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1 Introduction

This paper focuses on the regularity criterion for the following three dimensional magneto—micropolar
fluid flows

ou+u-Vu—(u+x)Au—b-Vb+Vr —xV xw=0, (r,t)€Rx(0,T),
Ow — yAw — KV divw + 2xw +u-Vw —xV xu=0, (z,t) € R® x (0,T),
b —vAb+u-Vb—b-Vu =0, (z,t) €R*x (0,7), (1.1)
divu = divb =0, (z,t) € R® x (0,7),
ult=0 = uo, blt=0 = bo, wlt=0 = wo, z €R®,

where u = (uy,u2,u3), w = (w1, wz,ws3), b = (b1,be,b3) and 7 denote the unknown velocity
field, the micro-rotational velocity, the magnetic field and the unknown scalar pressure at the
point (z,t) € R? x (0,7, respectively. Moreover, ug,w, by are the prescribed initial data, and
divu = divb = 0 in the sense of distributions. The constants u, x, &, 7y,  are positive numbers
associated to properties of the material: 1 is the kinematic viscosity, x is the vortex viscosity, « and y
are spin viscosities, and % is the magnetic Reynolds number (for more details see [11]). The magneto—
micropolar fluid flows illustrate a model of incompressible Navier—Stokes equations, micro-rotational
inertia and micro-rotational effects (see [7] for more details). In 1977, Galdi and Rionero [13] stated
(without a proof) the theorem on the existence and uniqueness of strong solutions. Ahmadi and
Shahinpoor [1] studied the stability of solutions for the system in 1974. By using spectral Galerkin
method, in 1997, Rojas-Medar [16] established local existence and uniqueness of strong solutions.
In 1998, Ortega-Torres and Rojas-Medar [15] proved global existence of strong solutions with
small initial data. As regards weak solutions, Rojas-Medar and Boldrini [17] established their local
existence in two and three dimensions by using Galerkin method and also proved their uniqueness in
the 2D case.

Without loss of generality, we set 4 = x = % and k = v = v = 1 in the rest of the paper. Then,
equation (1.1) becomes

(Ou+u-Vu—Au—b-Vb+Vr—3iVxw=0, (z,t)eRx(0,7),

Ow — Aw — Vdivw +w+u- Vw — 3V x u =0, (z,t) € R® x (0,7),
Ob—Ab+u-Vb—b-Vu=0, (z,t) € R® x (0,7), (1.2)
divu = divb = 0, (z,t) € R x (0,T),

ul¢=0 = uo, blt=0 = bo, w|t=0 = wo, z € R3.

\

When the micro-rotational velocity w = 0 and the magnetic field b = 0, the equation (1.1) becomes
the incompressible Navier—Stokes equations (see [4, 18]). The well-known regularity criterion for
this system due to Serrin states that if u is the Leray—Hope weak solution of the 3D Navier—Stokes
equations satisfying one of the following conditions:

2 3
we LY0,T;LP(R%), =+==1, 3<p<oo,
q p

or

3
:27 7<pSOO7

2
Vu € L0, T; LP(R?)), =+ ] 5

q P
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then it can be extended beyond time ¢ = T'. There is a large number of literature on the regularity
criterion for the Navier—Stokes equations by imposing the growth conditions on the pressure field.
For example, if the pressure 7 satisfies

2 3 3
7 e L*(0,T; L' (R%)), S+ =2 S <p<oo (1.3)

or the gradient of the pressure V7 satisfies

2 3
Vre L¥(0,T;L"(R%), =+==3, 1<p<oo, (1.4)
s T
then the weak solution u of the Navier—Stokes equations can be extended beyond time ¢t = T (see

Chae and Lee [5], Berselli and Galdi [3] and Zhou [22, 23, 24]).

