Journal of Nonlinear Evolution Equations and Applications ISSN 2161-3680
Volume 2022, Number 6, pp. 105-{126] (April 2023) http://www.jneea.com

ON k£-GENERALIZED -HILFER IMPULSIVE
BOUNDARY VALUE PROBLEM IN BANACH SPACES

ABDELKRIM SALIM* MOUFFAK BENCHOHRA" JAMAL EDDINE LAZREG*
Laboratory of Mathematics, Djillali Liabes University of Sidi Bel-Abbes,
P.O. Box 89 Sidi Bel Abbes 22000, Algeria

YONG ZHOU*
Faculty of Mathematics and Computational Science, Xiangtan University

Received April 26, 2022

Accepted June 9, 2022

Communicated by Gaston M. N’Guérékata

Abstract. This paper deals with the existence and uniqueness results for a class of boundary value
problem for implicit nonlinear fractional differential equations with instantaneous impulses and k-
Generalized /-Hilfer fractional derivative involving both retarded and advanced arguments. The
results are based on Mdnch fixed point theorem associated with the technique of measure of non-
compactness. An illustrative example is provided to indicate the applicability of our results.
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1 Introduction

Fractional calculus has long been an important research topic in functional space theory due to
its relevance in the modeling and scientific understanding of natural phenomena. Indeed, several
applications in viscoelasticity and electrochemistry have been investigated. Non-integer derivatives
of fractional order have been successfully used to generalize the fundamental laws of nature. For
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more details, we recommend [1H3}(7,|11}[13,[19-23}25]]. The authors of [6(12]14] explored the
existence, stability and uniqueness of solutions for various problems with fractional differential
equation and inclusions concerning retarded or advanced arguments. Recently in [9], Diaz presented
the definitions of the special functions k-gamma and k-beta. Several findings and generalizations
for various fractional integrals and derivatives based on the properties of these special functions
can be found in [[8,{16,(17]]. In [24], Sousa ef al. introduced another so-called v -Hilfer fractional
derivative with respect to another function and gave some important properties concerning this type
of fractional operators.

Recently in [20], we established existence, uniqueness and Ulam stability results to the boundary
value problem with nonlinear implicit generalized Hilfer type fractional differential equation with
impulses:

ﬂpjﬁu) (t)=f (t,u(t), (ppjfu) (t)) cteJy, k=0,...,m,
g) ) = (P70 () + mu()ik =L
e (PT07u) (@) + o (P ) (0) = s

where f’DtaJ;B P, L™7 are the generalized Hilfer fractional derivative of order a € (0,1) and type

B € [0,1] and gengralized fractional integral of order 1 — (v = o + 8 — a3) respectively, ¢; and
co are reals with ¢; +co # 0, ¢c3 € E, J 1= (tk,tk+1];k =0,....ma=1t) <t1 <...<
bt < tmt1 = b < oo, u(t)) = el—i>r(§1+ u(ty +e¢) and u(t, ) = ell%l— u(ty + €) represent the right and
left hand limits of u(t) att = ty, f : (a,b] x E x E — FE'is a given function and wy, : £ — E;
k = 1,...,m are given continuous functions, where (E, || - ||) is a Banach space. The proved
results rely on fixed point theorems of Darbo and Moénch associated with the technique of measure
of noncompactness.

In the aim of generalizing the prior results, in this paper, we establish an existence result to the
following k-generalized ¢-Hilfer problem with nonlinear implicit fractional differential equation
with impulses involving both retarded and advanced arguments :

(,?DZ;”%) ()= f (t, 240, (kHDZf%%) (t)), tedi,i=0,...m, (1.1)
(Zﬁ“—f“ﬁ%) (th) = (@Tl—f)”“%) () + Li(z(t)));i =1,...,m, (1.2)
o1 (Jakf_g)’k;wa:> (a®) + as (J;;El_@’k;wx) (b) = as, (1.3)

z(t) =w(t), t€la—Aal, A>0, (1.4)

2(t) = &(t), te [b,b+§} CA>0, (1.5)

where # Dgfw, akil_g)’k;w are the k-generalized ¢-Hilfer fractional derivative of order ¥ € (0, k)

and type r € [0, 1] defined in Section 2, and k-generalized 1)-fractional integral of order k(1 — &)

defined in [18]] respectively, where ¢ = 1 (r(k —9) +9), k > 0, w € C([a— X, a],E), & €

C ([b,b—i— 5\} ,E), f i la,b] x PCq,y <[—)\, S\D x ' — F is a given appropriate function

specified later, ay, 2 € R such that oy + e # 0, a3 € E, J; = (ti,tiv1];i = 0,...,m,

a=1ty)<t; <...<tpm <tpmp1 =b<oox(t])= 1im+:c(ti +¢)and z(t; ) = lim z(t; +¢)
e—0 e—0~
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represent the right and left hand limits of x(¢) at ¢t = t; and L; : E — E; i = 1,...,m are
given continuous functions, where (E, || - ||) is a Banach space. For each function x defined on

[a —\b+ 5\] and for any t € (a, b], we denote by ! the element defined by
JJt(T) =z(t+71), TE [—)\, 5\} .

