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Abstract. In this paper, we are dealing with the ill-posed Cauchy problem for a parabolic operator.
To do this, we interpret the problem as an inverse problem, and therefore a controllability problem.
This point of view induces a regularization method that makes it possible, on the one hand, to
characterize the existence of a regular solution to the problem. On the other hand, this method
makes it possible to obtain a singular optimality system for the optimal control, without using any
additional assumptions, such as that of non-vacuity of the interior of the sets of admissible controls,
an assumption that many analyses have had to use. From this point of view, the regularization
method presented here, called controllability method, is original for the analyzed problem.
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1 Statement of the problem

Let 2 C R™ be a bounded and regular domain of class C 1 with boundary I' = I'g U I'y, where I'g
and I'; are disjointed, regular and with superficial positive measures. For T' € R* , we note

Q = 0x]0, T and ¥ =Tx]0,T],
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SO
X =3%pUXq, with EOZPQX]O,T[ and 21:P1X]0,T[.

Then, let us consider in (), the boundary value problem

gj —Az=0 in Q,
z(xz,0) =0 in Q, (I.D
zZ = g, @:vl on X,

v

where, for given vg, v1 € L?(%), z = z(vg, v1) verifies (I.1).

Problem (I.I) is the ill-posed Cauchy problem for the heat operator; it is well known that
this problem is ill-posed in Hadamard’s sense. That is to say, for a given vector v = (vg,v1) €

(LQ(EO))Q, the problem does not always admit a solution, and it may lead to instability of the
solution when it exists.

We therefore consider a priori the pairs (v, z) such as
v=(vo,m) € (L*(20))®  and 2 € LX(Q), (1.2)
where z is a solution of (I.1I)) for given v. It is said that such pairs constitute the control-state pairs

set.

Remark 1.1 [t is important to note that, when it exists, the solution to the ill-posed Cauchy problem
is unique.

A control-state pair (v, z) will be said admissible if

{v = (v0,v1) € Uyqg = Ugd X U;d,

1.3
where U2, and U/, are non-empty convex closed subsets of L?(3o), (1)

with (v, z) satisfying (I.1I). We use the notation (v, z) € A to say that 4 is the set of admissible
control-state pairs and assume

A+ 0. (1.4)

Given (v, z) € A, we introduce the functional
J(v,z) = 5”2 — zdll72 ) 7HUO||L2(EO) + 7””1HL2(20)a (1.5)
where z4 € L*(Q) and Ny, N1 € R%.

Functional J is the cost function. The optimal control problem consists then to find
inf {J(v,z) : (v,2) € A}. (1.6)
The assumption (I.4) and the structure of J easily show that problem (1.6) admits a unique
solution, the optimal control-state pair (u, ).

The cost function J being differentiable, the first order Euler-Lagrange conditions make it pos-
sible to establish that the optimal control-state pair of (I.1), (1.3) and (I.6) satisfies the optimality
condition: V (v, z) € A,

(Y — 24,2 — Y) 2(@) + No(uo, vo — uo) 2(5y) + N1(ur,v1 — u1) 25y > 0. (1.7

It remains to characterize the optimal pair (u, y) through a singular optimality system.
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Remark 1.2 Many authors have studied the control of the ill-posed Cauchy problem. Examples
include, among others,

* in the elliptic case, J.-L. Lions in [4|], O. Nakoulima in [|6]], G. Mophou and O. Nakoulima
in [|7], and A. Berhail and A. Omrane in [|§)];

* in the parabolic and hyperbolic case, M. Barry, G.B. Ndiaye and O. Nakoulima in [l|],
J.P. Kernevez in [3], and M. Barry and G.B. Ndiaye in [2|].

Nevertheless, in general, the problem remains open. Indeed, to our knowledge, almost all of the
work carried out concerns only specific cases of controls (v, v1), such as the following:

« U, =UL, = L*(Xy), the "unconstrained” case;
s U = Ul = (I2(%0) T,
* or with the additional Slater type assumption that

the interiors of U°; and/or U], are non-empty in L*(T). (1.8)

This paper aims to constitute an argument in favor of the conjecture of J.-L. Lions. Indeed, J.-
L. Lions conjectures that one should be able to solve the problem only with the usual assumptions
of non-vacuity, convexity and closure of the control sets Z/{gd and U ;d.

We succeed here, even managing to characterize the existence of a regular solution to the ill-
posed Cauchy problem.

The paper is organized as follows. Section [2|is devoted to interpreting the initial problem as
an inverse problem. In Section [3| we return to the control problem, starting by regularizing it via
the controllability results previously obtained. After establishing the convergence of the process in
Section [3.2] then the approached optimality system in Section [3.3] we end in Section [3.4] with the
singular optimality system for the initial problem.