When the magnetic field b = 0, the equation (1.1) is the incompressible micropolar fluid flows.
Dong, Yuan and Chen [10] proved that if the pressure 7 satisfies either (1.3) or (1.4), then the weak
solution (u,w) can be extended beyond time ¢t = T'. Very recently, Zhou [21] showed that if the
gradient of the pressure satisfies the condition

2 3
Vre L'(0,T; L*(R%), =+=<3, for sell, o0,
r S

then the weak solution u is regular. In 2006, Chen and Zhang [6] proved that if the pressure 7
satisfies the condition

T
/ Il _dt < oo,
0 |

then w is regular in (0,7"]. When the micro-rotational velocity w = 0 and x = 0, the equation
(1.1) becomes the standard magneto—hydrodynamic (MHD) equations, which have been studied
extensively in [8, 14, 25, 26]. Duan [9] showed that if the pressure 7 satisfies (1.3) or (1.4), then
the local strong solution (u, b) to the MHD equations can be extended smoothly beyond t = T.
Motivated by [3, 5, 6, 9, 10, 22, 23, 24, 27] and [28], we will investigate the regularity criteria for the
solutions to the magneto—micropolar flows in terms of the pressure satisfying (1.3) or the pressure
and its gradient in some Triebel-Lizorkin spaces. Our results can be stated as follows.

Theorem 1.1 Let T > 0. Assume that (u,b,w) is the local strong solution to the magneto—
micropolar fluid flows (1.2) defined on [0, T). Suppose that the initial data (ug, by, wo) € H?(R3)
satisfy V - ug = V - bg = 0. If the pressure 7 satisfies

me LT (0,T; L7 (R3)) for 0 < r < 1, (1.5)

then the local strong solution (u,b,w) can be extended smoothly beyond t = T.
Remark 1.2 Theorem 1.1 can be seen as a generalization of [3, 5,9, 10] and [22, 23, 24].

Theorem 1.3 Let the initial data (ug,bo,wo) € L*(R3) N L4(R3) satisfy V - ug = V - by = 0.
Assume that (u,b,w) is the weak solution to the magneto—micropolar fluid flows (1.2) defined on
[0,T). If the pressure T satisfies

: 2 3 12
7w € LP(0,T; F° 1o, (R?)) for —4+°=14_—, = <q<4, (1.6)
95416 P q 9q 5
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or the gradient of the pressure satisfies

. 2 3 11 12
P . 170 3 “ 2
Vr e LP(0,T; Fq s¢ (R?))  for p + 1 1

»12—3q

<qg<A4, (1.7)

then the weak solution (u, b, w) can be extended smoothly beyond t = T.

Remark 1.4 In our best knowledge, we first establish the blow up criterion for the weak solution of
the magneto—-micropolar equations with the help of the pressure in a Triebel-Lizorkin space. When
w = 0, x = 0, the magneto—micropolar equation is just the MHD equations. From this viewpoint,
Theorem 1.3 implies the blow up criterion for the weak solution of the incompressible MHD equations
under the assumption that the pressure or its gradient belongs to some Triebel-Lizorkin spaces. We
can also deduce a similar regularity criteria for the weak solution of micropolar fluid flow on the
above Triebel-Lizorkin spaces.

The rest of this note is organized as follows. Section 2 contains some crucial lemmas. The proof
of Theorem 1.1 can be found in Section 3, and the proof of Theorem 1.3 can be found in Section 4.

2 Preliminaries

In this section, we will introduce the definition of a weak solution to the magneto—micropolar
equation (1.1) and some useful lemmas.

Definition 2.1 (see [12]) Let (ug,bo) € L2(R?), w € L*(R3) and T > 0. A measurable function
(u, b,w) is said to be a weak solution to (1.1) on (0,T) if

(i) (u,b) € L®(0,T; L3 (R?)) N L*(0,T; H'(R?)),
(i) w e L>(0,T; L*(R3)) N L2(0,T; H*(R3)),

(iii) for every ¢, € HY(0,T; HLX(R3)) and v € H(0,T; H'(R?)) with ¢(T) = p(T) =
W(T) =0,

