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Abstract. Here we reexamine further the quasi-interpolation general sigmoid function based neural
network operators of one hidden layer. Based on fractional calculus theory we derive fractional
Voronovskaya type asymptotic expansions for the approximation of these operators to the unit op-
erator, as we are studying the univariate case. We treat also analogously the multivariate case by
using Fréchet derivatives. The functions under approximation are Banach space valued.
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1 Background

We are motivated by [8] and [11, Ch. 10], and we generalize their results about expansions for
arbitrary sigmoid functions. We are also inspired by [14–16].

Let h : R → [−1, 1] be a general sigmoid function, such that it is strictly increasing, h (0) = 0,
h (−x) = −h (x), h (+∞) = 1, h (−∞) = −1. Also h is strictly convex over (−∞, 0] and strictly
concave over [0,+∞), with h(2) ∈ C (R).
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We consider the activation function

ψ (x) :=
1

4
(h (x+ 1)− h (x− 1)) , x ∈ R. (1)

As in [10, p. 285], we get that ψ (−x) = ψ (x) , thus ψ is an even function. Since x + 1 > x − 1,
then h (x+ 1) > h (x− 1), and ψ (x) > 0, for all x ∈ R. We see that

ψ (0) =
h (1)

2
. (2)

Let x > 1, we have that

ψ′ (x) =
1

4

(
h′ (x+ 1)− h′ (x− 1)

)
< 0,

by h′ being strictly decreasing over [0,+∞).

Let now 0 < x < 1, then 1− x > 0 and 0 < 1− x < 1+ x. It holds h′ (x− 1) = h′ (1− x) >
h′ (x+ 1), so that again ψ′ (x) < 0. Consequently ψ is strictly decreasing on (0,+∞) .

Clearly, ψ is strictly increasing on (−∞, 0), and ψ′ (0) = 0.

See that
lim

x→+∞
ψ (x) =

1

4
(h (+∞)− h (+∞)) = 0, (3)

and
lim

x→−∞
ψ (x) =

1

4
(h (−∞)− h (−∞)) = 0. (4)

That is the x-axis is the horizontal asymptote on ψ.

Conclusion, ψ is a bell symmetric function with maximum

ψ (0) =
h (1)

2
.

We need

Theorem 1.1 We have that
∞∑

i=−∞
ψ (x− i) = 1, ∀ x ∈ R. (5)

Proof. As exactly the same as in [10, p. 286] is omitted. □

Theorem 1.2 It holds ∫ ∞

−∞
ψ (x) dx = 1. (6)

Proof. Similar to [10, p. 287], it is omitted. □

Thus ψ (x) is a density function on R.

We mention
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Theorem 1.3 [12] Let 0 < α < 1, and n ∈ N with n1−α > 2. It holds

∞∑
 k = −∞

: |nx− k| ≥ n1−α

ψ (nx− k) <
1− h

(
n1−α − 2

)
2

=: c (h, α, n) . (7)

Notice that

lim
n→+∞

1− h
(
n1−α − 2

)
2

= 0.

We further mention

Theorem 1.4 Let x ∈ [a, b] ⊂ R and n ∈ N so that ⌈na⌉ ≤ ⌊nb⌋. It holds

1∑⌊nb⌋
k=⌈na⌉ ψ (nx− k)

<
1

ψ (1)
(=: α∗) , ∀ x ∈ [a, b] . (8)

Proof. As similar to [10, p. 289] is omitted. □

Remark 1.1 [10, pp. 290-291]

i) We have that

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

ψ (nx− k) ̸= 1, (9)

for at least some x ∈ [a, b] .

ii) For large enough n ∈ N we always obtain ⌈na⌉ ≤ ⌊nb⌋. Also a ≤ k
n ≤ b, iff ⌈na⌉ ≤ k ≤

⌊nb⌋.

In general, by Theorem 1.1, it holds

⌊nb⌋∑
k=⌈na⌉

ψ (nx− k) ≤ 1. (10)

We introduce

Z (x1, ..., xN ) := Z (x) :=

N∏
i=1

ψ (xi) , x = (x1, ..., xN ) ∈ RN , N ∈ N. (11)

It has the properties:

(i) Z (x) > 0, ∀ x ∈ RN ,

(ii)

∞∑
k=−∞

Z (x− k) :=
∞∑

k1=−∞

∞∑
k2=−∞

· · ·
∞∑

kN=−∞
Z (x1 − k1, · · · , xN − kN ) = 1, (12)
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where k := (k1, · · · , kn) ∈ ZN , ∀ x ∈ RN ,

hence

(iii)
∞∑

k=−∞
Z (nx− k) = 1, ∀x ∈ RN ; n ∈ N, (13)

and

(iv) ∫
RN

Z (x) dx = 1, (14)

that is Z is a multivariate density function.