2 Controllability for the ill-posed parabolic Cauchy problem

We introduce here a point of view which, it seems to us, is new concerning the ill-posed Cauchy
problem. Which point of view consists in interpreting the problem as an inverse problem, and
therefore a controllability problem.

We establish that, when it exists, the solution of the ill-posed Cauchy problem is common so-
lution of a system of two inverse problems. Then, we succeed in establishing a necessary and
sufficient condition for the existence, not only of a solution, but of a regular solution to the problem.

More precisely, we consider the systems
B - Ay =0 inQ, and % - A =0 inQ,
y1(z,0) =0 inQ, 2.1 y2(z,0) =0 in Q, (2.2)
Y1 = v9 On Eo, % =91 on EO;
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moreover,

0
@ _ v and Yo = vy ON . 2.3)
ov

We can then interpret (2.1), (2.2)) and (2.3) as a system of inverse problems, that is to say for
which we have a datum and an observation on the border >, but no information on the border 1.

Then, we consider the following inverse problem: given (vg, v1) € (L2 (EO)) 2,
find (wy,ws) € (LQ(Zl))2 such that, if y; and 75 are respective solutions of

% - Ayl =0 in Qa
y1(z,0) =0 inQ, 2.4
Y1 = vy on Xy, % =w; onXj,
and
% — Ay =0 inQ,
y2(2,0) =0 inf, (2.5)
% =] ondg, Y2 =wy OnXj,

then y; and ys further satisfy the conditions (2.3).

Remark 2.1 The symmetric character of the roles played by vy, and ys in the formulation of the con-
trollability problem is obvious. Consequently, one could very well be satisfied with only one of these
states in the definition of the problem, thus considering one or the other of problems and
with the corresponding observation objective in (2.3). This is evidenced by the first part of the proof
of Theorem[2.11]

As far as the present analysis is concerned, it is precisely this symmetrical nature of the roles
of y1 and ys that motivates their simultaneous use (which facilitates, perhaps for a short time, the
continuation of the analysis), but also the wish to remain faithful to the framework of Cauchy’s
problem.

Remark 2.2 (Well-defined nature of the controllability problem)
For z € L*(Q) with % — Az =0, we know that

0z

ds e HATVA), 22|
12

e H3/273/4(2)  and  2(0), 2(T) € H1(Q).

Thus, seeking, within the framework of controllability problems, functions of L*(X1) making it
possible to reach, or if not, approaching, the targets fixed still in L*>(Xq), it is necessary that the
accessible states 1 and yy are in H3/?3/*(Q) and H'/?>V/*(Q), respectively.

Hence the necessity, within the framework of the problem of optimal control of the parabolic
Cauchy problem, is to consider, beyond the assumption of non-vacuity A # 0, that the set

{(v,z) eA: z€ H3/2’3/4(Q)}

is nonempty.
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Remark 2.3 If the system (2.1)-(2.3) admits a solution, then this latter verifies
Y1 =z = Y2,
where (v = (v, v1) , z) constitutes a control-state pair for the Cauchy problem.
Remark 2.4 Problems (2.4) and (2.5)), the mixed Dirichlet-Neumann problems for the heat opera-
tor, are then two well-posed problems in the sense of Hadamard.

With these notations, conditions (2.3) become

0
7(9yl/1 (Uo, wl) - =1 and yg(vl, wg) ‘20 = 9. (26)
0

Finally, and to fix the vocabulary, we will say that the problem (2.4)-(2.6) constitutes a problem
of exact controllability and that, system (2.4)-(2.3) is exactly controllable in (vy,vg) if there exist
wy,wy € L2(31) satisfying (2.6).

Remark 2.5 By linearity of mappings

(vo, w1) — y1(vo, w1) = y1(vo,0) + y1(0,w1)

and

(v1, w2) = ya(v1, w2) = y2(v1,0) + y2(0,w2),
the exact controllability problem (2.4)-(2.6)) is equivalent to the following:

Find w1, ws € Lz(El) such that the solutions
y1(0,w1) and y2(0,w2) verify (2.7)
21(0,w1) =0, y2(0,wz) =0 on Ty,

which translates the controllability of the system (y1(0,w1) ,y2(0,w2)) in (0,0).

A method, to solve (2.7) is the method of approximate controllability, which consists of an
approximation, by density, of the problem. This is reflecting in the following proposition.

Proposition 2.6 Let us denote by

ov

o

0
Ey = {yl(O,un) ;wr € LQ(EI)} and By = {y2(0,ws) [s; wy € L*(T1)}  (2.8)

the sets of zero and one orders traces, on ¥, of the reachable states y1 and vy, respectively.

