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Abstract. In this paper we study a Timoshenko type beam model with a variable delay. It is mainly
about, on the one hand, a study of the existence and uniqueness of the solution and on the other
hand, to present a study of exponential stability of the obtained solution. The introduction of the
variable delay term is the added value brought by this work.
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1 Introduction

Here we consider the following Shear beam model and new facts related to the classical Timoshenko
system with a variable delay

p111(2, 1) = K (@,t) + (2, 1))e + pape(, 1) + papr(2,t — 7(t)) = 0 in (0, L) x (0, +00),
—btpae (2, 1) + K(pa (2, 1) +P(2,t)) = 0 in (0, L) x (0, +00),

o(x,0) = @o(x), @i(x,0) = @i(x), ¢(x,0)=1h(x) in (0, L),
$2(0,1) = ¢ (L, 1) = (0,1) = (L, 1) = 0 in (0, +-00). 0
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The functions ¢ and 1 describe the transverse displacement of the beam and the rotation angle of
a filament of the beam, respectively. p1, K, p1, 2 and b are positive constants and the function 7(¢)
satisfies the conditions

VE>0: 0<7y<7(t) <M, (1.2)

ViE>0: 7(t) <d<1, (1.3)
25 H2

< (<2 , 1.4

=g << = (1.4)

where M, d and ( are positive constants.

Recently Junior, Ramos and Freitas [1] obtained the existence and the exponential decay of the
energy for the dissipative system given by

preu(E,t) = k(P (@, 1) + P(x,1))e + ppe(x,t) =0 in (0,L) x (0, +00),
—bpr(x,t) + K(pg(x,t) +(x,t)) =0 in (0,L) x (0, 4+00), (1.5)
90(3370) = 500(1')7 @t(l‘»o) = ( ) 1/1(5570) @Z}O(l‘) in (OaL)a '
%(07’5) = %(L ) = ‘p(()?t) = ‘P(Lat) =0 in (07 +OO)7

using the Faedo-Galerkin method and a Lyapunov function.

With reference to their idea [[I] we study the existence and exponential decay of problem (I.T).
To our knowledge, this is a new contribution to the study of problem (1.3)) because these results are
an extension of those of Junior, Ramos and Freitas by adding the delay term in the first equation.

The paper is organized as follows. In Section 2 we will prove the decrease of energy. In Section
3 we will establish the well posedness of problem (I.I) using the Faedo-Galerkin method. And
finally in Section 4 we will give the exponential stability of the problem using a Lyapunov function.

2 Dissipative nature of the system

Let us set
Vz € (0,L),Vp € (0,1), Vt > 0, z(x, p,t) = pi(x,t — p7(t)). 2.1

Problem (I.1]) is now equivalent to

(prow(x,t) — k(pg(z,t) + (2, 1) s + p1ee(x, t) + poz(z,1,t) =0 in (0, L) x (0, +00),
—bye(2,t) + K(0x(z,t) + 1 (x,t)) =0 in (0,L) x (0,+00),
Tz, p,t) + (1= p7'())2p(2, p,t) = 0 in (0, L) x (0,1) x (0, +00),
@('ﬁ 0) 900('%')7 th(ZL‘,O) = (J?) ¢($ O) 7#0 l') in (OvL)a
(!17 p;0) = fo(z,—p7(t)) in (0, L) x (0, 1),
2(x,0,t) = pe(z,t) Ve (0,400),
Y2 (0,t) = ¥ (L, t) = ¢(0,t) = ¢(L,t) =0 in (0, +00)

2.2)
Let (i, 4,1, 2) be a solution of (2.2)), the corresponding energy is given by

b [E K
B =2 [Cefarsd [Tl s [Cectvrars o [ [ 12 dpa.
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Theorem 2.1 Under the assumption (I.3)-(1.4) we have

d
— E(t) <0.
dt ()=

Proof. Multiply the first equation of (2.2) by ¢; and integrate on (0, L) we have

L L
P1 / oz, t)pi(x,t) de — m/ (e (z,t) +U(x, )], (2, t) da
0 0
L L
+ 1 / oi(z, t)pe(x,t) de + ug/ z(x,1,t)pe(x,t)de = 0.
0 0