T
/0 (—t, ) + (- Vi, @) + (1 + X)( Vs, Vo) dt

T
_/O (b-Vb,¢) + x(V X w, p) dt = —(ug, ¢o),

T
/ (—0, 010 + 1w, Vig) + £(V -1,V - ) b
0

T
+ /0 (- Vo, @) + 2x(w, ) — 2x(V x 1w, 0) dt = — (i, o)
and
T
/0 (b, Oy + (- b, ) + w(Vb, V) — {b- Vi, ) dt = — (bo, o),

where L§ = {u € L? : V - u = 0}.
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As in [17], for any 0 < ¢ < T'it is easy to establish the following inequality

t t
), (), b(E) |22 + 20 + x) / IVull2, d7 + 24 / Vw2, dr
0 0 .1

t t
w20 IV wlfadr o+ 2x [l dr < o, wo, o)
0 0

it suffices to apply the L2-inner product to the resulting equation with (u,w, b) and then integrate
over [0, ¢] in the time variable.

The following lemma plays a crucial role in proving the regularity criterion for the magneto—
micropolar fluid flows (1.1).

). Then, there exists a constant C =
(R™),

Lemma 2.2 (see [20]) Let 2 < p < oo and s > n(3

_ 1
P
C(n, p, s) such that for any n-dimensional function f € H*

1-2(3-1) 5 o 2G3-2)
o) < CllfIasy 2 NA" Fllisd

When p # oo, the above inequality also holds for s = n(% — %)

In order to define the Besov and Triebel-Lizorkin spaces, we first introduce the Littlewood—Paley
decomposition theory. Let S(R™) be the Schwartz class of rapidly decreasing functions. For a given
f € S(R"), its Fourier transform F(f) = f and its inverse Fourier transform F~!(f) = f are given
by

fo = [ et

and

fo = [ eereac,

respectively. Let us choose two non-negative radial functions y, ¢ € S(R™) satisfying supp x C
B={¢eR":|¢{| < 3}andsuppy C C ={ €R": 2 < |¢| < §} such that

Z ©(277€) = 1 for any £ € R™\{0}
JjEZ

and

x(&) + Z ©(277¢) = 1 for any £ € R™.
j=0

Let A, be a frequency projection to the annulus {|¢] ~ 27}. And assume S} is a frequency projection
to the ball {|¢| < 27}. Let s € R, p, € [1, 0c]. The homogeneous Besov space B5,.(R™) consists
of those distributions f € S} such that

1
(Z 2]‘”|Ajf|rzp> <

jEZ
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with the norm

(Z 2]'”||Ajf||zp> L 1<r<oo,
HfHB;’T(Rn) = jez

sup{2j5\|AijLp}, r = o0.
JEZ

The homogeneous Triebel-Lizorkin space F[f,r(R") consists of those distributions f € S} such that

()| <=
jez v
with the norm .
H (Z QjST!Aij)T , 1<r <o,
1N emy = e L
|sup 2Bl =

We also need the following Bernstein’s inequality.

Lemma 2.3 Let C be an annulus and B a ball. Then, there exists a constant C such that for any
non-negative integer k, any couple (p,q) € [1,00]? with ¢ > p > 1, and any function u of LP, we
have

(i) if supp @ C AB, then sup|q—y, | D%ul[ s < CkH)\kJ“d(%_%)HuHLp,

(ii) if supp @ C AC, then C~F=I\F||ul|p» < || DFullze < CFFINE||u|| s

The proof of this lemma can be found in [2].