Then, we have that
sets Iy and E5 are dense in LQ(ZO), (2.9)

and then we speak of the approximate controllability of the system (y1(0,w1) , y2 (0, w2)).
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Proof. Tt is clear that F; and E5 constitute vector subspaces of L?(Xg). Hence, by the Hahn-
Banach Theorem, E; and E5 are dense in LQ(EO) if and only if their orthogonal Ef and 152L are

reduced to {0}.

Let ky € Ei, so we have

Yw, € L*(%),

But, by definition of y; (0, w;), we have

0
<k‘1, ayl (0 w1)> =0.
L2(Xo)

ayl *(0,w1) — Ay1(0,w1) =0 inQ,

(0, wl) (x, 0)

=0 1in{},

y1(0,w1) =0 on X, %(0,11)1):101 on Y.

This implies, for all ¢ € C*(Q),

0
<8yt1 - Aylv SD) =
L2(Q)

which leads to

Oy Iy
— (157 12y~ W1 A0) 12y = (5

Choosing ¢ in the above such that

oy >
g ~ (A, =0,
<at 90 L2(Q) ( yl SD)LQ(Q)

e
(P) L2(S0) (wlv @)L2(21)+ (y17 5)[/2(21) =0.

———Ago—O in Q,
()0(7 )_0 OIIQ,
p=k; on Xy, g—f:O on X1,

it comes that (2.10) is equivalent to

where

ki € B} <— (

Hence (2.12) becomes, for all ¢ € C*°(Q)

=0.
o’ > L2(S0)
with (Z.1T) and for all w; € L?(%),

(w1, 9)r2(s;) = 0.

But we can still choose in (2.13)), w; = ¢ on X1, and hence it follows

lellZzs,) =0

ie. =0 on?3j.

Thus, with (2.11)), ¢ verifies the Cauchy problem

v =0,

—Ago—() in Q,
o(x, T)=0 onf,
g‘p—O on Y.

(2.10)

2.11)

2.12)

(2.13)

(2.14)
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But then, because of the uniqueness of the solution to the Cauchy problem, when it exists, we
deduce that
0.

12

Thereby,
Yy, =0 ie ki =0.

This last equality is valid for all wy € L?(X;), then we have
Vki € Ef, Kk =0.

Which means Ef- = {0}, that is to say Ej is well dense in L?(3).

Analogously, we get the announced results for Fs. ([l
The following result is then immediate.

Corollary 2.7 Forall € > 0, there are w1, wa. € L*(X1), such that
Y1, = y1(0,w1,) € H3/2’3/4(Q) and o, = y2(0,ws,) € H1/2’1/4(Q)

are unique solutions of

%] .
gk - Aylg =0 in Q7

1 (2,0)=0 inQ, (2.15)

P
y1. =0 onXy, F==wi. on¥y,

0, .
gis - Ay25 =0 in Q7
y2.(x,0) =0 in, (2.16)
% =0 onXy, yY2.=wa oni,

<e and ly2ellr2(sg) < € (2.17)

!
L2(Xo)

ov

Remark 2.8 The approximate controllability problem (2.9) expresses the following idea: failing to
find w1, wy € L*(X1) allowing to reach the targets

o

—0 d —0
v Iz and ol

fixed by the exact controllability problem [2.71), one can obtain sequences (w1 )., (wa.), C L*(%)
through which the fixed targets can be approached to ¢ close, and that, for all € > 0.

Starting from Remark [2.5] we deduce from the previous results, the following.

Corollary 2.9 For all vy,v; € L*(Xg) and € > 0, there are wi ., wa. € L?*(X1) such that

yl(UO,wlg) c H3/2’3/4(Q) and yQ(Ul,’LU25) c H1/2’1/4(Q)
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are unique solutions of

%(UO’ wl&) - Ayl (U07w15) - O in Q,
Y1 <’U07 wlé‘) (x7 O) =0 in Q, (218)
yl(UO,wls) =vy on X, %(U()awls) =wi. on Y1,
%if(vl7w2€)_Ay2(vlaw25) :0 in Q’

ya(v1, wae) (£,0) =0 in (2.19)

%(Ula U}QE) =v1 on 207 y2(vly w25) = W2e ORN Ela

. <e and ly2(v1, wae) — vollr2(sy) < € (2.20)
L?(%0)

Oy
E(Uov wie) — V1

Remark 2.10 Corollary establishes the solvability of the approximate controllability problem
associated with the exact controllability problem ([2.4)-(2.6).

Then we have the following theorem.