This leads to
prd [t
2 dt Jy

L L
+ m/ \(pt(x,t)\Q dz + ,uz/ 2(z, 1, t)pe(x, t) de = 0.
0 0

L
lpe(,1)[* do = & (00 + D)u(, )] + H/o [pa(,8) + P (2, 1)] pra (2, 1) d

Since ¢ is zero at 0 and L we have

prd [t
2 dt J,

L L
+ ,u1/ i, t)|* da + Mg/ z(x, 1,t)pe(x,t) dx = 0. (2.3)
0 0

L
(e D2 dz + & /0 (o, 1) + (. )] pra (2, 1) de

Multiplying now the second equation of (2.2) by 1; and integrating on (0, L) and after some calcu-
lations we have

L L
—b [szwt(x,t)]OL + b/o Yo (x, )yt (2, 1) do + K/o [pz(z,t) + (2, t)] Y(z,t) dz = 0.

Using the fact that ¢, (0) = ¢, (L) = 0, we have

b d

L L
S d /0 [ (2, 1) |* dz + Ii/o [pz(z,t) + P(z, )] Yy (x,t) dx = 0. (2.4)

Multiplying the third equation of (2.2)) by (z and integrating on (0, L) x (0, 1) we have

% {gr(t) /OL /01 || dpd:c} = gT/(t) /OL /01 2” dpdz + ¢ 7(t) /OL /01 zzp dpdz
= gT/(t) /OL /01 |z|*> dpdx — C/OL /01 [1—p7'(t)] 22, dpda
L 1
- _g/o /0 aap“l —p7'(1)] |z|2} dpdzx
C L

=/ [[1_/)7'(15)} |z|2r)d:v.
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t) /OL /01 Els dpda;}

By adding the equations (2.3), (2.4) and (2.5)) we obtain
p1 d

L L
2 at ), |90t($,t)2dx+li/0 [@z(x,t)+?/)(ﬂc,t)]gotx(x,t)d$_|_ul/o

L L L
+ / e g0 de+ 5 3 [P der s [l O+ o0V ie )i

—l-f = / / |2|? dpdx C/ [1-7'®)] |2(2,1,8)|*d x—f \ (z,0,t))? dz = 0,

which means that

Finally,

L L
_g/o [1—7-’(15)] ’2($,1,t>‘2dx+g/(; |Z($,07t)’2dx

2.5

e (. 1) dz

P1 d 2 L 2 r
2L e do g [ e P+ [ oetwt) + v [ealast) + 00,1, d
0 0

L b d L
+u2/ 2@ Lo, ) do+ 5 @ | It/Jm(:v,t)\zder* *T / / |2 dpdfc
0
+C L [1 / 2 C L 2 _
2 —7')] |2(z, 1,8)P dz — 2 |z(x,0,t)] dz = 0.
2 Jo 2 Jo
So,

d fp [* 2 b " 2 k(" 2
15 [ le@ ) de+ o [ e(z ) de+ o [ fee(z,t) + (2, 1)]" de
dt | 2 Jo 2 Jo 2 Jo

L 1 L L
) / / |z\2dpda:}+m / e, ) dz + o / 2,1, O, £) do
0 0 0 0

I L
+s /0 1 7/(0)] 2w L.O) 2z~ § /0 |2(2,0,0) > dw = 0,

which leads to

d

L L
GEO == [P de—pn [ sw 1000
¢

L / 2 C L 2
| ﬂ—T@ﬂb@JJ)dm+2A 12(2,0,1)|2 da-

Since @i (z,t) = z(x,0,t), we have

L L
_:U‘l/ ]z($707t)|2d56—,u,2/ Z(l‘,]_,t)Z(l‘,O,t)dl‘
0 0
¢

L / 2 C L 2
s | ﬂ—T@ﬂb@JJ)dm+2A (2,0, 1)|2 da.

d
3 B =

(2.6)

Now using the inequality of Young, we have

—pt2 /OLZ(lejt)Z(anvt)dx = \/f/

L

M2 2
z(x,1,t) 2d + z(xz,0,1)|" d.
Part e [Tl 0.0)
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Then, equation (2.6) becomes

L L L
GEO < —m [ B@onfae =5 [T -r 0] e 1ot § [ @R
peV1—d [* 2 2 r 2
+2/0 N e —=r LD
So
d 1 , L
S E@® < §[g(r (t)—l) +u2\/1—d]/0 I2(z, 1,8)|? dz
1 2 L 2
+3le-Cm -] [M . 00Pa. @)