3 Proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1.

Proof. Let 27 = u +band 2z~ = u — b. We can convert the 3D magneto—micropolar fluid flows
(1.2) into the following form

(02T + 27 Vel — AT+ Vr — iV xw =0, (z,t) € R3 x (0,7),
8t2_+z+-Vz_—Az_—i—Vﬂ—%wa:O, (z,t) € R3 x (0,7),
Ow—Aw —VV-wtw+i(zT+27) Vw—1Vx (zT+27)=0, (z,t) e R*x (0,T7), (3.1
divzt =0, dive™ =0, (z,t) € R® x (0,7),

[ (27,27 w)le=0 = (20 (2), 29 (2),wo(2)), z € R3,

where z; (z) = uo(z) + bo(z), 25 (x) = uo(x) — bo(z).
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L*-energy estimate. Taking the inner products of (3.1); with |z+|22F, of (3.1), with |z~ |22~ and
of (3.1)3 with |w|?w, then integrating by parts and summing together, we conclude that

d

5 (125120 + 17l + llwliza)

+4(llFIVIZ + 7 [1V2T]IZ2 + el VellZ2)
+2(IVIPlIZ2 + VI PliZ2) + 2wl V - wlf2 + 4fwlzs

< 2</ (Vxw)- (|2t + 27 ?27) da +/ Vx (2T +27) |ww dx)
R3 R3
— 4/ V- (|22t + 27227 ) do
R3

= Il +-[2’

3.2)

where we have used the divergence free condition (3.1), and the inequality
(-VV - w, |w|?w) = / V- wwV|w]? + |w*V - w) dz
R3

> =3 IVIP[Z: + 3lllwlV - w7

Now, we estimate the first term /5. Integrating by parts and using the Holder and Young inequalities,
we obtain

I <2 </ (Vxw) - (|27 Pzt + 27227 ) da —|—/ Vx (2T +27) |ww dx)
R3 R3
§C</ w - (|z+\2V X 2T 42T x (V|ZT?) + |27 PV x 27 + 27 X (V|z_|2)) dz
R3

+ /RB(ZJr 4+ 27) - (Jw*V x w4 wV|w|?) dx)
<Cllwliga (Ilz" N lllz"1V2F [l 22 + 127 | alllz71V2 [l 22) (3.3)
+ O (12 e + 127 M) (lwll L llwl Vel [ £2)
<CllwlZallz 76 + 3TNV 172 + CllwlZallz" 170 + 5l 11V 1I172
+ CllwlZa (12170 + 127 174) + 3wl Vell1Z2
<C(I= s + =7 Iza + llwllza)
+ 5 (=T IV= 172 + 1711V (72 + el [Vwl[72)-

From the integration by parts and the Holder inequality we can infer that
s [ Vr (Pt bl P s
]RS
:/ 7T(Z+V|Z+|2—|—z_V|z_|2) dz
RB
1,1 B -
S/RS w2 |m|2 (27| + |2 |)(|V’Z+|2H_ E ‘2’) dz (3.4)

iz 1z IV + 27 (V27| e

3-2r

1 1 _
<Clmz|l s llw2 | palllz"| + 1271

1 1 1
<ClrllZs Izt 2 + 127 P g M 1V2H ]+ 1271927 e,
r [ 3—2r
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where we used the fact that div 2™ = 0, div 2z~ = 0. Applying the divergence operator V- to the
first equation of (3.1), we get 7 = (—A)~!divdiv(zT - z7). Thanks to the Calderén-Zygmund
inequality, we have

I7llze < Clll Mz llee < CllIF1? + |27 2o (3.5)
for 1 < p < co. With the help of Lemma 2.2, we get
1 1—r r
112" + !Z‘IQII;T% < O+ 7Pl IVIZTP + VTP 7.
This together with (3.5) with p = 2, (3.4), and the Young inequality gives rise to

1 1 1-r
L |7y 24P+ 27 PI 2P+ 1271213 VI

+ VI PNV + VI P e
2—r

3 il +2 —2 2 .
SCHWH;%H\Z 1“4+ 27 IVIZTIF+ VI3 (3.6)

2
<ClIm |5 1271 + 127 Pllze + 31V + VIzT Pz

2

<Cl=|l’y (= a + 127 M1a) + 2 (IV 1 Pl72 + 19127 2)172).-
Substituting (3.3) and (3.6) into (3.2) yields

d +4 —4 4

3 Uz e+ 117 M+ llwll2)

+3(112HIV 2 + M= 192 13 + el e 32)
+ 3191 P22 + 191 PI32) + 1]V - w3z + 20wl 3)

< O(l=" 174 + 127 1I74) + Clin]

2
23 (12 s+ 11270

_2
< Ol + U= Iga + lwlide) (Il 7y +1).