Theorem 2.11 Given v = (vg,v1) € (LQ(EO))2, the ill-posed Cauchy problem

% —Az=0 inQ,
z2(z,0) =0 inQ, (2.21)

z = v, %:vl on X,

admits a regular solution z € H3/>*/*(Q) if and only if either of the sequences (wie), or (wa,).
is bounded in L*(%1).

Proof. 1. Lete > 0. According to Corollary there exist wy,, wa. € L?(¥1), such that
yi(vo, wie) € H/*¥4(Q)  and  ya(vi, we.) € HY*V4(Q)
are solutions of (2.18), (2.19) and (2.20). Then, we generate

(w1e)., (w2). € L*(Z1), (y1(vo, wic)). € HY*Y/H(Q) and (y2(v1,we)). € HVA(Q).

Assuming that the sequence (w1.). is bounded in L?(X1), it follows, the mixed Dirichlet-
Neumann problem (2.18)) being well defined in the sense of Hadamard, that the sequence
(y1(vo, wi.)). is bounded in F3/23/4(Q), and therefore again in L?(Q), by continuity of the
canonical injection of H3/23/4(Q) in L?(Q)). We deduce that we can extract, from (w,)_ and
(y1(vo, w1.)), respectively, subsequences, again denoted in the same way, which converge in
L?(%1) and H3/%3/4(Q), respectively. There therefore exist

wy € L*(B1)  and oy € HY/2AQ)
such that

wi, — w; weakly in L?(3),
y1(vo,wi.) — 01 WeaklyinH3/2’3/4(Q).
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But then, we have on the one hand that

‘ oy

—(vg, w1.) — 1 <e
y1(vo, wie) — y1 weakly in H3/2’3/4(Q) ,

L%(3o)

ov

and

involve, by continuity of the trace operator 7, : L*(0,T, H 3 Q) — L*(%),

0
99 _ 41 on X, (2.22)
ov
and on the other hand, that for all ¢ € C* (@) , we have
0 ) 0
ﬂ(vo,wle) — Ay (vg,w1.) =0 in@Q = o _ Ay, o =0,
8t at LQ(Q)

s0, noting ¢1,. = y1(vo, w1, ), it comes

9¢1. I¢1.
< g; - A(blga 90> =0 — < g; 7()0> - (A¢157 SO)L2(Q) =0
L*(Q) L2(Q)

that is to say

Do Iy
- ¢157 ) - (¢157A90)L2 - ( 8790> - (wlz’;‘?@)LQ ¥
( o) 12 DN -

dp dp
== == = 0.
" (UO’ 8V>L2(20) " <¢1€7 8V>L2(21)

Passing to the limit, it comes

0 0
- (yh (p) — (Y1, AQ) 12(Q) — <y17<P> — (w1, 9)2(n)
ot L2(Q) ov L2(X)

0 0
+ (’UO,SD) + (?Jl,(p) :07
8V LQ(ZO) al/ LQ(El)
which is equivalent to

0 0 0
((;JI—AZ/MP) + (Uo—yh(;p) + (ayl—@m#ﬁ) = 0.
t L2(Q) V) 12(50) v L2(sy)

This last equality is valid for all ¢ € C* (@), it follows that

% - Ayl =0 in Q)
y1(z,0) =0 inQ, (2.23)
Y1 =v9 ony, =, =wi onj.

Then, (2.22) and (2.23) give, in particular

% _Ayl =0 inQa
yl(l‘,O) =0 inQ,

dy1
Y1 = v, FHr =wv1 on X,
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and so that y; € H3/%3/ 4(Q) is a solution of the Cauchy problem, a regular solution, due to
the well-posed nature of (2.18).

Symmetrically, assuming that (w.), is bounded in L?(X;), we likewise obtain
wy € L*(%1) and yp € HY2V4(Q),

such that
wo, — wo  weakly in L?(%),

y2.(v1, wa.) — y2 weakly in H1/2’1/4(Q) ,

with yo € HY>/4(Q) N L?*(Q), a regular solution to the Cauchy problem (see proof of
Corollary 2.13).

2. We assume that the Cauchy problem admits a solution z € H3/23/ LQ).

So we have
0
s, € HY2VAS) C L2(8)  and  oo| e L3(%y).
8V 1
So that, for all € > 0, we can easily choose
Wi = % c LQ(El) and Woe = Z’E S L2(21)
S ay 21 3 1

to obtain the existence of sequences (w1.)., (w2.). C L*($1) bounded in L?(X1) since they
are constants, hence the result holds.