From (1.3) we have 7/(¢t) — 1 < d — 1, so (2.7) can be written as

G P00 < gle-0+evi=d | e L) P s
t 2o em - )] [Mewo.npas
This means that
S <5+ N /OL|z<x,1,t>|2dx
+3lo—em -] | w0 Pde, 8)

According to the assumptions (I.3) and (T.4), we obtain

1—d
5 [ -C+ \/%] <0
and ) o
Slo—em- )] <o
Hence % E(t) <0 and the system is dissipative. O

3 Existence and uniqueness

Let us introduce the following spaces:

L20,L) = {u € L2(0,L),/0Lu(x) dr = 0} :

H.(0,L) = H'(0,L) N L}(0, L),

and
HZ2(0,L) = H*(0,L) N HX(0, L).
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Denote by ‘H and #; the Hilbert spaces as below
H = H'(0,L) x L*(0, L) x H}(0,L) x L*((0,L) x (0,1))
and
Hy = (H?(0,L) N HE(0,L))? x H3(0,L) x HY((0,L) x (0,1)).
We equipped ‘H with the norm

T2 (5o bo[ho K 2
H(u,v,w,z) H =—= [ |v[*de+< | |wy|"dz+= \ux—i-w] d:z+ T(t |z[ dpdz,
x 2 2 Jo 2

where ( is a positive constant verifying (I.4).

Here, we can use now the definition of weak solution in article [[1]]. We state

Definition 3.1 Given an initial data Uy = (o, p1,%0,20) € H, a function U = (p, @y, 0, 2) €
C([0,T); H) is said to be a weak solution of ([2.2) if for almost everywhere t € [0, T,

p1 %(%,u) + k(pr + ¥, ug) + po(pr,u) + i (2(+,1,8),u) =0,
b(Yg, vg) + K@z +1p,v) =0, (3.1)
T(t)(zt(p7t)>w) + (1 — pT/(t))(Zp(p,t),w) =0,

for all w € HY0,L),v € H*0,L), w € L*((0,L) x (0,1) and (¢(0), ¢:(0),%(0), 2(0)) =
(0, ¢1, %0, 20)-

Theorem 3.1 Assume that (1.2)-(1.4) hold. Then for any data Uy = (o, 1, o, fo) belongs to H,
problem [2.2)) has one and only one weak solution U = (p, @y, 1, z) verifying:

@ € Loo (O T HO(Ov ))
¢ € L (0,7, L2(O,L)),
Y€ L™ (0,T,HL0,L

z € L*(0,T,L*((0,L

) (3.2)
) % (0,1))).

Moreover, if Uy = (o, @1, %0, fo) belongs to H1, then problem [2.2)) has one and only one strong
solution U = (¢, 1,1, z) which satisfies

goeLOO(OTHQ(OL)ﬂH( L)),
¢ € L™ (0,T, Hj(0,L)),
¥ e L™ (0,T,H2(0,L)),
z€L>®(0,T,H'((0,L) x (0,1))).

3.3)

Proof. The Faedo-Galerkin method will be the key to prove the existence of a global solution.

Step 1 Let us consider initial data (po, 01, %0, fo) € H. Let {u*}, k € N* and {v*},k € N* be
bases formed by eigenfunctions of —Oy. These bases can be considered orthogonal in H?(0, L) N
HZ(0, L) and H2(0, L) respectively and both orthogonormal [6l\7] in L?(0, L). We also define the
sequence {w*}, k € N* in the following way [3,4] w*(x,0) = u*(x), then we extend w*(x,0) by
wk(z, p) on L2((0, L) x (0,1)).
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Approximation spaces H,, V, and W, of finite dimensions are given by H,
span{ul,u?, - Ju}, Vi, = span{vt,v? - 0"} and W, = span{w!,w?,--- ,w"},n € N*.