Here denote ∥x∥∞ := max {|x1| , · · · , |xN |}, x ∈ RN , also set ∞ := (∞, · · · ,∞), −∞ :=
(−∞, · · · ,−∞) upon the multivariate context, and

⌈na⌉ := (⌈na1⌉ , · · · , ⌈naN⌉) ,

⌊nb⌋ := (⌊nb1⌋ , · · · , ⌊nbN⌋) ,
(15)

where a := (a1, · · · , aN ), b := (b1, · · · , bN ) .

We obviously see that

⌊nb⌋∑
k=⌈na⌉

Z (nx− k) =

⌊nb⌋∑
k=⌈na⌉

(
N∏
i=1

ψ (nxi − ki)

)

=

⌊nb1⌋∑
k1=⌈na1⌉

· · ·
⌊nbN ⌋∑

kN=⌈naN ⌉

(
N∏
i=1

ψ (nxi − ki)

)
=

N∏
i=1

 ⌊nbi⌋∑
ki=⌈nai⌉

ψ (nxi − ki)

 . (16)

For 0 < β < 1 and n ∈ N, a fixed x ∈ RN , we have that

⌊nb⌋∑
k=⌈na⌉

Z (nx− k) =

⌊nb⌋∑
 k = ⌈na⌉∥∥ k

n − x
∥∥
∞ ≤ 1

nβ

Z (nx− k) +

⌊nb⌋∑
 k = ⌈na⌉∥∥ k

n − x
∥∥
∞ > 1

nβ

Z (nx− k) . (17)

In the last two sums the counting is over disjoint vector sets of k’s, because the condition∥∥ k
n − x

∥∥
∞ > 1

nβ implies that there exists at least one
∣∣kr
n − xr

∣∣ > 1
nβ , where r ∈ {1, · · · , N} .

(v) As in [9, pp. 379-380], we derive that

⌊nb⌋∑
 k = ⌈na⌉∥∥ k

n − x
∥∥
∞ > 1

nβ

Z (nx− k)
(7)
<

1− h
(
n1−β − 2

)
2

, 0 < β < 1, (18)

with n ∈ N : n1−β > 2, x ∈
∏N

i=1 [ai, bi] .
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(vi) By Theorem 1.4 we get that

0 <
1∑⌊nb⌋

k=⌈na⌉ Z (nx− k)
<

1

(ψ (1))N
=: γ (N) , ∀x ∈

(
N∏
i=1

[ai, bi]

)
, n ∈ N. (19)

It is also clear that

(vii)
∞∑

 k = −∞∥∥ k
n − x

∥∥
∞ > 1

nβ

Z (nx− k) <
1− h

(
n1−β − 2

)
2

=: c (h, β, n) , (20)

0 < β < 1, n ∈ N : n1−β > 2, x ∈ RN .

Furthermore it holds

lim
n→∞

⌊nb⌋∑
k=⌈na⌉

Z (nx− k) ̸= 1, (21)

for at least some x ∈
(∏N

i=1 [ai, bi]
)
.

The next integrals are of Bochner type ( [19]).

We need

Definition 1.1 [10] Let [a, b] ⊂ R, X be a Banach space, α > 0; m = ⌈α⌉ ∈ N, (⌈·⌉ is the ceiling
of the number), f : [a, b] → X . We assume that f (m) ∈ L1 ([a, b] , X). We call the Caputo-Bochner
left fractional derivative of order α:

(Dα
∗af) (x) :=

1

Γ (m− α)

∫ x

a
(x− t)m−α−1 f (m) (t) dt, ∀ x ∈ [a, b] . (22)

If α ∈ N, we set Dα
∗af := f (m) the ordinary X-valued derivative (defined similar to numerical

one [22]), and also set D0
∗af := f.

By [10], (Dα
∗af) (x) exists almost everywhere in x ∈ [a, b] and Dα

∗af ∈ L1 ([a, b] , X).

If
∥∥f (m)

∥∥
L∞([a,b],X)

<∞, then by [10], Dα
∗af ∈ C ([a, b] , X) , hence ∥Dα

∗af∥ ∈ C ([a, b]) .