The Gronwall inequality says

sup (I7+11 + 174 + o)
0<t<T
T 2
<O(|lzg 22 + llzo 174 + llwollz4) eXp{C/O (1 + ||7r(t)||zg) dt}
T 2
<C(lulle + Polle + el o] (7 + [ 7y at) },

which implies
4 —
sup (flullza + 1674 + lwlzs) < C sup (l2¥lI74 + 127 [I74 + wl74) < oo
0<t<T 0<t<T

This ends the proof of Theorem 1.1. g
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4 Proof of Theorem 1.3

In this section, we will give the proof of Theorem 1.3. The estimate of the nonlinear term is different
from the procedure in the proof Theorem 1.1.

Step 1. We deal with the first case (1.6). According to the L*-energy estimate (3.2) we have
I = —4/ \ V. \z+\2z+ dz — 4/ V- ]z_]22_ dr =: Is; + Ioo.
R3 R3

Thanks to the Littlewood—Paley decomposition, we decompose 7 into the following form:

+oo N
™= Z Ajﬂ': Z Aj7r—|— Z Aj?T—l-ZAj?T, “4.1)

j=—o0 j<-N j=—N >N

where NV is a positive integer to be determined later. Then, inserting (4.1) into I yields

N
I :—4/ Z AjV?T'Z+’Z+|2dI'+4/ Z Ajﬂ-z+-V|z+]2dx
R3 R3 .
j=—N

j<—N

/Zsz V|2 dx

J>N
=:I211 + I212 + I213.

4.2)

Now, we estimate [o1;. With the help of the Holder inequality, Lemma 2.3, the interpolation
inequality, the Calderén—Zygmund inequality (3.5) for p = 2 and the Young inequality, we obtain
> Ajvr

Ir11 3/3
R¥j<—N

< D0 1A Vllss =t llell= 7

=Pl do

j<—N
< D YIA VAl )=l ll=F (=t | e

=N : (4.3)
< > YVrlallz = VI PR

j<-N

1
<2727 - V|| all= [l VI P 22
N
<tglle™ - VarIITe + C27V 2L V12 e

<g5lle™ VETIL + Gl VI PIT: + 027 (¥ s + 1127 I7e + lwliza)-
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Using again the Young inequality for convolution, we get

1

N . i 1
I>19 SC/ (Z Aj71'|‘h> Nl_H|V|Z+|2Hz+|d$
R3 \ .
j=—N

1—L1
<CN a ||7T||F0 R3)||V|Z+‘2||L2HZ+H ﬂ

12 12
<ON'Tu Il g, @s)IVI=* 1 leall=t Nz * =1
59+6

<CN'Ta 17l o, Rs)\|z+HL25"!!V! 2|

10q-24
4va+uur+cwww“6mgu+nW°

_qa
<HIVI Pl + OVl g

where ¢; = 5q +6 with ¢ > 12 . With the help of (2.1), we can verify that

Ins <C ) 1A;mlpsll=F1] o 19127 Pl 2

>N
. 1 4
<C Y 27| A V|l |2t 15 1 VI 22
>N
g 1 4
<C Y 2710 | AVl a7 2T VI 2
>N

_N 4
<C2 0 ||V 2z 12V IZH Pl 2
_N . _ 4
<C27 1|27 - Vb pellzt | 2. IV]2 TPl 2
_ _N 8
<gllz™ - V2t + 275 |2 LVIE P,

which implies that

Iz <qgll=~ - Ve |72 + C27 (IIZ+HL4 +1=7 HL4 + IIWIIL4)