We will find an approximate solution of the form
n . .
:Zajn(t)uj(x), " (t, ) me ! (z "z, t,p) = Zcm Hw’ (z, p),
j=1
to the following approximate problem

L L
o / (@, Hude — & / (2 £) + (2 £)], uda
0 0

L L
+M1/ oy (z, t)Ud$+u2/ 2z, 1,t)udz =0,
0 L 0 (3.4)
—b/ i (x,t) vdx—l—m/ [ph(z,t) + " (x,t)] vdz =0,

//ztxp, wdpdx—i—C/ / 1—p7'(t 2y (z, p,t) wdp dz = 0,

forallu € Hy,v € V,,w € Wy, with initial conditions such that

("(0), ¢ (0),4™(0), 2"(0)) = (6, 15 %5, 20) = (0, P15 %0, fo) 3.5
strongly in H. o/, b and ¢I™, 1 < § < n form the temporal weighting coefficients.

According to the standard theory of ordinary differential equations, the finite dimensional prob-
lem (3.4)-(3-3) has a solution (a’™,b™, /"), 1 < j < n defined on [0,t,) with 0 < t, < T for
every n € N*, Then the a priori estimates that follow imply that in fact t,, = T.

Step 2 Replacing u by ¢}, v by ¢ and w by z" in (3.4), we obtain

P1 d L n 2 L n n n
0 0

L L
+m / P (2, )2 da + iz / 2,1, 1) 0z, 1) da = 0,
0 0

bd |1/} (z, t)]de—}—/i/L[ 2z, t) + " (z, t)] Y (z,t)de =0 (3.6)
24 fo v e e '

/ |z"|2dpdx C/ [1—7( |2(2,1,1)]* da

_g‘
2 Jo

2"(z,0,t)>dz = 0.

By making the same transformations as in the session of the dissipative character we obtain

d 1-d i L >
—E"(t) < —— | — "(x,1,1)]*d
FE 050 - ] [P

ile-em- 2] [N 0 ()
9 241 \/m 0 y Uy ’ :
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where

mn b n n
pay=2 [t ) (e s [Ceveras o [0 1R

Thus integrating (3.7) from 0 to t < t,, we obtain from our choice of initial data that for all
t € [0,t,] and for every n € N,

E"(t)— E"(0) < (z,1,5)]* deds

+%[g_(2 // " (2,0, ) dz ds,

1—d[

which means

EMt) - ——

"(x,1,s)|]* dzds
2

_ %[( — (2 / / (z,0,5)* deds < E™(0), (3.3

where
L
() =5 [P+ 5 /\%()Fdx
L
+’;/0 |<p;;(o>+w(0)|2dx+ 20 //yz (0)2 dp da.

As (#"(0), ¢7'(0),9"(0), 2"(0)) = (25,1 ¢85 26) = (0,1, %0, fo) strongly in H, we can
deduce that each of the sequences {©"™(0)}, {¢7(0)}, {¥™(0)} and {z"(0)} is bounded.

Thus there exists a positive constant Cy such that E™(0) < C}. Hence

1 / / "(z,1,s)]? dzds

/ / (2,0,5)* deds < Cy, (3.9)

DR

ST

which means that

b L
o[ t|2dx+2/ prans s [Cevrar e [0 1R apar

1—-d
e 1
5 [ 1 // "(x,1,s)| 2 dzds

~2e- e // "(2,0,5)[2 dwds < C. (3.10)

1_

As the constant C does not depend on n we can therefore take t, = T.
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Step 3 Let us differentiate the first equation of (3.4) with respect to t and then replacing u by ¢},
we obtain

L L
o /0 s )l (@, 1) da — /0 (o (@, 1) + 00 (e, D), h(a, t) da

L L
b [ el O ot [ (L ) do =0,
0 0
By integrating by parts, we obtain

05 | ehte 0P de = w (et - e 0l 4 [ (o) + 0] e ) da

L L
[l 0P et [ 22100 d =0
0 0

As @ is null at 0 and at L we have

5 [P derr [ letie) + @0 a0 de 4 [ ehle 0 da
L

—i—,ug/ 2 (x, 1, t) oy (x,t) de = 0. (3.11)
0

Let us differentiate the second equation of (3.4) with respect to t and then replacing v by V7, we
obtain

L L
b [l 0 0 de 4w [ w0+ 0] et do =0
0 0

Integrating by parts, we obtain

L L
bR ) + b /0 U, T () d 4 s /O (7 (2, 1) + 0, )] 0, 1) dae = 0.