We mention

Lemma 1.1 [10] Let α > 0, α /∈ N, m = ⌈α⌉, f ∈ Cm−1 ([a, b] , X) and f (m) ∈ L∞ ([a, b] , X).
Then Dα

∗af (a) = 0.

We mention

Definition 1.2 [10] Let [a, b] ⊂ R, X be a Banach space, α > 0, m := ⌈α⌉. We assume that
f (m) ∈ L1 ([a, b] , X), where f : [a, b] → X . We call the Caputo-Bochner right fractional deriva-
tive of order α:(

Dα
b−f
)
(x) :=

(−1)m

Γ (m− α)

∫ b

x
(z − x)m−α−1 f (m) (z) dz, ∀ x ∈ [a, b] . (23)
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We observe that
(
Dm

b−f
)
(x) = (−1)m f (m) (x), for m ∈ N, and

(
D0

b−f
)
(x) = f (x) .

By [10],
(
Dα

b−f
)
(x) exists almost everywhere on [a, b] and

(
Dα

b−f
)
∈ L1 ([a, b] , X).

If
∥∥f (m)

∥∥
L∞([a,b],X)

< ∞, and α /∈ N, by [10], Dα
b−f ∈ C ([a, b] , X) , hence

∥∥Dα
b−f
∥∥ ∈

C ([a, b]) .

We need

Lemma 1.2 [10] Let f ∈ Cm−1 ([a, b] , X), f (m) ∈ L∞ ([a, b] , X), m = ⌈α⌉, α > 0, α /∈ N.
Then Dα

b−f (b) = 0.

We mention the left fractional vector Taylor formula

Theorem 1.5 [10] Let m ∈ N and f ∈ Cm ([a, b] , X) , where [a, b] ⊂ R and X is a Banach
space, and let α > 0 : m = ⌈α⌉. Then

f (x) =

m−1∑
i=0

(x− a)i

i!
f (i) (a) +

1

Γ (α)

∫ x

a
(x− z)α−1 (Dα

∗af) (z) dz, ∀x ∈ [a, b] . (24)

We also mention the right fractional vector Taylor formula

Theorem 1.6 [10] Let [a, b] ⊂ R, X be a Banach space, α > 0, m = ⌈α⌉, f ∈ Cm ([a, b] , X).
Then

f (x) =
m−1∑
i=0

(x− b)i

i!
f (i) (b) +

1

Γ (α)

∫ b

x
(z − x)α−1 (Dα

b−f
)
(z) dz, ∀x ∈ [a, b] . (25)

Convention 1.7 We assume that

Dα
∗x0
f (x) = 0, for x < x0, (26)

and
Dα

x0−f (x) = 0, for x > x0, (27)

for all x, x0 ∈ [a, b] .

We mention

Proposition 1.1 [10] Let f ∈ Cn ([a, b] , X), n = ⌈ν⌉, ν > 0. Then Dν
∗af (x) is continuous in

x ∈ [a, b].

Proposition 1.2 [10] Let f ∈ Cm ([a, b] , X), m = ⌈α⌉, α > 0. Then Dν
b−f (x) is continuous in

x ∈ [a, b].

We also mention
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Proposition 1.3 [10] Let f ∈ Cm−1 ([a, b] , X), f (m) ∈ L∞ ([a, b] , X), m = ⌈α⌉, α > 0 and

Dα
∗x0
f (x) =

1

Γ (m− α)

∫ x

x0

(x− t)m−α−1 f (m) (t) dt, (28)

for all x, x0 ∈ [a, b] : x ≥ x0. Then Dα
∗x0
f (x) is continuous in x0.

Proposition 1.4 [10] Let f ∈ Cm−1 ([a, b] , X), f (m) ∈ L∞ ([a, b] , X), m = ⌈α⌉, α > 0 and

Dα
x0−f (x) =

(−1)m

Γ (m− α)

∫ x0

x
(ζ − x)m−α−1 f (m) (ζ) dζ, (29)

for all x, x0 ∈ [a, b] : x0 ≥ x. Then Dα
x0−f (x) is continuous in x0.

Corollary 1.1 [10] Let f ∈ Cm ([a, b] , X), m = ⌈α⌉, α > 0, x, x0 ∈ [a, b]. Then Da
∗x0
f (x) ,

Da
x0−f (x) are jointly continuous functions in (x, x0) from [a, b]2 into X , X is a Banach space.