O

Remark 2.12 It is important to note that Corollary only establishes the existence of func-
tions wi,, wy. € L*(X1), such that there exist yy(vg, w1.) € H3/2’3/4(Q) and yo(vi,wy,.) €
HY/2Y Q) satisfying @18), @19) and @.20). So the statement of the previous theorem could be
specified in these terms: "the Cauchy problem [2.21)) admits a regular solution z € H 3/2,3/ YQ)if
and only if there exists at least one sequence (wy.). (resp. (wa.).) C L*(X1) which is bounded in
L2(%1) and those terms generate y (vy, w1.) C H>/>3/*(Q) <resp. y2(vi, wa.) C H1/2’1/4(Q)),

satisfying (2.18) (resp. (2.19)) and corresponding estimation in (2.20) ”.

The following corollary follows from Theorem [2.11]

Corollary 2.13 Let z be a regular solution of the Cauchy problem, then

Y1 =2=1Y2.
Proof. Let (v, z) be a control-state pair for the Cauchy problem, that is to say, according to Re-
mark 2.2} z € H?/?3/4(Q), and let ¢ > 0. By Theorem [2.11], there exist
(w2e)., (ya(v1,w2.)),) € LA(S1) x HY2VHQ)  and  (wa,40) € L (1) x HY/2V4(Q),
such that

wy, — wo weaklyin L2(X1),
ya(v1,wa.) —> Yo weaklyinH1/2’1/4(Q),
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with
%Lf(”lvw%) — Ay (v, w2.) =0 inQ,
y2(v1, was) (2,0) =0 inQ,
%2 (v, wy.) = vy on g, ya(v1,w.) =wy. on 3y,
and

|y2(v1, w2e) — vollL2(sy) < e

Then, by continuity of the trace operator o : L*(0,T, H 3 (Q)) — L*(X), we immediately have
that

lyo(v1, wae) — vollp2(sy) <€ and  yo(v1,wa.) — y2  weakly in H/21/4(Q)

imply
Yo = vy On . (2.24)
On the other hand, noting ¢2, = ya(v1, ws.), we have, for all ¢ € C*(Q),
0 0
P2 Ay =0 nQ — ( Pe _ quszg,so) =0,

that is to say

) 02
_ ¢) (B AP ) — (01, P2 —( w)
< 8t LZ(Q) (Q) (0) 8V LQ(El)

0 0
+ (¢257 8(p> + (wQe, ;) = O
Y/ 12(0) Y/ L2(m)
Passing to the limit, it follows

3@) )
-\ Y2, 57 - (y27 ASO)I? - (Ulv SO)L2 o) — <> @)
< ot 12(0) Q) (o) v L)

which is equivalent to

0 0 0
<y2—Ay2790> + <y2—v1780> + <w2_y27<p> =0.
ot 2@\ 12(5%) W) 125,

This last equality is valid for all ¢ € C* (@), it follows, in particular with (2.24)),

ag)itz - Ay? =0 inQ,
yg(LU,O) =0 inQ,
Y2 = o, % =wv1 on X,
which means ys is indeed a solution of the Cauchy problem.

By the uniqueness of the solution in the question, it comes, joining the result above to that
obtained in the first part of the proof of Theorem [2.11]

ylzz:y2.
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3 The optimal control problem

Let us start by recalling that we are interested in controlling the Cauchy problem for the heat oper-
ator. That is to say, more precisely, we consider the problem

% _Az=0 inQ,
2(2,0) =0 in{, 3.1

Z = g, %:vl on X,

and, for all control-state pairs (v, z), the cost function

1 0 N
J(0,2) = 511z = zall3ag) + 2 Nvol3a(sy) + S l011 32y (3.2)
being interested in the optimal control problem
inf{J(v,2); (v,2) € A}. (3.3)

We propose here to use the controllability method (cf. [5]]) to characterize the optimal control-
state pair (u,y) of problem (3.I)-(3.3), without any other assumptions than the “sufficient” one
of non-vacuity of the set of admissible control-state pairs (cf. Remark 2.2)). To the best of our
knowledge, this method seems new.

3.1 The method of controllability

Starting therefore from the assumption A # () and within the framework of Remark [2.2] we have,
for all
v = (vg,v1) € Upq and €>0,

there exist wy,, wa. € L*(X1), y1(vo, wi.) € H3/273/4(Q) and y2(v1, we,.) € H1/2’1/4(Q) such
that

WL (vg, wi2) — Ay (vo, wi2) =0 in Q,
y1(vo, w1) (z,0) =0 inQ, (3.4

yl(vo,wlg) =7vp On 20, %(Uo,wls) = W1 ON 21,

%(“17 wae) — Aya(v1,w2.) =0 inQ,

y2(v1,wa.) (2,0) =0 inQ, (3.5)
%z’f (v, wae) =v1 onXg, Ya(vi,we.) = wa. on Xy,
H (v, w1.) — 1 <e and ly2(v1, wae) — vollL2(sy) < € (3.6)
L2(Zo)

Then we consider, for 61,60 € R : 6 + 2 = 1, the functional

0 0
Je(vo,v1) = 71”y1(7)07w16) — zall72(g) + 5 lya(v1, wae) — 2dl72(g)

No N1 3.7

||U0HL2 (20) T HU1||L2 (Zo)
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being interested in the control problem
inf {J. (v, v1) ; v = (vg,v1) € Upq} - (3.8)

The following result is then immediate.