Since 1., is zero at the edge we have

L L
b / U (2, 1) da + / (7 (2, 1)+ )] 4, €) dar = 0,
0 0

which can be written as

b d L L
oRT [ (2, 1) [* da + f”v/ [P () + i (@, 8)] Yy (2, t) dz = 0. (3.12)
0 0

Summing (3.11) and (3.12) we obtain

1 d L L L
sai{o [ bl sk [l ot oPas o [Tt P

L L
T / 2, 1,60 (o, ) da + / ol )2 dz = 0,
0 0
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which means that

L L
& G"(t) + ug/ 2 (z, 1, t)pp (x, t) do + ul/ |t (z,t)[*dz =0 (3.13)
0 0

with
L

)= [ lenenpar s [lenen o oracs ] [ P
By integrating (3.13)) from 0 to t we have

m// "2, 1, 8)¢0 (x, s)dxdsm// ¢t (. )2 dads = G(0),

where
L

0 =2 [0+ b [Ceno o oPas ) [CuneoPar

As (¢"(0), ¢1'(0),97(0),27(0)) = (g, T, ¥5, 25) — (po, 1, %0, fo) strongly in H, then
there exists a positive constant Co such that G"(0) < Cy. Hence

—|—,u2/ / “(x, 1, 8)ph(z,s) dxds+u1/ / | (z,8)* deds < Cy.  (3.14)

Step 4 Passage to Limit. From the relations (3.10) and (3.14) we have
{¢™} is bounded in L (0, T, Hj(0,L)), {4} is bounded in L> (0,T, L*(0, L)),

{in} is bounded in L (0, T, L*(0, L)) , (w) is bounded in L (0, T, H}(0, L)),
<¢g) is bounded in L (0,T, L*(0, L)), {2"} is bounded in L= (0, T, L*((0, L) x (0,1))) .

So by [\5| Theorem 1.3.4], we can extract subsequences {©"}, {)"} and {z"} such as
{¢"} = ¢ weakly starin L™ (0, T, Hi(0, L)),
{pl'} — ¢r weakly star in L™ (0 T,L%(0,L) ) ,
{¢} — ou weakly starin L (0,T, L*(0,L)) ,
{¢™} — b weakly star in L (0, T, H.(0,L)) ,
{Wp} — by weakly star in L™ (0 T,L*0, L) ) ,
X

{z"} = z weakly starin L (0, T, L*((0, L) x (0,1))) .

Moreover; from (B:10) we have {¢"} is bounded in L* (0,T, Hj(0, L)), {¢}} is bounded in
L?(0,T,L*(0,L)) . And since Hg (0, L) is compactly injected into L*(0, L) (see [2,5]) we have by
the Aubin-Lions theorem [8] that {¢™} — ¢ strongly in L (0,T, L*(0, L)) .

We also show that {¢}} — ¢ strongly in L™= (0,T,L*(0,L)), {¢"} — o strongly in
L ((), T, H&(O, L)) . Then we can pass to limit the approximate problem (3.4)-(3.5) in order to
get a weak solution of problem [2.2). And we use density arguments to get a global weak solution

satisfying

(3.15)
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Step 5 Suppose that the initial data in the approximate problem (3.4)) satisfies (o, 1, %o, fo) €
Hq and

(@87@?7¢3723) — (@07@17¢07f0) (316)
strongly in H1. Replacing u by —¢2.,, v by =7 . and w by 22 in (3.4), we arrive at
d 1—d L2 L
— F"(t <—[— }/ "(z,1,1)]%d
G050 -+ ) [P
+3[<—(2u1— 2| /L!z2<x,0,t)!2dx, (3.17)
2 V1—=d'dJo

where

n pl 2 b L n |2 K L n n|2 ¢ Lot n|2

Thus integratmg (3.17) from 0 to t, we obtain from our choice Of initial data that,

1-d
F"(t) — F"(0) < —— 5 [ 2"(x,1,5)* deds
1
+§[<_( // "(2,0,s)]* drds,
which means
1—-d
F™(t) — ?[ "(x,1,5)]* drds
1
—§[C—( // 2(2,0,9)* dzds < F™(0), (3.18)

where

L
P =2 [orar ) [Cpnope

L L 1
K n n 2 C n 2
5 [+ woPa+ 50 [ 20 a.