This paper has the following structure: In Section 2, some notations are introduced and we
recall some preliminaries about k-generalized -Hilfer fractional integral, the functions k-Gamma,
k-Beta and some auxiliary results. Further, we give the definition of the k-generalized ¢)-Hilfer type
fractional derivative and some essential theorems and lemmas. In Section 3, we present an existence
result for the problem — that is founded on Monch fixed point theorem associated with
the technique of measure of noncompactness. Finally, in the last section, we give an example to
illustrate the applicability of our main result.

2 Preliminaries

First, we present the weighted spaces, notations, definitions, and preliminary facts which are used
in this paper. Let0 < a < b < 00, J = [a,b],9 € (0,k),r € [0,1], k > 0and & = +(r(k—19)+9).
Let (E, ||-||) be a Banach space. By C'(J, E') we denote the Banach space of all continuous functions
from J into E with the norm

[/l = sup{llz(®)]| : t € J}.

LetC = C([a— \,a],E)and C = C ([b, b+ 5\} ,E) be the spaces endowed, respectively, with
the norms

lzlle = sup{llz(®)] : t € [a — A, al},

and
|zl s = sup {Hx(t)” te [b,b+ x] } .

Consider the weighted Banach space
Cey (i) = {90 i Bt — ‘I’gj(t»ti)x(t) € C([tivtiJrl]aE)} ;

where \I'?(t, t:) = (W(t) — () S andi=0,...,m. And, we consider
PCey(J) = {x :(a,b] = E:x € Cey(Js);i =0,...,m,and there exist
t

() and (j’j;“‘f)”f%%) ()i =1,...,m,witho(t;) = x(ti)},

with the norm

\D?(t,ti)x(t)H} .

|z||pc,., =  max sup
&v 1=0,...,m te[ts tit1]
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Consider the weighted Banach space
PCqy ({—)\, S\D = {x : [—)\75\] —E:7— \Ifép(t, ti)x(r) € C([1i, Tix1], E);1=10,...,m,

and there exist z(7; ) and <\7t+(1 kv )(TZ ;i=1,...,m,

with (7, ) = 2(7) and ; = t; — t, foreach ¢ € JZ},
with the norm

I

i=0,...,m TE[Ti Tit1] TE[=A,0] TE O )\

H}, el swp |40

[7)\75\] = max max { sup

Next, we consider the Banach space
F={o:[a—XAb+A] 5 Rialy,_, 5 €C aly,, 5 € Cand af,y € PCey(J)}

with the norm
|z]lp = max {||z|lc, |lz|lg, 1zl Pce.,, }-

By L!(.J), we denote the space of Bochner—integrable functions f : .J — E with the norm
b
5= [ I,
a

Definition 2.1 [9] The k-gamma function is defined by
00 k
k() = / to-le— v dt, o > 0.
0

When k — 1 then I'(a) = TI'y(«), we have also some useful following relations 'y () =
k¥7I0(2), Th(a + k) = aly(a) and Ty (k) = [(1) = 1. Furthermore k-beta function is
defined as follows

e a1 B_q
Bk(aaﬁ):E tr (L —t)rde
0

so that By(a, ) = 1B (§.7) and By(o, 5) = SRR

Now, we give all the definitions to the different fractional operators used throughout this paper.

Definition 2.2 [18]] (k-Generalized 1)-fractional Integral) Let [a,b] be a finite or infinite interval
on the real axis R = (—00,00), 1(t) > 0 be an increasing function on (a,b] and i)' (t) > 0 be
continuous on (a,b) and 9 > 0. The generalized k-fractional integral operators of a function g
(left-sided and right-sided) of order ¥ are defined by

TR (1) = / Th (¢, 5)0()(s) ds,
b
Ty (1) = / Th (s, 0 (s)g(s) s,

)
21

with k > Oand‘ll]“p(t 5) = M
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Also in [[17], Napoles Valdés gave a more generalized fractional integral operators defined by
9,k; 1/1 9(s) d
‘76’ a+ ]{Fk / G ) % ) S,

ﬁkz/z 9(s) 5
Jeb krk /G w0, )

where G(z,9) € AC|a, bl; the space of absolutely continuous functions defined on [a, b].