We make

Remark 1.2 [10, pp. 263-266] Let
(
RN , ∥·∥p

)
, N ∈ N; where ∥·∥p is the Lp-norm, 1 ≤ p ≤ ∞.

RN is a Banach space, and
(
RN
)j∗ denotes the j∗-fold product space RN × · · · × RN endowed

with the max-norm ∥x∥
(RN )j∗

:= max
1≤λ≤j∗

∥xλ∥p, where x := (x1, · · · , xj∗) ∈
(
RN
)j∗ .

Let
(
X, ∥·∥γ

)
be a general Banach space. Then the space Lj∗ := Lj∗

((
RN
)j∗ , X) of all

j∗-multilinear continuous maps g :
(
RN
)j∗ → X , j∗ = 1, · · · ,m, is a Banach space with norm

∥g∥ := ∥g∥Lj∗
:= sup(

∥x∥
(RN )j∗

=1

) ∥g (x)∥γ = sup
∥g (x)∥γ

∥x1∥p · · · ∥xj∗∥p
. (30)

Let M be a non-empty convex and compact subset of RN and x0 ∈M is fixed.

Let O be an open subset of RN : M ⊂ O. Let f : O → X be a continuous function, whose
Fréchet derivatives (see [21]) f (j∗) : O → Lj∗ = Lj∗

((
RN
)j∗ ;X) exist and are continuous for

1 ≤ j∗ ≤ m, m ∈ N.

Call (x− x0)
j∗ := (x− x0, · · · , x− x0) ∈

(
RN
)j∗ , x ∈M .

We will work with f |M .

Then, by Taylor’s formula ( [13], [21, p. 124]), we get

f (x) =

m−1∑
j∗=0

f (j∗) (x0) (x− x0)
j∗

j∗!
+Rm (x, x0) , ∀x ∈M, (31)

where the remainder is the Riemann integral

Rm (x, x0) :=

∫ 1

0

(1− u)m−1

(m− 1)!
f (m) (x0 + u (x− x0)) (x− x0)

m du, (32)
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here we set f (0) (x0) (x− x0)
0 = f (x0) .

We obtain ∥∥∥f (m) (x0 + u (x− x0)) (x− x0)
m
∥∥∥
γ

≤
∥∥∥f (m) (x0 + u (x− x0))

∥∥∥ ∥x− x0∥mp ≤
∥∥∥∥∥∥f (m)

∥∥∥∥∥∥
∞
∥x− x0∥mp , (33)

and

∥Rm (x, x0)∥γ ≤
∥∥∥∥f (m)

∥∥∥∥
∞

m!
∥x− x0∥mp . (34)

Let
(
X, ∥·∥γ

)
be a general Banach space.

We will study the following neural network operators.

Definition 1.3 Let f ∈ C ([a, b] , X), n ∈ N. We set

An (f, x) :=

∑⌊nb⌋
k=⌈na⌉ f

(
k
n

)
ψ (nx− k)∑⌊nb⌋

k=⌈na⌉ ψ (nx− k)
, ∀ x ∈ [a.b] . (35)

These are univariate neural network operators.

Definition 1.4 Let f ∈ C

(
N∏
i=1

[ai, bi] , X

)
and n ∈ N such that ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, · · · , N .

We will study the following multivariate linear neural network operators (x := (x1, · · · , xN ) ∈(
N∏
i=1

[ai, bi]

)
)

Hn (f, x) := Hn (f, x1, · · · , xN ) :=

∑⌊nb⌋
k=⌈na⌉ f

(
k
n

)
Z (nx− k)∑⌊nb⌋

k=⌈na⌉ Z (nx− k)
(36)

=

∑⌊nb1⌋
k1=⌈na1⌉

∑⌊nb2⌋
k2=⌈na2⌉ · · ·

∑⌊nbN ⌋
kN=⌈naN ⌉ f

(
k1
n , · · · ,

kN
n

)(∏N
i=1 ψ (nxi − ki)

)
∏N

i=1

(∑⌊nbi⌋
ki=⌈nai⌉ ψ (nxi − ki)

) .

For large enough n we always obtain ⌈nai⌉ ≤ ⌊nbi⌋, i = 1, · · · , N . Also ai ≤ ki
n ≤ bi, iff

⌈nai⌉ ≤ ki ≤ ⌊nbi⌋, i = 1, · · · , N .