< (V1 P12 + 19127 P17:)-

This inequality together with (4.3) and (4.4) gives rise to

Iy <gllz™ - V|72 + g VI PIZe + C27 (Il + 271170 + llwliZa)

1

N 8 - 8
+ ON |l o R3)+C2 (12712 + 1127170 + lwll24)

< (VI Pl + 1IV1 PIZ2)
<glle™ - VerlZe + 5lIVIZ Pl + Co2 7 (I M17a + 1271170 + llwllza)

a1

+ OB
1

2

ay+ (0227 % (I 1 + 127 + ol)]°

< (VI PIZe + 1IVI PlIZ2)-

(4.4)

4.5)

(4.6)
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Similarly,

Lo <gllz= - V2t + gIVIZ P72 + Co2 ™ (2 170 + 127 (174 + llwll74)
41 2

N —
+ (€27 F (11 + 1= + )] @7

< (IV1* Pl + 119127 PI2)-

+ OV, o

Substituting (3.3), (4.6) and (4.7) into (3.2) yields

d _ _ _
3 U= 1Es + 1270+ lloliza) + STV 72 + 1= MV= e + el Vel l72)
+ B (VP12 + V]2 P)2) + 2lwlta
C(ll=" )14 + Hz-u‘m F U Ve o2 N (I 2 b+ lwllh) 48

2

(R3) [022 (Hz+||L4 + HZ ||L4 + HWHL‘*)]
x (V122122 + V127 12)122).

+ CiN |l 2 B

We can choose N in (4.8) so that

(SIS

(o275 (17 1E + 1=l + lwlifa) | < (49)

|

This implies that

N >2

[10g+(llz+\|‘i4 +l27 17 + llwllza + )

1 .
log 2 * }

here, logt t = logt fort > 1 and log™ ¢ = 0 for 0 < ¢ < 1. On the other hand, it is easy to deduce
that

Co2~ ™ (Il* 140 + 127 Ifa + lwllfa) < Co27 % (2" 13a + 1=~ l13a + lwlfa) < C.

Hence, (4.8) becomes

d _ -
g U+ 1127 e+ lwllza) + Z (VI PIZe + 19127 PllZ2)
+ 5 (NN Nz + 11Vl + el VwlllZ) (4.10)

_491
<illz™ - V2 + O (Inll

" gy 1) (1 + 17 s + el + )

This inequality together with the following inequalities (here we refer the readers to the references
[29, 30] for details)

Ju(, )|z <

16C )l zs <

s (I Ctles + 1127 ¢ )lles),
.11)
s Ctles + 1127 ¢ )lles),
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leads to

7 t
(lull7a + 16l 7 + llwll7a) + 4/0 IVl l72 + IV [b*)172) dT
7 t
+ 2/0 (Nl Vulll72 + |l [Vb[[72 + 116l Vulll72 + [|1b][V0][|72 + |[|w]|Vw]]72) dT
< (lluoll3a + lIbol4 + llwol|34) (4.12)

t
+/ (el Vel Z2 + [l [VBIIZ2 + [l VullZ2 + 6] Vb]Z2) dr

e / (||7r| o )(Hz*n; e e + € dr.
Then, one has

(el + 16170 + llwlZa)

5 t
+ / (Il Vull[Z2 + [l [VOllI72 + Bl VulI72 + [DIVO[IZ2 + [[lw][VwllZ:) dr

(4.13)
< (lluollza + l1bollza + llwoll74)

+C’/<|7r\|

o 1) (s 1l + ol + €)a.
The Gronwall inequality guarantees that

lu(®)l|7a + 16 7s + llo(®) 1 74

T q1
< (uollfs + lIbollLs + ol + €) exp <CT+O |z
1

£9) dT)

holds forall 0 < ¢t < T.
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Step 2. To deal with the second case (1.7), we only need to estimate [512. We have
N
Ipjg = — A;Vr- 2212 d
212 /RS'_Z:sz]z|x
Z A vV