Theorem 2.3 [17]] Let g : [a,b] — R be an integrable function, and take ¥ > 0 and k > 0. Then
jg ffg exists for all t € [a, b).
Theorem 2.4 [17) Let g € L'(.J) and take ¥ > 0 and k > 0. Then Jy+V g € C([a,b], R).

Lemma 2.5 Let ¥ > 0, r > 0 and k > 0. Then, we have the following semigroup property given
by

THETHE () = T () = TV T F )
and

Ty TS = I () = TP T f ().

Proof. By Lemma 1 in [24] and the property of k-gamma function, for ¢ > 0, » > O and k£ > 0,
we get

(3

(%) k,w o
R (0T (1) Lo Lo+ £

TIE T f(t) = E
k(r)®

T(2)C() 2 T
2k 1(19) Kt (%)Ia+ fex 10
Ly

- k‘ﬁi[a+ f(t)

19+r k,z/Jf( )

where 1 gf’ is the fractional integral defined in [24], we have also,

T grEe (1) = k?r(k(g)(i)r)fw*’k’wf()

Tk
D(2)r(%)
k2Fk( w(r) @
= TP TlEY ().

151 g

Lemma 2.6 Let ¢, r > 0and k > 0. Then, we have

9,k Tk, Tk,
ja-‘r ¢\Pr w(tv CL) - ‘Ilﬂ—zi-pr(tv a’)
and

TV UE (b, 1) = Y (b,1).
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Proof. By Definition [2.2]and using the change of variable

_ %(s) ~ %)
(1) —vla)’

t > a,

we get

= /t \Tlg’w(t,a) [1 — 7¢<S) ~v(a) o w’(s)@k’w(s, a)ds

1
— L - 9 _ r_
U (@B (ta) [ (-
0
Using Definition [2.1|of k-beta function and the relation with gamma function, we have
9,k 3ok, _ gk
TIEGE (4,a) = OBV (8, a).

O

Theorem 2.7 Let0 < a <b < 00,9 >0,0<¢ <1, k>0andz € Cgpp(J). If ¥ > 1—¢, then

(75¥2) (@) = tim (22) (1) =o.

t—at

Proof. = € C¢.q(J) means that \I/?(t, a)xz(t) € C(J, E), then there exists a positive constant R
such that for ¢ € (a, b] we have

WY (¢, a)z (1) < R
thus,
lx(t)]| < RTR(kE) U} (¢, a)l. @.1)

Now, we apply the operator jf jr]“w (+) on both sides of equation li and using Lernma so that
we have

| (g2 @] < REwke)
= RT (k&) Uyt (t a).

%,k Tk,
Tat d)\l’kfw(f’ a)‘

Then, we have the right-hand side — 0 as x — a, and

s (22%5) 0= (200) =0,

We are now able to define the k-generalized v-Hilfer derivative as follows.
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Definition 2.8 (k-Generalized 1)-Hilfer Derivative) Let n — 1 < % < nwithn € N, J = [a,]
an interval such that —oo < a < b < oo, 9 is an increasing function and ' (t) # 0, for all
t € J. The k-generalized 1)-Hilfer fractional derivatives (left-sided and right-sided) 1 Dﬂ r’w( )

and HDI9 & w( -) of a function g of order ¥ and type 0 < r < 1, with k > 0 are defined by
e oy _ [ ook (L AN ) (ko) ki
(D0 (1) = (Ja+ < o ) (k 4 7))

and

kHDg,_r;zp () <jb_kn 9) kw( wll(t) (i) ( njbl r)(kn—19), ,¢g)> (t)

( jgﬂ_(knfﬂ),k;w (—1)"s7 (kn jb(ifr)(knfﬂ),k;w g)> (),

where 5:; = ( ,1(t) %)n

Lemma 2.9 Lett > a,9 > 0,0<7r<1,k>0.Thenfor0 < £ < 1;£ = %(r(k—??) + 1), we
have .
9,7r; -
o (vsw) w0
Proof. From Definitions [2.2]and [2.8] we have

T () = [ ) () W) ds.

where X —= % (1 —7r)(k—1). Now, we make the change of the variable by u = % to

obtain

-1
k(e a)) |
(1—r)(k—9) kb ¢ 1 ( e+x b 1/ X1, 61

then, by the definition of k-beta function

1
B(a, ) = ,1/0 11—tk tdt = W

we have

(1=r) (k=) kst (0 LY ICI N
Tar k (‘I’g (t,a)) T RX 1 E) KLk (KE),

then, we have

. —1
5&) <ja(_1‘r—r)(k—19)yk,¢k (\p? (t, a)) > = 0.
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Theorem 2.10 IffGC"_ la,b],n —1< Y en0<r<1, wheren € Nand k > 0, then

(jj+k ) H,Dﬁ ) ) Z - an = )Z)i;)) {53—1’ (jﬁ”*é),k;wf(a»} 7

where

E=—(r(kn—=9)+9).