Proposition 3.1 For all ¢ > 0, the control problem (3.8) admits a unique solution, the optimal
control u. = (o, , U1, ).

Remark 3.2 Here we opt for a control of the system (3.4)-(3.7)), in relation only to the control vec-
tor v = (vo,v1), without worrying about the selection of the sequence ((w1.), (w2.)).. Another
approach could be to foresee a hierarchical control, which would allow, beyond the control accord-
ing to the vector v = (vg,v1), to be interested in the question of the choice of ((wi.), (wac)).,
furthermore, (cf. Corollary[2.9), the terms of these sequences depend on vy and v;.

3.2 Convergence of the method

. : _ o 2
Let £ > 0. Due to the existence of the optimal control @ = (o, ,%1.) € Uag C (L*(X0))”, and
according to the results of the previous section, there exist

@1, B, € LX), 1. € HY?¥YQ) and 3o, € H/>Y4(Q)

such that

oy _ .
gjﬁ — Ay, =0 inQ,
71.(z,0) =0 inQ,
_ _ oy _
y1. = to. onYg, Zf==wy,, onXy,

% — Ao, =0 inQ,

ot
¥2.(x,0) =0 inQ,
02, - _ _
= =1y, onYy, ip. =Wz ony,
op. L
H 9 — U1, <é€ and ||y2€ — “OEHLQ(EO) <ég,
v L2(%o)

with, for all v € U,
Jg(a057 'L_Lle) < Jg('U(],'Ul) .

In particular
Jé(aogvalg) S JE(“’Ovul) b (39)

where u = (ug, u1) is the optimal solution of (3.1)-(3.3). We have in fact that J.(ug, u1) is inde-
pendent of €. Indeed, let (w{ E)E and (UJ; E)E be the constant sequences defined by

. Oy

wip=5"| €L} and  wi =yls, € (%),

PN

So we have
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T (uo, w{e) = yj. = y verifies

oy .
5= —Ayi. =0 inQ,

yi.(z,0) =0 inQ,
Oy3. *

Yi. =uo ong, —5==wj, Ond,

 yo(wr, w3, ) = y5. =y verifies

ay; . .
gﬁf —Ay;.=0 inQ,
Y5.(2,0) =0 in{Q,

5.5 =wu1 onXg, Y =w;. ony,

with

*
—= = uy and Ys. |8, = Uo-
al/ Yo 28‘ 0

Consequently,

Je(uo, ur) = EHyu — zallF2(g) + 5”:935 — zallF2(g) + 7”“0||%2(20) + 7”“1’\%2(20)

‘91 2 6)2 2 NO 2 Nl 2
= 5\@ — Zdllz2g) + EH?J = zdll12g) + 7”“0HL2(20) + 7||U1HL2(20)7

ie. Je(ug,ur) = J(u,y).

Thus (3.9) becomes
Je(a()E? ’ale) S Jg(’“‘O? ul) = J(”? y)?

and it follows that there exist constants C; € R* , independent of ¢, such that

191l 200) < C1, 92122 < Co,
o [I2(50) < O3, NUnllz2(sy) < Ca-
Then, we deduce that

» on the one hand, there exist i, @7 € L?(Xg) such that

{aos — 4 weaklyin L2(),

w1, — U; weaklyin L?(Xg),
« and on the other hand, there are §j;, 92 € L?(Q) such that

1. — i1 weakly in L?(Q),
Yo. — 3}2 weaklyinLQ(Q).

But then it follows that

oy
S — Ay, =0 in Q, .
Y1, (1"5 O) =0 n Qv and w, — on
ylaf,: uo, , on 20, ng 4
Y

=57 — 1l 2(ng) <€

tip  weakly in L?(Xy),
weakly in L?(Xg),
91 weakly in L?(Q)

(3.10)

(3.11)

(3.12)



THE ILL-POSED CAUCHY PROBLEM 83

imply
G —Ap =0 inQ,
j1(2,0) =0 inQ,
i1 =i, YL =i onY
Similarly, we get
%2~ Ajp=0 inQ,
Jo(2,0)=0 ing,
o =10, %2 =4da; onX.