In this article first we find fractional Voronovskaya type asymptotic expansion for An (f, x),
x ∈ [a, b], then we find multivariate Voronovskaya type asymptotic expansion for Hn (f, x), x ∈(

N∏
i=1

[ai, bi]

)
; n ∈ N.

Our considered neural networks here are of one hidden layer.

For earlier motivational neural networks related work, see [1–10]. For neural networks in gen-
eral, read [17, 18] and [20].
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2 Main Results

We present our first univariate main result, as Voronovskaya type asymptotic expansion.

Theorem 2.1 Let
(
X, ∥·∥γ

)
be a Banach space, 0 < β < 1

2 and 0 < α ≤ 1−β
β ,N ∈ N : N = ⌈α⌉,

f ∈ CN ([a, b] , X), x ∈ [a, b], n ∈ N large enough : n1−β > 2. Assume that
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

,∥∥∥∥Dα
∗xf∥γ

∥∥∥
∞,[x,b]

≤M , M > 0. Then

An (f, x)− f (x) =
N−1∑
j∗=1

f (j∗) (x)

j∗!
An

(
(· − x)j∗

)
(x) + o

(
1

nβ(α−ε)

)
, (37)

where 0 < ε ≤ α.

If N = 1, the sum in (37) collapses.

The last (37) implies that

nβ(α−ε)

An (f, x)− f (x)−
N−1∑
j∗=1

f (j∗) (x)

j∗!
An

(
(· − x)j∗

)
(x)

→ 0, (38)

as n→ ∞, 0 < ε ≤ α.

When N = 1, or f (j∗) (x) = 0, j∗ = 1, · · · , N − 1, then we derive that

nβ(α−ε) [An (f, x)− f (x)] → 0

as n→ ∞, 0 < ε ≤ α. Of great interest is the case of α = 1
2 .

Proof. From Theorem 1.5 (24), we get by the left Caputo fractional vector Taylor formula that

f

(
k

n

)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

(
k

n
− x

)j∗

+
1

Γ (α)

∫ k
n

x

(
k

n
− J

)α−1

Dα
∗xf (J) dJ, (39)

for all x ≤ k
n ≤ b.

Also from Theorem 1.6 (25), using the right Caputo fractional vector Taylor formula we get

f

(
k

n

)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

(
k

n
− x

)j∗

+
1

Γ (α)

∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ, (40)

for all a ≤ k
n ≤ x.

We call

W (x) :=

⌊nb⌋∑
k=⌈na⌉

ψ (nx− k) . (41)
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Hence we have

f
(
k
n

)
ψ (nx− k)

W (x)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

ψ (nx− k)

W (x)

(
k

n
− x

)j∗

(42)

+
ψ (nx− k)

W (x) Γ (α)

∫ k
n

x

(
k

n
− J

)α−1

Dα
∗xf (J) dJ,

for all x ≤ k
n ≤ b, iff ⌈nx⌉ ≤ k ≤ ⌊nb⌋, and

f
(
k
n

)
ψ (nx− k)

W (x)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

ψ (nx− k)

W (x)

(
k

n
− x

)j∗

(43)

+
ψ (nx− k)

W (x) Γ (α)

∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ,

for all a ≤ k
n ≤ x, iff ⌈na⌉ ≤ k ≤ ⌊nx⌋.

We have that ⌈nx⌉ ≤ ⌊nx⌋+ 1.

Therefore it holds
⌊nb⌋∑

k=⌊nx⌋+1

f
(
k
n

)
ψ (nx− k)

W (x)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

⌊nb⌋∑
k=⌊nx⌋+1

ψ (nx− k)
(
k
n − x

)j∗
W (x)

(44)

+
1

Γ (α)

∑⌊nb⌋
k=⌊nx⌋+1 ψ (nx− k)

W (x)

∫ k
n

x

(
k

n
− J

)α−1

Dα
∗xf (J) dJ

 ,

and
⌊nx⌋∑

k=⌈na⌉

f

(
k

n

)
ψ (nx− k)

W (x)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

⌊nx⌋∑
k=⌈na⌉

ψ (nx− k)

W (x)

(
k

n
− x

)j∗

(45)

+
1

Γ (α)

 ⌊nx⌋∑
k=⌈na⌉

ψ (nx− k)

W (x)

∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ

 .

Adding the last two equalities (44) and (45) we obtain

An (f, x) =

⌊nb⌋∑
k=⌈na⌉

f

(
k

n

)
ψ (nx− k)

W (x)
=

N−1∑
j∗=0

f (j∗) (x)

j∗!