?v\»—l

In particular, if n = 1, we have

” () —¥(a)*™" a—r)k—o) kv
(T EDI ) 0 = S0 - F gy s e f(a).

Proof. From Definition [2.8]and Lemma[2.5] we have
(Jffw Hwaf> (t) = (jﬁkqua (kn— ﬁ)kwén (knja+ ) (kn—19) kwf)> (t)
_ (jaJ(rim 0)+ﬂk¢5n <k"I(1 r)(kn—19) k,wf)) (t)
- /at OO R (N G (O) J

Integrating by parts, we obtain

(T B2 ) (1) = ‘(@”(Z};(zg”g_l {7t (kgm0 pa)) )

+ klék_(klg)/a (W)ff;() I At (g @ em e g\ g

Using the propriety of the functions gamma and k-gamma, we get

(2 e f) (1 = ~WO V@I fnr (n gnntis )

KT(E)
e {07 (g () } s

1 ¢ Y'(s)
TETE-D / (W(t) —¥(s))

So, with integrating by parts n times, we obtain

(2 o211 =3 S o)

1 ! Y'(s) (1=r) (kn—0) kst
* kﬁ—nl"(g — ) / (¢(t) (8))n+1—§ (ja—i- f( )) S,
(a £ .
Z kZFk —1 —3— 1)) {5 (k"ja+ e kwf( )>}
1 ! Y'(s) (=) (kn=0) k0 0 ) s
" KLk (K(§ —n)) / ( ( ) w(s )n+1 £ (‘7 f( >> ds,

- X e ey 1 (A )

+ ja’:(_E n), kwIG(L:— r)(kn—19) ’k’wf(t),
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then by using Lemma 2.5 we get

(o 1oz s) 0= 10 - 3l gy B (s s00)

0

Lemma 2.11 Let ¥ > 0,0 <r <1,andx € C’gl;w(e]), where k > 0, then for t € (a,b], we have

(D g (1) = ().

Proof. We have from Definition and Lemmathat E=1(r(k—1)+9)
(kHDgi¢ Jokt ) (t) = (jai )kw51 (kj (1=7)(k— ﬁ)kijmp )) (t)

_ (jakf ﬁkw ( j(l ) (k—9)+9,k;p ))(t)
(jff_ Ok 51 (kjk k&+9,k;1p ))(t),

then, we obtain

(i Zl) )
1

B t (s) 51 ' (1)x(T) .
 kDR(kE — 0)T(k(1 — &) + ) /a (W (t) — (s) O [/ —(r 5—}3] ds.
(2.2)

On other hand by integrating by parts, we have

/ ¢’ Y (T) B 1
() E 1647

then, by applying 611p we get

/(1) dr _
) — (1)) Tk

Now, replacing (2.3)) into equation (2.2)), and by Dirichlet’s formula and the properties of k-gamma
function, we get

5 Py =t ) o) €+ [ 23

— (7

Hopyboritp 7okt 1 Ea(a)(s) (1(s) — ¥(a) *FE
<k Da-i— \-7 ) ( ) krk(kf — 19)1“k(l<:(1 — f) + 19) / (w(t) . ¢(8))17§+%

' t W(s) dr ]
+ [ Z'(t)dt — =1 .
/a / (1) = (s) " F (W(s) = (7)) F

ds
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Making the following change of variable i = % in the integral from a to ¢ and similarly
changing the variable in the integral from s to ¢, then we have

(Foor gt ve) o)

= ATk 0 r,j<k( 519 [ / (@0 () (6(5) — 9(a) € (wlt) — ()¢ E ds
/ t)dt / W () (1) — () (@ls) — (7)) ¢ dT]

- rkuff—v)rktk( &+ 0) [; / et dﬂ} ( (a) + / <>dt>

_ Fk(kzg—ﬁ)l“ktk( — [; /1M<1—<s—z>>_1(1_ - du] (m +/t$ )dt)

then by the definition of k-beta function, we obtain

Hodrsth o 0.kth _ [Pr(kE = 0)Th(k(1 = &) +09)] L
(¥ DU 22) O = T o R = 6+ 0) (”“”L“”dt)

O

Definition 2.12 [5]] Let X be a Banach space and let Q) x be the family of bounded subsets of X.
The Kuratowski measure of noncompactness is the map 1 : Qx — [0, 00) defined by

p(M)=inf{e>0: M C G M;, diam(M;) < €},
j=1
where M € Q x. The map p satisfies the following Properties :
o u(M) =0« M is compact (M is relatively compact).
© W(M) = p(M).
o My C My = pu(My) < p(Ma).

o w(My+ M) < p(My) + p(Mz).

u(eM) = |elu(M), ¢ € R
* p(convM) = p(M).