Which gives §; = § = §2 is a solution of the Cauchy problem for inputs & = (g, 1 ), and therefore
J(u,y) < J(u,7) . (3.13)
So that, passing to the limit in (3.10)), we obtain
J(,9) < J(u,y). (3.14)
Finally, the uniqueness of the optimal solution (u, y) to (3.1)-(3.3), (3.13) and (3.14) leads to
J(0,9) < J(u,y) < J(@,9) = (@.9) = (uy).

Thereby we have just proved the following result.

Proposition 3.3 For all € > 0, the optimal control u. = (ug_,u1_), the solution of (3.8), is such
that (e, ye ) verifies

{ua — u weakly in (L(20))", (3.15)

ye — y weaklyin L*(Q),

where (u,y) is the optimal control-state pair of (3.1)-(3.3).

3.3 Approached optimality system

Let € > 0. Let us start recalling that, for the control 4. = (ug_,%1.) € Uaq, the optimal solution
of (3:8), there exist w1, Wy, € L*(X1), 1. € H*?3/4(Q) and g5, € H'/*>'4(Q), such that

We _Ag, =0 inQ,
1. (2,0) =0 in, (3.16)

_ O _
Y1, =up, onp, 5= =wy, ony,

oy _ .
gie —Agy. =0 inQ,

o (2,0) =0 inQ, (3.17)
ag%:ﬂls on X, Yo, = Wo_ ON >,
.
H aylf _ <e and  |[ga. — .|l L2(s,) < & (3.18)
v L2(%o)
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So let v = (vg, v1) € Uyg and X € R*, we easily obtain that

d
—~Je (o, + A (vo — 1o,) , U1,) = 01(91. — 2a, P1.) 12(Q) + No(To., vo — To. ) r2(ny) (3:19)

dA A=0
and
d _ _
an(uog, Ui, + A(v1 — u1.)) = 02(Y2. — 2d, P2:)2(Q) + N1(U1., v1 — U1, ) 2(ny), (3.20)
A=0
noting that
¢1c = y1(vo — to., w1.) —y1(0,w1.)  and o, = ya(v1 — Ur., Wa.) — y2(0, W2,)

are respective solutions of

%1: A¢gi.=0 inQ,
¢1.(2,0) =0 inQ, 3.21)
1. = Vo — Up, ON X, %:O on X1,

and 5
gia - A¢2€ =0 in Qa
$2.(2,0) =0 inQ, (3.22)
8¢26 _

W—Ul_alg on X, (2528:0 on Y.

So, with the first-order Euler-Lagrange conditions, we obtain that the optimal control . is the
unique element of U, satisfying, for all v = (vg, v1) € Uyg,

01(91. — 24 P1:)12(Q) + No(tio,, vo — o, ) r2(5) =0, (3.23)
02(Y2. — zds P22)12(@) + N1(U1.,v1 — U1, )r2(zy) 2 0.
Then, let us introduce the adjunct states p;. and ps, respectively defined by
— e — Api. =01 (Jr. — 24) InQ,
pi(x,T)=0 inQ, (3.24)
p1. =0 on3X, 8515 =0 onXy,
and o
P22 — Apo. =02 (J2. — 24) inQ,
p2:(z,T) =0 in, (3.25)
ast _

o =0 onYy, p2.=0 onj.
So we get, from (3.21)) and (3.24)), that

) ap1. op1. i
91(y15 - zda ¢18)L2(Q) = (_ gl]; B Apla’ ¢18> LQ(Q) - < gli ’UO B UOE>L2(E ) ’
0

and from (3.22) and (3.23), that

_ 0 _
92(925 — Zd, ¢2E)L2(Q) = ( P2 , ¢25> 2@ - (Ap257 ¢28)L2(Q) = (p2€7 V1 — ule)LQ(Eo)'
L*(Q
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Which gives that the optimality condition (3.23)) is rewritten: Yv = (vg, v1) € Ugg,

Y

Notug. — €,U0 — U ) 0,
( € ov € L2 (Z())

(3.26)
(P2 + N1t v1 — U1, )r2(sy) = 0.

Hence the following theorem characterizes the approached optimal control u. = (ug_, U1, ).