As ("(0), ¢7(0),47(0),2"(0)) = (g5, %1, ¥, 25) — (@0, @1, %0, fo) strongly in Hy, then
there exists a positive constant C'3 such that F’ ”(0) < Cg. Hence

1—-d
F"(t)—T[ "(z,1,5)* dzds
1
-5l - / / (2,0,5)[> da ds < C, (3.19)
which means that
P1 2 b L n |2 K L 2 n2
1_
de{ "(x,1,5)* deds
1 2
_i[g_( 22(z,0, )] dzds < Cs, (3.20)
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where C'5 is a positive constant independent of t and n but depending on initial data. Then we can
conclude that
{¢"} isboundedin L™ (0,T,H*(0,L)
{¢} isboundedin L* (0,T,Hy(0,L)),
{¢"} isboundedin L> (0,T, H?(0,L)
{2"} is bounded in L>(0,T,H'((0,L)

This implies that

{"} = ¢ weakly starin L™ (O,T, H?(0, L) N H (0, L)) ,
{ef'} = o1 weakly starin L™ (O,T7 H} (0, L)) )
{"} = weakly starin L> (0, T, H?(0, L)),
{z"} = 2z weakly starin L> (0,7, H'((0,L) x (0,1))) .
From above limits we conclude that (@, ¢, 1), 2) is a strong solution satisfying
¢ € L>(0,T,H*(0,L) N H(0,L)),
¢t € L= (0,T,Hj(0,L)),
¢ e L>(0,T,H2(0,L)),
z€ L= (0,7, H'((0,L) x (0,1))) .

(3.21)

Step 6 Continuous dependence

LetU(t) = (@, pt, 10, 2) and V (t) = (¢, ¢}, 1, 2') be the stronger weak solutions of problem (2.2))
corresponding to initial data U(0) = (po,¢1,%0,20), V(0) = (¢p, ¥1, %, 20) € Hi. Then
(P, D, V,Z) =U(t) — V(t) is a solution of the system

p1Pu(x,t) — K(Py(x,t) + ¥(x, 1)) + p1Pe(x,t) + paZ(x,1,t) =0 in (0,L) x (0,4+00), (3.22)
—b®yp(x,t) + K(Py(x,t) + ¥(z,t)) =0 in (0,L) x (0,+00), (3.23)
T(8)Zi(z, p,t) + (L — p7'(8)) Z,(2, p,t) = 0 in (0,L) x (0,1) x (0,+00),
with initial data (@(0), ,(0), ¥(0), Z(O)) — U(0) - V(0).

Multiplying (3.22) by ®; and (3.23) by VU, and integrating, we obtain

d L L
G904 m [ B )Z@ 10 detm [ e de =0
0 0

with
o1 L k L b L
6) =% [ 1w 0P dot S [ eate) + WP do+ 5 [ (a0 do.
0 0 0

Applying Young’s inequality, we obtain the existence of a constant M such that
d L
6(t) < My [ [l ) da
dt 0

L L L
SMl[/ @t(x,t)IdeL'+/ @x(x,t)+\11(x,t)]2dm+/ \\I/x(x,t)\de . (3.24)
0 0 0
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By integrating (3.24)) from 0 to t we get

t L L
G(t) < G(0) + My /0 [ /0 @z, M) do + /0 (2, )) + W(a, A)[2da

L
+/ |\Ifx(x,)\)|2dx} A\ (3.25)
0

kb
On the other hand we know that for My = min {p21’ 35 }, we have

L

L L
G(\) 2M2[/0 ](I)A(w,)\)|2d:r+/0 ]sz(x,)\)—l—\ll(ac,)\)\zdw—i—/o W, (2, )| dz|. (3.26)

From (3.23)) and (3.26) we have
M, [*
G(t) <G0)+— [ G(A)dA. 3.27)
M Jo
Applying Gronwall’s inequality we have
G(t) < G(0) et (3.28)

: .. My : . .
with the positive constant R = U So we obtain the continuous dependence of solution on the
2

initial data. In particular the solution is unique.

4 Exponential stability

Theorem 4.1 Assume that (1.2)-(1.4) hold. Then there are two positive constants K1 and Ko such
that

Vt>0: BE(t) < K1E(0)e K2t

Proof. Let
L L
F(t) = 26/)1/ prpdr +mc/ |ol? da,
0 0
where c is a constant whose conditions will be specified later.