Theorem 2.13 [[15, Monch’s fixed point Theorem] Let D be closed, bounded and convex subset
of a Banach space X such that 0 € D, and let T' be a continuous mapping of D into itself. If the
implication

V =convT(V), or V=T(V)U{0} = u(V) =0, 2.4)

holds for every subset V of D, then T has a fixed point.
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Lemma 2.14 Let the function () € C(J, E). Then x € Ce.;(J;) is a solution of the differential
equation:

(,?DZ;”%) ()=o), teJs,i=0,....m, 0<9 <k, 0<r<1, 2.5)
if and only if = satisfies the following Volterra integral equation:

S Maid 2.6
" %(t,mrk(kfﬁ(% 0 oo

where £ = W, k> 0.

Proof. By applying the fractional integral operator j Uik; w( -) on both sides of the fractional equa-

tion (2.5 and using Theorem [2.10] we obtain the equatlon (2.6).
9,73 'gl)( )

z

Now, applying the fractional derivative operator ;; i D
tion (2.6), then we get

on both sides of the fractional equa-

k(1-&),k;9
t;
HDﬂ,r;w 1) — HDﬂ,T;w jtj x( )
EF A+ T (t) = & o "
i k W (t, ti) T (KE)

+<kH ﬁr,¢jﬁkw )()'

Using Lemma [2.9]and Lemma [2.1T we obtain equation (2.5). O

3 Existence of Solutions

We consider the following fractional differential equation

(kHDZf;%) (t) = o(t), teJ;, i=0,...,m, 3.1)

where 0 < ¥ < k,0 < r < 1, with the conditions

(707980 (1) = <~7t+“ kst )(ti_)"‘Li(w(ti_));i —1..m (G2
o (jak—i(_l—ﬁ),k;wx) (CL+) + ay (‘7t+(1 &),k > (b) = a3, (33)

z(t) =w(t), t€la— Aal, A>0, (3.4)

o(t) = @(t), te [b,b + X} 3> 0, (3.5)

where £ = W, k> 0,a1,a2 € Rsuchthatay +ag #0,a3 € E, p(-) € C(J, E), w(:) € C
and @(-) € C.
The following theorem shows that the problem (3.1])-(3.5)) have a unique solution.



116  Salim, Benchohra, Lazreg and Zhou, J. Nonl. Evol. Equ. Appl. 2022 (2023) 105-{126]
Theorem 3.1 The function x(-) satisfies (3.1))-(3.5)) if and only if it satisfies

1
Ty (k€)W (1, a)

m+1 ( V4o
a2 k(1=&)+9,k;0
_ E © ts
a1 + a9 <"7t;—_1 ) ( J)

J=1

B N (e()

a1+ ao a1 + o -

+ (Jfﬁ%) (t). ifted,

<.

() )011—{—0[2 051—}—012 ]

a(t) = W(L =t (3.6)
k(l &)+0,k;p (1=)+9,k5y
)+ T t
a1+a22< ) j_1< t+ SO)(J)
Z (x(t (Zﬁ’k;wgo) (t), tedsi=1,...,m,
]: 7
w(t), t€la—Aa],
&(t), te [b b+ /\]
\
Proof. Assume z satisfies (3.1)-(3.5). If ¢t € Jy, then
(FD0ra) () = (),
Lemma [2.14]{implies that the solution can be written as
k(1=€) ks
J z(a A
o) = T () o), 37)

W (t, )Ty (k)
If t € Jy, then Lemma[2.14]implies

9,k
A i)
) <j:+(1—$)7k;¢x> (t7) + La(x(t))) N <j197k;w(p> (t)
(¢, 1)Lk (k) :

(29 (@) + (2179 (1) + L a(17)
- TRTRBTAT +

TEe) (1)

t
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If t € Jp, then Lemma [2.14]implies

\7;1(1 ),k (tz)

_ O
T W) Te(ke) (75"¢)

jli(l—f),kﬂbw (t7) + La(x(t5))
OB e
We (¢, 1)Ly (KE) :

1 k(1=8) k) k(1=8)+0, ks _
(1, t2)Ch () [ (7)) + (7 0) (t2) + Li(a(t7))

() )+ Lalal)] + (735 0

Repeating the process in this way, the solution z(t) for ¢ € J;,i = 1,...,m, can be written as

v (1-€) ks : (o=
‘I’?(t )0y (k) [<‘7 ) (@ H;LJ( ()