⌊nb⌋∑
k=⌈na⌉

ψ (nx− k)

W (x)

(
k

n
− x

)j∗

(46)

+
1

Γ (α)W (x)


⌊nx⌋∑

k=⌈na⌉

ψ (nx− k)

∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ

+

⌊nb⌋∑
k=⌊nx⌋+1

ψ (nx− k)

∫ k
n

x

(
k

n
− J

)α−1

(Dα
∗xf (J)) dJ

 .

So we have derived

θ (x) := An (f, x)− f (x)−
N−1∑
j∗=1

f (j∗) (x)

j∗!
An

(
(· − x)j∗

)
(x) = θ∗n (x) , (47)
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where

θ∗n (x) :=
1

Γ (α)W (x)


⌊nx⌋∑

k=⌈na⌉

ψ (nx− k)

∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ

+

⌊nb⌋∑
k=⌊nx⌋+1

ψ (nx− k)

∫ k
n

x

(
k

n
− J

)α−1

Dα
∗xf (J) dJ

 . (48)

We set

θ∗1n (x) :=
1

Γ (α)

∑⌊nx⌋
k=⌈na⌉ ψ (nx− k)

W (x)

∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ

 , (49)

and

θ∗2n(x) :=
1

Γ (α)

∑⌊nb⌋
k=⌊nx⌋+1 ψ (nx− k)

W (x)

∫ k
n

x

(
k

n
− J

)α−1

Dα
∗xf (J) dJ

 , (50)

i.e.
θ∗n (x) = θ∗1n (x) + θ∗2n (x) . (51)

We assume b− a > 1
nβ , 0 < β < 1, which is always the case for large enough n ∈ N, that is when

n >
⌈
(b− a)

− 1
β

⌉
. It is always true that either

∣∣ k
n − x

∣∣ ≤ 1
nβ or

∣∣ k
n − x

∣∣ > 1
nβ .

For k = ⌈na⌉ , · · · , ⌊nx⌋, we consider

γ1k :=

∥∥∥∥∥
∫ x

k
n

(
J − k

n

)α−1

Dα
x−f (J) dJ

∥∥∥∥∥
γ

≤
∫ x

k
n

(
J − k

n

)α−1 ∥∥Dα
x−f (J)

∥∥
γ
dJ (52)

≤
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

(
x− κ

n

)α
α

≤
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

(x− a)α

α
. (53)

That is

γ1k ≤
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

(x− a)α

α
, (54)

for k = ⌈na⌉ , · · · , ⌊nx⌋ .

Also we have in case of
∣∣ k
n − x

∣∣ ≤ 1
nβ that

γ1k ≤
∫ x

k
n

(
J − k

n

)α−1 ∥∥Dα
x−f (J)

∥∥
γ
dJ (55)

≤
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

(
x− κ

n

)α
α

≤
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

1

nαβα
.

So that, when
∣∣x− k

n

∣∣ ≤ 1
nβ , we get

γ1k ≤
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

1

αnaβ
. (56)

Therefore
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∥θ∗1n (x)∥γ ≤ 1

Γ (α)

∑⌊nx⌋
k=⌈na⌉ ψ (nx− k)

W (x)
γ1k



=
1

Γ (α)
·



∑⌊nx⌋ k = ⌈na⌉
:
∣∣ k
n − x

∣∣ ≤ 1
nβ

ψ (nx− k)

W (x)
γ1k +

∑⌊nx⌋ k = ⌈na⌉
:
∣∣ k
n − x

∣∣ > 1
nβ

ψ (nx− k)

W (x)
γ1k



≤ 1

Γ (α)





∑⌊nx⌋ k = ⌈na⌉
:
∣∣ k
n − x

∣∣ ≤ 1
nβ

ψ (nx− k)

W (x)


∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

1

αnαβ

+
1

W (x)


⌊nx⌋∑

 k = ⌈na⌉
:
∣∣ k
n − x

∣∣ > 1
nβ

ψ (nx− k)


∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

(x− a)α

α


(57)

by (7),(8)
≤

∥∥∥∥∥Dα
x−f

∥∥
γ

∥∥∥
∞,[a,x]

Γ (α+ 1)

{
1

nαβ
+ α∗c (h, β, n) (x− a)α

}
.