Multiplying the first equation of (2.2) by 2cy and integrating from 0 to L, we obtain

L L
2¢epq /0 ou(z, t)p(z,t)de — 20/{/0 (0o (z,t) + (2, t)], ¢(z,t)de

L L
+2am [ et o+ 2 [ 2oL (1) do =0,
0 0
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0
As pip = a(@t@) - |<p,5|2 we have

L L L
2091 [ grleratiptetdo =20 [l da20m [ pale.t) + 00 pnlant) da

L

L
+ ey (z,t)|? dz + 2cpuy / z(x,1,t)p(z,t)de =0,
0 0

9
at'”
which means that

o L L
5 [ [2emea tp(@t) + el )] do— 2601 [ linf s
0 0

L L
+ 20/@/ [pz(z,t) + (x, )] oz (x, t) dx + 2cu2 / z(x,1,t)p(z,t)dz = 0.
0 0
Multiplying the second equation of (2.2) by 2¢t and integrating over 0 to L, we obtain
L L
~26b [ a0 da 200 [ fulat) + (o) dds =0,
0 0
By integrating by parts, we have

L L
9ch [zpm]gmcb/ \sz\Qd:c—l—an/ (oo (2, 8) + (a2, 1)] o dar = .
0 0

Since 1, is zero at 0 and L, we have

L L
20b/ o d + 2%/ lpu (@, ) + (w, £)] ¥ dz = 0.
0 0
By summing (4.1)-(4.2) we obtain

d L L
dt}"(t)—2cp1/ \got\Qd:v—%m/ oo, 1) + () do
0 0

L L
— 2cps / z(x, 1, t)p(z,t) de — 2cb/ 1|? dez.
0 0

L
By applying the inequality of Young at —2cpo / z(x,1,t)p(z,t) dz, for all € > 0, we have
0

d L L
— F(t) < 26/)1/ ¢|* o — 2CH/ o (z,t) + (z, ) |* do
0 0

dt
(2cp2)?

L L L
+ / ]z(az,ljt)|2dx—l—6/ |<p(ﬂs,t)|2dx—20b/ || da
4e 0 0 0

L L L
< 2epy / el da — 2ex / (oalat) + (e )P d + / e, ) da
0 0 0

2 L L
PCY / |z(:r,1,t)]2dx—20b/ o ? da
0 0

3

4.1)

4.2)
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L
By applying the inequality of Poincaré at ¢ / lo(x,t)|* dz we obtain
0

d L L L
GFO <2001 [l ar—20n [lpuwt) + vwnPae+er [l 0P da
0 0 0
2 L L
+(c“2)/ yz(:c,1,t)\2da;—2cb/ |2 da. 4.3)
0 0

3

‘We know that

L L L
/ o D)2 dr < 2 / (pala,t) + (e ) dz + 2 / iz, 8)[2 de.
0 0 0

By Poincaré’s inequality we have
L L L
[ eswnpas <z [Ceet o oPde s 2 [P @
0 0 0
Multiplying (#4) by L? we have

L L L
€L2/ |<p$(a:,t)\2d:c < 2€L2/ |z (z,t) + w(ar,t)\Qd:c + 2€L4/ \wx(x,t)\de
0 0 0

2 L 4 L
—E5 b [ pate ) 0@ 0P o+ b [ o) e,
0 0

2eL? 2eI4
E b

If we put c = max { } we obtain

L L L
o2 [ a0 de < ok [ oot 0P do s b [Pl @9
0 0 0

From (4.3)) and (4.5)), for all € > 0, we can write

d L L L
GFO <201 [lafdr—2ex [ loue )+ o@nP etk [ o) + oo
L 2 L L
+cb/ |¢x(x,t)|2dx+(c’lf)/ |z(x,1,t)|2d:v—20b/ ol da,
0 0 0

which means that

d

L L (Cﬂ2)2 L
GFO <2 [ aldo-on [Ceet) oo do s D2 [T 1 0P o
0 0 0

L
—cb/ |9|? daz. (4.6)
0

Let’s put

L 1
I(t) = cCeQMT(t)/ / e 7P 22 dpda.
o Jo
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‘We have

7]( ) — CQGQM / / / —27(t) p|Z’2 dpdz

+CC62MT(2€) - 2/ / o7 ()e"270P| 2|2 dp dx + 2/ / ®r 22, dpda
0o Jo
L 1
= cCeQMT'(t)/ / e 27 0r|212 dpda — QCCeQM/ / pr ()7 (#)e 2P 22 dp da
0o Jo
+26(62M/ / zt)z dpdz.