<C
RS

|27 dx

1
a2

C Z A vale | Nt Pde
R\ ;T

1—L
SCN 72 ‘|V7THF£L12(R3)Hz+Hi% (4 14)
1 N 3(3;—4) N 3(4;—11) ‘
e e e P o

L N 3(3;;74) 31 )
<ON'"4 |Vl gy, ol 0a™ 1914127

q2 36g—48
+||11q 12

<15lIVIz* I +ON|[Vrllg (Rg Iz

‘12

<16llVIz* I +ON[ V7 (Rs (117 +1)

<75lIVIF Pz + CNHWHq2 1@@ (117 + 7M1 + Il + ),

where g3 = 128 32 w1th < q < 4. Then, by summing up (4.3), (4.5) and (4.14), we obtain

Inn < 417 Va7 + $IV1=* I + 02 (=4 la + N2l s + i)
‘12
+ ClNHVTFH (Rs (=t 17 + 127 M1 + llwll7a + ) (4.15)
2
+[ca27% <uz+||L4 1=+ ollfo) ] (1914 P2 + 19127 P 122).
Similarly,

Iy < gl Vz*l!%a +3lIVITPlize + C27 (Il 1 2a + 12717 + lwllza)

+ ClNHVTFHq2 1(R3 (1411 zs + 112770 + llwlizs +e) (4.16)

b

[022 2 (e s + 112 ||L4+Hw||L4):| (VI Pz + 19127 PI7)-

Then, summing up (4.15) and (4.16), we get
I < gllz7 - V2T + §IVIZT Pl + 51V Pl

q2

+ LNVl Rs)(Hz+Hi4 + 127 I7s + lwlzs +e) (4.17)

2
5 _
+|Co27% (|rz+||L4+|rz e+ lollfo)]* (V127 212 + 1917 12122),
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where NV is just the same as in (4.9). Hence, substituting (3.3) and (4.17) into (3.2) yields

d _ _
3 U s+ 12700 + llwllze) + FUIVIFPIZe + 19127 Pl + [ Viw]7:)
+ S NV2HIZ2 + IV [lZe + [l VellIZ)
a2

<C(Il= Nz + 127 lI7a +€) + 32 Vel + CIIVW\IE‘;?;1 (B3
242

)
_ 4 4 -4
X (12705 + 127 M1 za + lwllze + €) log (= 17 + 1127 20 + llwll2a +€)

92
-1

<l - . +112 C a2
<Ha VI + O (19712 g

1) [log (1 1+ 1+ ol + €) + 1]
< (1 4+ 7+ ol + o)

This implies that

d _ o
3 Uz + 1270+ wllze) + MV 172 + 12711927 1172 + el VellZ2)
q2

< 4l Ve + O (19mI5 oy + 1) lom(lF e + 11+ ll +.) 41

X (12l za 4+ 127 1 7a + lwlia + €).

Similar to what we did to (4.13), we can write

(Il za + 10l 70 + llwllza +¢)

t
+ 2/0 (NullVull[Ze + ulVOll[Z2 + 16l VulllZ2 + 116lVOll|72 + [|w|[Vw|[Z2) d7
< (lluollzs + 1bollza + lwollzs + €)
q
+ c/0t<||vw| ;}:(RS) + 1) [log ([lul3 + [1B]14 + lwllfs +€) +1]

X (llullzs + 161 7s + llwlZs + €) dr.

Then Gronwall inequality reads
()l za + 16O 7a + llew(@)] 7+ e)

< (lluollza + llbollza + llwollza + )

t a2
X exp {C/o <|vW|y;%q;(R3) + 1> (1og(||u|y4L4 + 16074 + lwll7a +e) + 1) df}.

Let X (t) = log(||lul[34 + |[bl[74 + lw] 14 + €). The Gronwall inequality guarantees that

a2

t
X (1) SX(O)+C/ <\|v7ry;;201 ) +1>(X(t)+1)dr,

which yields

t 92
X(t)gm)exp{cmc JALZES d}
0 qqu(R )

This completes the proof of Theorem 1.3.
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