Therefore we proved

∥θ∗1n (x)∥γ ≤

∥∥∥∥∥Dα
x−f

∥∥
γ

∥∥∥
∞,[a,x]

Γ (α+ 1)

{
1

nαβ
+ α∗c (h, β, n) (x− a)α

}
. (58)

But for large enough n ∈ N we get

∥θ∗1n (x)∥γ ≤
2
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

Γ (α+ 1)nαβ
. (59)

Similarly, we have that

γ2k :=

∥∥∥∥∥
∫ k

n

x

(
k

n
− J

)α−1

Dα
∗xf (J) dJ

∥∥∥∥∥
γ

≤
∫ k

n

x

(
k

n
− J

)α−1

∥Dα
∗xf (J)∥γ dJ

≤
∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

(
k
n − x

)α
α

≤
∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

(b− x)α

α
. (60)

That is

γ2k ≤
∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

(b− x)α

α
, (61)

for k = ⌊nx⌋+ 1, · · · , ⌊nb⌋ .
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Also we have in case of
∣∣ k
n − x

∣∣ ≤ 1
nβ that

γ2k ≤

∥∥∥∥Dα
∗xf∥γ

∥∥∥
∞,[x,b]

αnαβ
. (62)

Consequently it holds

∥θ∗2n (x)∥γ ≤ 1

Γ (α)

∑⌊nb⌋
k=⌊nx⌋+1 ψ (nx− k)

W (x)
γ2k



=
1

Γ (α)





∑⌊nb⌋ k = ⌊nx⌋+ 1

:
∣∣ k
n − x

∣∣ ≤ 1
nβ

ψ (nx− k)

W (x)


∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

αnαβ

+
1

W (x)


⌊nb⌋∑

 k = ⌊nx⌋+ 1

:
∣∣ k
n − x

∣∣ > 1
nβ

ψ (nx− k)


∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

(b− x)α

α


≤

∥∥∥∥Dα
∗xf∥γ

∥∥∥
∞,[x,b]

Γ (α+ 1)

{
1

nαβ
+ α∗c (h, β, n) (b− x)α

}
. (63)

That is

∥θ∗2n (x)∥γ ≤

∥∥∥∥Dα
∗xf∥γ

∥∥∥
∞,[x,b]

Γ (α+ 1)

{
1

nαβ
+ α∗c (h, β, n) (b− x)α

}
. (64)

But for large enough n ∈ N we get

∥θ∗2n (x)∥γ ≤
2
∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

Γ (α+ 1)nαβ
. (65)

Since
∥∥∥∥∥Dα

x−f
∥∥
γ

∥∥∥
∞,[a,x]

,
∥∥∥∥Dα

∗xf∥γ
∥∥∥
∞,[x,b]

≤M , M > 0, we derive

∥θ∗n (x)∥γ ≤ ∥θ∗1n (x)∥γ + ∥θ∗2n (x)∥γ
by (59), (65)

≤ 4M

Γ (α+ 1)nαβ
. (66)

That is for large enough n ∈ N we get

∥θ (x)∥γ = ∥θ∗n (x)∥γ ≤
(

4M

Γ (α+ 1)

)(
1

nαβ

)
, (67)

resulting to

∥θ (x)∥γ = O

(
1

nαβ

)
, (68)
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and
∥θ (x)∥γ = o (1) . (69)

And, letting 0 < ε ≤ α, we derive

∥θ (x)∥γ(
1

nβ(α−ε)

) ≤
(

4M

Γ (α+ 1)

)(
1

nβε

)
→ 0, (70)

as n→ ∞, i.e.

∥θ (x)∥γ = o

(
1

nβ(α−ε)

)
, (71)

proving the claim. □

It follows a multivariate Voronovskaya type asymptotic expansion.

Theorem 2.2 Let
(
X, ∥·∥γ

)
be a Banach space, m ∈ N such that m ≤ 1−β

β , where 0 < β <

1
2 . Let f ∈ Cm

(∏N
i=1 [ai, bi] , X

)
(m-times continuously Fréchet differentiable functions), x ∈∏N

i=1 [ai, bi], and n ∈ N : n1−β > 2. Then

Hn (f, x)− f (x) =

m−1∑
j∗=1

1

j∗!
Hn

(
f (j∗) (x) (· − x)j∗ , x

)
+ o

(
1

nβ(m−ε)

)
, (72)

where 0 < ε ≤ m.

If m = 1, the sum in (72) collapses.