From the third equation of (2.2) we have 7(t)z:(p,t) = —(1 — p7'(t))2,(p, t), then
—I( ) = cCe?M7( / / —2r0p|2? dpda — 20(62M/ / pr(t )e= 270|212 dp da

—2CC€2M/ / 672T(t)p 1 —pT/(t)>ZZp dpdz
o Jo
L 1 L gl
8
= —QCCGQMT(t)/ / e~ 2P| 22 dpdx+cC62M/ / - e_QT(t)”(pT'(t) — 1)|z|2} dpdx
0 Jo P
L 1 1
——QCCeQMT(t)/O /O e~ 2002 dpdx+cC62M/ 00 (pr' (1) 1) 2], dr
L g1
= —2cC62MT(t)/ / e~ 20|22 dpdx—i—c§e2M/ e ® <T'(t) —1>\z(x,1,t)|2da?
o Jo 0
L
+c§e2M/ % z(x,0,t)* da.
0
From (T.3)) we have 7/(¢) — 1 < 0. This leads to

2M/ —1)|z(az,1,t)]2dx<0

SO
d L rl L
—I(t) < cCeZMT(t)/ / e 270r| 212 dpda + cCezM/ |z(z,0,t)|* da.
dt o Jo 0

By (I.2) we have

d L rl L

—I(t) < cCeQMT(t)/ / e M |22 dpdx + cCeQM/ |2(z,0,t))? dz

o Jo 0

dt
L 1 L
<—cCT(t)/ / |z|? dpd:c+cC62M/ |z(z,0,t)|? dz. 4.7)
o Jo 0

Summing (4.6) and (.7) we have

d

1)+ F0) <30 [P o = e [Toatot) 40t 0P+ P2 (o1, 0p 0

—cb/ ]wadx—cCT(t)/ / 2|2 dpdx—i—cCeQM/ |2(z,0,t)|? dz.
0 o Jo 0
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d

dt
Take
Vi >0: L(t) = NE(t) + I(t) + F(t),
where NN is a constant whose conditions we will specify later. We obtain from (2.8) and (4.8)

L
i )+CC€2M+3C/)1:|/ |2(z,0,t)|? dz
0

() < —2E(t) + [g (¢—2m+ T

Thereby
M ’ (cu2)® [* 2
(I(t) + F(t)) < —2¢cE(t) 4 (c¢e*M + 36,01)/ |2(z,0,t)* da + 5/ |z(z,1,t)]° dz. (4.8)
0 0

d
&E
1—d 2 (cu2)?7 [* 2
[V (- or )+ 2 [P as
If we take
_ 2M _ 2,2
N > max ce 3;’;)1 , e i ,
— 211 + 1—-d)| —
we have
gE(t) < —=2cE(t). 4.9
dt
(4.10)

Moreover, it is easy to see the existence of two constants « and 5 such that
Vt>0: aE(t) < L(t) <BE().

By and (4.10) we obtain
dL@) _ —2cB(t) _ —2cE(?)
L) — L) — BEQ)
which means that
Lre)y  —2¢
dt < =€ 4.11)
L) — p
Integrating (@.11)) from O to ¢ we have
In £(t) — In £(0) < _;c :
which means that
L(t) < L0)e 7! 4.12)
By (@.10) we obtain
aE(t) < L(t)
and
£(0) < 5 E(0)
Thus @.12)) can be written
E(t) S ﬁE(O) 6*2ﬁct
o'

2c

We obtain by taking K7 = = and Ko =
Vt>0: E(t) < K; E(0)e 521,

sy

The proof of the theorem is thus completed.
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5 Conclusion

In this article, we focus on the stability of a Timoshenko system with a variable delay. The well-
posedness of the system is established in the second Section using the Faedo-Galerkin method. An
exponential stability result is then established using a Lyapunov function.

As an outlook, it would be interesting to repeat the study, this time introducing the delay term
into the second equation of problem (I.1).
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