+ Z () )

x(t) =

+(72%) (1), (3.8)

t;

Applying jt ﬁ(l_g)’k;w on both sides of 1 , using Lemmaand taking ¢ = b, we obtain
k(1-€),k k k; %
1-€),k; 1— —
(FE950) ) = (590 (@) + Y L))
j=1
9,k; k(1—-&)+0,k;
+ Z < Lo %) (tj) + (Jﬁfl o %) ®). (39
Multiplying both sides of (3.9) by a and using condition (3.3)), we obtain

a

as — a1 (790 (@) = s (71790 ) (@) + a0 3 L@ ()
j=1

m+1

b Z < k- gww@) (L)),
which implies that
k;
(gl ) (a)

m m—+1
Q3 Q2 k(1=8)+9,k;¢p
= L;( ti). 3.10
o +a2 ]Z1 J Oél T ay ]z: <u7t;r_ 90> ( J) ( )

a1+a2

Substituting (3.10) into (3.8]) and ([3.7)) we obtain (i3.6]).
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Reciprocally, applying J + kY 51 both sides of 1} and using Lemma and Lemma
we get

o o ! (1-¢)
3 2 k(1—-&)+9,k;9

- E J tj
o1 + as oq—l—ozgj_l(tjl <P)(J)

a2 N - k(1=6)+0,k;¢) :
- Lj(x(t; t fteJ
TErepd stai) + (72 @) (1), ifted,

k(1-€) ks m
T x)(t) = o%: o3’ k(l £)+9,k;p
; _ E Li( E 4
( b ) a1+ o+ ag j=1 it )t 7))
m—+1 7
Qa2 k(1—&)+9, ks _
_ E ts § L. t-
o1 + a2 =1 (jtf—l go) () + j=1 it ’ )

|+ (ZOE) 1), tegpi=1,m

@3.11)

Next, taking the limit ¢ — a™ of (3.11]) and using Theorem L with k(1 — &) < k(1 —=&) + 9, we
obtain

+
k(1=8)k;9 a3 § : k(l +0.ksy
= t
(j‘ﬁ )< ") a1+ ag a1+a2 = ( S0>(3)

L;( A2
041-1-0622 J (3-12)
7j=1

Now, taking ¢ = b in (3.11)), we get
k(1-£),k;
(‘715;*;5 €) wx> (b)
a a m m~+1 B(1—) 49 k)
3 2 _ 1—&)+0.k:
= 1-— Lj(x(t; ™ ti) | - 3.13
(1o > j<x<j>>+j21(5t;_l ). e

From (3.12)) and (3.13]), we find that
o (TE952) @) + iz (T59) () = a,

t

which shows that the boundary condition 1D is satisfied. Next, apply operator kH ng;w(.) on both

sides of (3.6)), where i = 0, ..., m. Then, from Lemma and Lemma [2.11| we obtain equation
(3.1). Also, we can easily show that z satisfies the equations (3.2)), (3.4]) and (3.5]). This completes
the proof. g

As a consequence of Theorem [3.1 we have the following result.

Lemma 3.2 Let § = "5 where 0 < 0 < kand 0 < v < 1, let [ J x PCey (|2 4] ) x

E — FE be a continuous function, w(-) € C and & (-) € C, then = € T satisfies the problem
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(1.1)-(1.5) if and only if x is the fixed point of the operator T : F — F defined by

1
WY (t, ;)T (KE)
m—+1

(07 — . _ .
e o (T @ 3 () @)
(Tz)(t) = =1 asti<t (3.14)

+ Y L )|+ (T2) (1), tedsi=0,..m,
a<t;<t ¢
w(t), t€a—Aal,

&(t), te [b,b+ X} ,

BT N L)
=1

o1 + o9 Oq—l—agj

where @ is a function satisfying the functional equation
p(t) = f(t,2°(), (t)).

By Theorem[2.4) we have Tx € F.
The following hypotheses will be used in the sequel :

(AxI) The function f : J x PCg, ([—)\, 5\]) x E — FE is continuous.
(Ax2) There exist constants ¢; > 0 and 0 < (2 < 1 such that
1F (w1 y1) = fE 22, 92)ll < Gillen = zallp_y 57+ Gllyr — w2

and
I1Zi(sn) = Li(y2) || < ¢ (t, i) llyr — o

for any x1, 29 € PCgy <[—)\, S\D y1,yo € Fandt € J.

(Ax3) For each bounded sets 31 € PC¢.y ([—)\, XD and 5y € E and for each t € J, we have

p(f(t, B1,B2)) < Gu(Br) + Cap(B2)

and
p(Li(B2)) < LW (ti,ti 1) p(B),

wherei =1,...,m.
Remark 3.3 [4]] I7 is worth noting that the hypotheses (Ax2) and (Ax3) are equivalent.