The last (72) implies that

nβ(m−ε)

Hn (f, x)− f (x)−
m−1∑
j∗=1

1

j∗!
Hn

(
f (j∗) (x) (· − x)j∗ , x

)→ 0, (73)

as n→ ∞, 0 < ε ≤ m.

When m = 1, or f (j∗) (x) = 0, j∗ = 1, ...,m− 1, then we derive that

nβ(m−ε) [Hn (f, x)− f (x)] → 0, (74)

as n→ ∞, 0 < ε ≤ m.

Proof. We have that

f

(
k

n

)
− f (x) =

m−1∑
j∗=1

f (j∗) (x)

j∗!

(
k

n
− x

)j∗

+Rm

(
k

n
, x

)
, (75)

where

Rm

(
k

n
, x

)
:=

∫ 1

0

(1− u)m−1

(m− 1)!
f (m)

(
x+ u

(
k

n
− x

))(
k

n
− x

)m

du, (76)
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here we set f (0) (x)
(
k
n − x

)0
= f (x) .

By (34) we get that∥∥∥∥Rm

(
k

n
, x

)∥∥∥∥
γ

≤
∥∥∥∥f (m)

∥∥∥∥
∞

m!

∥∥∥∥kn − x

∥∥∥∥m
∞

≤
∥∥∥∥f (m)

∥∥∥∥
∞

m!
∥b− a∥m∞ . (77)

Call

V (x) :=

⌊nb⌋∑
k=⌈na⌉

Z (nx− k) . (78)

Hence, we have

Un (x) :=

∑⌊nb⌋
k=⌈na⌉ Z (nx− k)Rm

(
k
n , x

)
V (x)

=

∑⌊nb⌋ k = ⌈na⌉
:
∥∥ k
n − x

∥∥
∞ ≤ 1

nβ

Z (nx− k)Rm

(
k
n , x

)
V (x)

(79)

+

∑⌊nb⌋ k = ⌈na⌉
:
∥∥ k
n − x

∥∥
∞ > 1

nβ

Z (nx− k)Rm

(
k
n , x

)
V (x)

.

Therefore, we obtain

∥Un (x)∥γ ≤


⌊nb⌋∑

 k = ⌈na⌉
:
∥∥ k
n − x

∥∥
∞ ≤ 1

nβ

Z (nx− k)

V (x)


∥∥∥∥f (m)

∥∥∥∥
∞

m!

1

nmβ

+


⌊nb⌋∑

 k = ⌈na⌉
:
∥∥ k
n − x

∥∥
∞ > 1

nβ

Z (nx− k)

V (x)


∥∥∥∥f (m)

∥∥∥∥
∞

m!
∥b− a∥m∞ (80)

by (19), (20)
≤

∥∥∥∥f (m)
∥∥∥∥

∞
m!

[
1

nβm
+ γ (N) c (h, β, n) ∥b− a∥m∞

]
.

Consequently, we get that

∥Un (x)∥γ ≤
∥∥∥∥f (m)

∥∥∥∥
∞

m!

[
1

nβm
+ γ (N) c (h, β, n) ∥b− a∥m∞

]
. (81)

For large enough n ∈ N, we get

∥Un (x)∥γ ≤
2
∥∥∥∥f (m)

∥∥∥∥
∞

m!

(
1

nβm

)
. (82)
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That is

∥Un (x)∥γ = O

(
1

nβm

)
, (83)

and
∥Un (x)∥γ = o (1) . (84)

And, letting 0 < ε ≤ m, we derive

∥Un (x)∥γ(
1

nβ(m−ε)

) ≤

(
2
∥∥∥∥f (m)

∥∥∥∥
∞

m!

)
1

nβε
→ 0, (85)

as n→ ∞, i.e.

∥Un (x)∥γ = o

(
1

nβ(m−ε)

)
. (86)

By (75) we observe that∑⌊nb⌋
k=⌈na⌉ f

(
k
n

)
Z (nx− k)

V (x)
− f (x) (87)

=
m−1∑
j∗=1

∑⌊nb⌋
k=⌈na⌉

(
f (j∗) (x)

(
k
n − x

)j∗)
Z (nx− k)

j∗!V (x)

+

∑⌊nb⌋
k=⌈na⌉ Z (nx− k)Rm

(
k
n , x

)
V (x)

.

The last says

Hn (f, x)− f (x)−
m−1∑
j∗=1

1

j∗!
Hn

(
f (j∗) (x) (· − x)j∗ , x

)
= Un (x) . (88)

The proof of the theorem now is complete. □
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