Fatou Lemma and (3:11)), we have

meas {|v] > o} < lirgriglfmeas{\va\ >0} < 771”,
thus, v is finite almost everywhere in (2, that is, (2.6) holds. Moreover, thanks to the weak con-
vergence of T (ve), we assert that holds. In addition, the decay of the truncated energy (2.8)
is a consequence of (3.2T) and (3:32). Let v € Wy*(Q) N L>®(K) and let h € W1°(R) be a
function with compact support contained in the interval [—k, k], where & > 0. Taking h(v:)p as a
test function in (3:3) we get

/b(w,vg,va)-Vvsh’(vs)godx+/b(x,vs,va)-Vgph(vg)dx
Q Q

+/Bg(:c,vs)-VUeh’(vs)gpdx—l—/Bs(x,ve)-Vgoh(ve)dx (3.33)
Q Q

|72 (ve) P72 (ve)
Y /Q

|z|P + ¢

h(ve)pdx + / feh(ve)p de.
Q
Thanks to (3.32) we have
lim [ b(x,ve, Ve )-Voh/ (ve)pda = lim [ bz, Tr(ve), VTi(ve)) VT (ve) B (ve) o da
e—0 Q e—0 Q

= / b(z,v, Vv)-Voh'(v)e dz.
Q
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Using (3.14), (3.31) and the fact that & is a compact support we obtain

lim b(x,va,va)-VgDh(ve)dx—/b(x,v,Vv)-Vgoh(v) dz.
e—=0 Jo Q

Due to (3.13) we have
B (z,ve)h(ve) = B(xz,v)h(v) ae.in(,

and by the growth condition (I.5])) we deduce that
|Be (2, ve)h(ve)| < K7 eo().
Therefore, by Lebesgue’s convergence theorem, we conclude that
B.(x,v:)h(ve) = B(x,v)h(v) strongly in L%(Q),
so that

lim Bg(x,ve)-Vgph(UE)dx:/B(:c,v)-Vgoh(v) dz.
e—0 [¢) Q

.. .. / N .
Similarly, from (3.12) and the condition p" < =5, we arrive at

lim Be(x,vg)‘vah’(vg)godx:/B(x,v)-Vnph'(v)gpdx.
e—0 9] 0

Applying Vitali’s theorem, thanks to (3.20), we obtain

| T (ve) ¥ 1T (ve) lv]*~ 1o
lim z z h(ve)p da = )\/ h(v)p de.
e=0 Jo |z|P + ¢ o |z

From (3.1)) and (3.11)) it follows that

lim/ﬂfeh(vg)godx:/th(v)godx.

e—0

Therefore, by passing to the limit in (3.24)), we ensure that the limit v satisfies (2.9) in the definition
of renormalized solutions. Thus, we conclude that v is a renormalized solution to (1.1)). U
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