We are now in a position to state and prove our existence result for the problem (1.1))-(1.5]) based
on Monch fixed point theorem.
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Theorem 3.4 Assume (Ax1) and (Ax2) hold. If

1 | mdy (Y(b) — (a)) ~ETE
£ ke [(m L) (mgl -Gk - k5+ﬁ>>

G ((b) — ()¢ E < s Ty (k€) )
(1-¢G) loan + Ty (2k — kE+9)  Ti(J + k)

then the problem (1.1))-(1.5)) has at least one solution in F.

<1, (3.15)

_|_

Proof. The proof will be given in several steps.

Step 1: We show that the operator 7 defined in ({3.14)), transforms the ball By, = B(0, M) =
{z € F: ||z||r < M} into itself.
Let M be a positive constant such that

/ Ty (k
M > max { los]| 4 flen + o k_( 5))7 =lle, H@Hc"} ;

a1 + Tk (KS) (1

where
1 | = () — (a) R
b= [r(kE) [ <|a1 + ag| * 1> (mL * (1= G)Tk(2k — kE+09) )
LT @®) — ) ( | - ke )
(1-¢2) a1 + ao[lk(2k —kE+0) - Ti(J + k)
L= max {sup{|[Li(x)].x € £},
and

J* = sup||f(¢,0,0)[.

teJ

Foreacht € [a — A, a], we have

[Tz < llwlle,
and for each ¢t € [b, b+ 5\} , we have

[Tz < l[lle-

Further, for each t € (a, b], (3.14) implies that
[lovs]| |as|
|y + ez \041+a|z|| J
(I Sy gy (1-€)+0.k:
2 1-£)+9,k; 1 +

sl S (G0 o)) )+ Y (J (o)) (1)
- j—
J:

+ > ILia(t;))

a<t;<t

+ (T3 e () (3.16)
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By the hypothesis (Ax2), for ¢ € (a, b], we have
k@Il = [1£(t 2", o) = £,0,0)[ + [1£(£,0,0)[| < Gilla* |y 51 + Gl + £,
which implies that

o)l < M + Glle®)] + 7,
then

f* +aM
— (2

Thus for ¢ € (a, b], by hypothesis (Ax2) and from (3.16|) we get

le(®I < = A

g (¢, ) T (1)
1

o] | mo
Cuke] | Jon + ol <ra1 o) (Z IE,( ) = O+ 3 LJ(O))

a8, (o) wrag (s o) o)

AR (1) (T W) ().

<

By Lemma[2.6] we have

sl m(L + 01M)| o]
]a1+a2| |a1+a2|

It ) T(r) | < ;k 5
(m + 1)Alag]| (1h(b) — v(a))"¢T%
log + ag|Tk(k(1 — &) + 9 + k)
L mA ) (@) ] A @) ()

+m(L + M)

_l’_

Thus

olan-EHE
1Y (1) Tal] < [( o H) (m@HlMHmA(w(b) ¥(a)) +>

Le(k) |\l + g Ti(2k = k& +0)
B et | L'y (k) >
+ A ((b) — ¥(a)) <|a1 T aaTh(2k — ke +0)  To(@+ k)
[l
’041 +042‘Fk(k€)

< M.
Then, for each t € [a - Ab+ 5\] we obtain

| Tz|r < M.
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Step 2: 7 : By — By is continuous.
Let {z,} be a sequence such that z,, — x inF. Foreach t € [a — A\, a] U [b, b+ 5\} , we have

| Txn(t) — Tx(t)||—0.

And for t € (a, b], we have

ITa(t) = Ta(o)]
1 |012‘ _
< WD |a1+wy,§:HL 2at7)) — Li(a(t;))]
+'a2’"§(7 A A E )—@(8)”) (t)+ D ILilen(ty)) = L)
o1 + az| = o A ' z
> (FE0 585 0) = 9] ) )| + (T ) = (51 0

where ¢ and ¢, are functions satisfying the functional equations

Since x,, — x, then we get ¢,(t) — ¢(t) as n — oo for each ¢ € (a,b], and since f and
L;;i=0,...,m are continuous, then we have

| Tzn — Txllp — 0asn — occ.