Theorem 3.4 Let ¢ > 0. The control u. = (ug_,u1,) is the unique solution to (3.8) if and only if
there exist

U_]157U_j2£ e L2(21)7 gle e H3/2’3/4(Q) ) g2s e Hl/271/4(Q) and p167p26 e L2(Q>7

such that the quadruplet {(to_, w1, ) , (01, W2, ), (Y1.,Y2.) , (P12, P2:)} is the solution of the singu-
lar optimality system defined by systems

6y15 — Ay, =0 inQ,
71.(z,0) =0 inQ, (3.27)

_ _ aﬂl _
Y1, =Uo, ondy, 5= =wi, ondy,

We _ Ay, =0 inQ,

Y2.(2,0) =0 inQ, (3.28)
Wee —wy, onXo, P =ws, oni,
8p1€ —Ap1. =01 (h1. — za) inQ,
pi(x, T)=0 inQ, (3.29)
1. =0 on X, aplf—O on X1,
6p25 — Apy. =03 (Yo, — 2q) inQ,
po.(x,T) =0 in{, (3.30)
8512/6 =0 ondy, p.=0 ony,
with the estimates
P
H ayle — . <e and |2 — aOEHL2(EO) <eg, 3.31)
v L?(3)

and the variational inequalities system: ¥ v = (vg,v1) € Uyq,

Y

)

Nodin — 8p15’v — 0

( 0%0. ov 0 OE)LQ(ZO) (3.32)
(p25 +N1’17,15,1}1 —’L_ng)Lg(ZO) Z 0

3.4 Singular optimality system

From the results of Section[3.2] we have

g, — ug weakly in L?(%), and y1. — y weakly in H3/23/4 (Q),
n
i, — w1 weakly in L2(3), Jo. —y weakly in HY/2V4(Q),
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where (u, y) is the optimal control-state pair of (3.1)-(3.3).

Then it follows from the fact that the mixed Dirichlet-Neumann problems (3.29) and (3.30)) are
well-posed, there exist
p1,p2 € L*(Q), (3.33)

such that

(3.34)

pi. — p1 weakly in L?(Q),
p2. —> pa weakly in L2(Q).

Thereby, the singular optimality system for the optimal solution (u, y) of (3.1)-(3.3)), is as spec-
ified by the following theorem.

Theorem 3.5 The control-state pair (u,y) is the unique solution of (3.1)-(3.3) if and only if there
exists

p=(p,p) € (L3@Q))°, (3.35)

such that the triple {u,y, p} is the solution of the singular optimality system defined by systems

% —Ay=0 inQ,
y(z,0) =0 inQ, (3.36)
Y = up, % =u; on Xy,

~O Apy =01 (y—za) inQ,
p1(z,T) =0 inQ, (3.37)
p1 =0 on X, I _ on X,

v

2 Apy =0y (y—24) inQ,

p2(z,T) =0 inQ, (3.38)
%2 =0 on¥y, pp=0 on¥y,

and the variational inequalities system

Vo= (U(), 1)1) € Uad,
_9p1
<N0uo o V0 uO)LQ(Eo) 20, (3.39)
(p2 + Niug,v1 — ul)LQ(ZO) > 0.

Proof. Indeed, we have, from (3.29)), that

0 .
- gia —Ap1. =01 (J1. —2q) inQ,

implies, for all ¢ € D(Q),

0
(- gis — Api, 90> = 01(V1. — 24, P)12(Q)>
L2(Q)
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which is equivalent to

_ Ip1.
01(91. — 2za,0)12(Q) = — < gi AP) ‘@ — (Ap1., 0)12(Q)
L

6g0> Op1. Op
= | Pley =7 - (pl 7A90) 2 - < , P + Pley 7 )
< g 815 LQ(Q) g L (Q) 87/ LQ(EO) £ ay 12 (Zl)

s0, by passing to the limit, we obtain

dp Oy
01(y — 24, 9) 12(Q) = (pl, > — (p1, A@)2() — ( e + (pl, )
@ ot J r2q) @) sy W) ra(sy)

= (—8])1 —Ap @) - (p1 &p> + (apl w)
8t ’ LQ(Q) ’ al/ LQ(EO) 8V ’ LQ(El) ’

This last equality is valid for all ¢ € D(Q), then it follows that

~ %L~ Ap1=01(y—za) inQ,
pi(z,T) =0 inQQ, (3.40)

pr =0 onXy, %:0 onX.

Similarly, we get from (3.30),

—2 — Apy =02 (y—2a) inQ,
po(x,T) =0 inQ, (3.41)
%:0 on gy, p2 =0 on;.

14

Finally, we still easily pass to the limit in (3.32) to obtain that, Vv = (vg, v1) € Uyd,

Noug — 22 vg — ) > 0,
( ouo ov » V0 Uo LQ(ZO) - (342)
(p2 + Niug,v1 —u1)r2sy) >0

Which ends up proving the announced characterization of the optimal pair (u, y). O

Remark 3.6 As we indicated earlier, the present analysis addresses the question of the control of
the Cauchy problem without using any other assumptions than the sufficient ones of non-vacuity,
convexity and closure of the sets of admissible controls. The density results obtained by the inter-
pretation made of the initial problem is enough to achieve convergence of the process.
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