Step 3: 7 (B)y) is bounded and equicontinuous.
Since 7 (Bys) C By and By is bounded , then 7 (B)y) is bounded.
Let7,0 € J;;:1=0,...,m, 71 <mandletxz € By;. Then

H\I/?(ﬁ, ti)Tx(m) — \11?(72, ti)Ta(72) H

1 k(1—€)+9 ks ' o ]
<rug| 2. (T ot - 3 |
+ H\I/?(leti) (%?k;wcp(s)) (11) — \P?(Tg,ti) (»73”“%(8)) (TQ)H

1| k(1—&)+9 k5 ) ' | ] -
SR, 2, (‘7 el ) &) +Z I
+ k \P?(Tl,ti)‘ifg’d}(Tl,S) - \PZZ)(Tz’ti)\I/ (79, s ’ 14 (s)e(s)|| ds

t;
+ W (muts) (75 e(9)]) (),
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By Lemma[2.6] we get
|t Ta(r) = 0 (72, ) ()|

3 (ﬁfl““*”u <>||) (t)+ > uLi(x(t;))u]

T1<t; <T2 T1<t; <T2

€ (7’1, ti)\iJ?w(Tl’ 8) - ‘Iﬂé(TQa tl)\il (7—2’ )

<1
— Typ(kE)

T1
/
ti

AW (19, 1) ($(72) — ¥(71))
T'p(9+ k)

As 11 — 7o, the right-hand side of the above inequality tends to zero. Hence, 7 (B)y) is bounded

and equicontinuous.

Step 4: The implication (2.4) of Theorem [2.13]holds.

Now let D be an equicontinuous subset of By, such that D C 7 (D) U {0}, therefore the function

t — d(t) = p(D(t)) is continuous on [a —\b+ 5\} By (Ax3) and the properties of the measure

"(s)|ds

IS

+

w, for each t € (a, b], we have
Lt t)d() < (WY1 4)(TD) () U {0})
< (WLt 6)(TD)(®))

2 (J,Ji“ o QL Sl ])m)

a<t;<t il

L'y (k)

+ Z gl\l’?(thtifl)ﬂ(l)(t»

a<lt;<t

00,0 (T2l ) ©

Idle G ((b) — () 5 F m T (k€)
ST ™ -G ( W2k RE+ D) Fk<z9+k>)
< £||d|ls,

and fort € [a — A\, a] U [b,b—kﬂ} , we have

d(t) = p(w(t)) = u(w=(t)) = 0.
Thus
ld|lr < L]|d]e.

From ({3.15)), we get ||d||r = 0, that is d(t) = wu(D(t)) = 0, for each t € J, and then D(t) is
relatively compact in E. In view of the Ascoli-Arzela Theorem, D is relatively compact in Byy.
Applying now Theorem [2.13] we conclude that 7 has a fixed point, which is a solution to the

problem ([1.1))-(|1.5]). O

4 An Example

Let

(o)
E=1'= {x:(arl,:cg,...,xn,...),zmn] <oo}

n=1
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be the Banach space with the norm

)
[l = |zal-
n=1

Example 4.1 Taking r — 1, ¥ = % E=1J=1[L2,¢(t) =t a1 =0 a3 =1 as =0,
A=\ = 1and & = 1, we obtain an impulsive terminal value problem which is a particular case of
problem (1.1))-(1.5) with Caputo fractional derivative, given by

<{1D1§j“"x> (t) = (CD%+x> t)=f (t,:ct(~), (%ix) (t)> . te JyUJ, (4.1)
<j20+,1;wx> (2+) — (jloil;d)x) (27) = Ly(2(27)), “42)

(52041;%) (3)=z(3) =0, 4.3)

z(t) =w(t), tel0,1], (4.4)

2(t) = (1), t€ [3,4], 45)
where Jy = (1,2], J1 = (2, 3] and

x=(x1,T2,...,Tn,...),
= fosos o)
{{Di’_l;sz = ({{D%ﬁ;wml, {IDI%_;_l;wxg, e ,{{Dlé_f;w:cn, .. ) .
Set

_ 54 3[cos(t)] + [zl + [l
205 + 123e3~¢ ’

f(t, w1, 22)

and )
_ [sin(®)] + [Ja2|

L) =

where t € J, x1 € PCgy ({—)\, /N\D and xo € E. Since the function f is continuous, then the
condition (Ax1) is satisfied.
For each 1,11 € PCgyy ([f)\, X]), To,Yy2 € Eandt € J, we have

1

t - f(t S 505 ¢ 123651
||f( ,$1,$2) f( 7y17y2)H = 205 + 123¢3—t

(a1 = vl a5y + llz2 = 2l
and || ||

11—y [—A,S\]
L — L < 2
| L1(z1) — Li(yn)|| < 1126 ;

then, the conditions (Ax2) and (Ax3) are satisfied with
1 1
Cl — CQ = % Cll/ld£1 = 71126

Also, we have

2 8v2
112¢ ' 327/x
As all the assumptions of Theorem[3.4are satisfied, the problem ([4.1))-(4.5)) has at least one solution

inlF.

~ 0.0260893873144793 < 1.
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