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Abstract. In this paper we prove the existence of a renormalized solution for a nonlinear elliptic
system of the type

—div(A(z,v) ]Vu|p(x)_2 Vu) + Hy(z,u, Vu) = p in Q,
— le(B(ﬂj7 ’U) |V/U‘p($)*2 VU) 4 H2(£U7 v, v,u) — ,Y|vu‘qo(:v) in Q,

where 2 is a bounded open subset of RV, N > 2,2 — & < p(z) < N, p is a diffuse measure,
A(z, s) and H;(z, s, &) are Carathéodory functions. The function B(z, s) blows up (uniformly with

respect to ) as s — m~ (with m > 0), ~y is a positive constant and go(x) € [1, %)
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1 Introduction

This paper is devoted to the study of the following nonlinear elliptic system

— div(A(z,v) |Vu|P@)—2 Vu) + Hy(z,u, Vu) = p in Q,
— div(B(z,v) |Vo[P@) =2 V) + Hy(z, v, Vv) = 7|Vu|®@ inQ, (1.1)
u=0,v=0 on {2,

where () is a bounded open subset of RV, N > 2 and p: Q — [1,+00) is a continuous function
which for all z, y € Q such that |z — y| < 1 satisfies the estimate

1
< —
—log |z — y|

Letp™ = ]nninmeﬁp(a:),p+ = max, g p(z) and forevery x € Qlet 2—% <p <p(z) <pt <N.
The function go: 2 — [1, +00) is continuous and such that 1 < gg(z) < % for every z € Q.
Let A: Q x R — R™ be a Carathéodory function such that

0<a<Az,s) (1.2)
for almost every x in €2, for every s € R, where « is a positive constant. Moreover, assume that
A€ L>®(Q x (—k,k)) for every k > 0. (1.3)
Let B: Q X ( — 0oo,m) — R* be a Carathéodory function such that
B <7 (s) < B(x, ) (1.4)

for almost every x in 2, for every s € ( — oo, m), where m and (3 are two positive real numbers and
b is an increasing function of C°(( — oo, m)) such that

lim b(s) = 400, /m b(s)ds < 400 and B € L>®(2 x (— oo,m)). (1.5)
0

s—m~ bp(x)— 1

Fori=1,2let H;: Q x RxRY — R be Carathéodory functions satisfying the following conditions:
for any k > 0 there exists h; ; € L'(£2) such that

|Hi(2,5,€)] < Ni(hig(x) + [€P®) forall [s| < k with \; > 0, (1.6)

Hi(z,s,§)s >0 (1.7)

for almost every = € (2 and for every s € R, £ € R, As regards the measure ;i we assume that
e Mo(Q). (1.8)

We study problem (1.1) in the presence of diffuse measure data . By Theorem 2.1 of [11] there
exist f € L'(Q) and F € (LP)(2))N such that

p=f—div(F). (1.9)
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The motivation for studying the above problem comes from the applications in physical settings for
which the internal variable v is constrained to remain always smaller than m. (The interested reader
may refer to the papers [22, 23] on constrained internal variables, see also [25, 27].)

The study of problems with variable exponent is an interesting topic which has raised
many mathematical difficulties. The first difficulty in solving this system is defining the field
B(z,v)|Vo[P®)~2Vy on the subset {z € Q : v(z) = m}, since on this set B(x,v(x)) = +o0.
In addition, the fields A(x,u), Hi(x,u, Vu) and Ho(x,v, Vo) are not in D’(2) in general, since
(u,v) ¢ (L°°(£2))2. The second difficulty is represented here by the presence of the measure data .

To overcome these difficulties we use in this paper the framework of renormalized solutions.
This notion was introduced by P.-L. Lions and Di Perna [18] for the study of the Boltzmann equation.
A large number of papers were then devoted to the study of renormalized (or entropy) solutions of
elliptic and parabolic problems with rough data under various assumptions and in different contexts;
in addition to the references already mentioned see [1, 3, 4, 6, 13].

The aim of this paper is to extend our result established in [19] in which p(x) was constant and
H;(x,s,€) = 0as well as to extend our result from [20] in which H;(z, s, &) = |s|P(*)=2s.

This paper is organized as follows. Section 2 contains some properties of the Lebesgue and
Sobolev spaces with variable exponents. In Section 3 we give some notations and the definition of a
renormalized solution of problem (1.1). In Section 4 we establish the existence of such a solution.

2 Preliminaries

As the exponent p(x) appearing in (1.1) depends on the variable x, we must work with the Lebesgue
and Sobolev spaces with variable exponents. Let €2 be a bounded open subset of RY (IV > 2). Set

CH(Q)={peC(Q):p(x) > 1forany z € Q}.
For every p € C*(Q) we define
p~ =min{p(z) : z € Q} and  pT = max{p(x):x € Q}.

For a fixed p € C*(Q) we define the variable exponent Lebesgue space by
LPY@Q) = {u : Q — R : u is measurable and/ |u(z)[P@) dz < +oo}.
Q

The space LP() () endowed with the norm

||qu(.) = inf{)\ >0: /
Q

is a uniformly convex (and therefore reflexive) Banach space. By L¥'0) (€2) we denote the conjugate

space of LP()(€2), where ﬁ + ﬁ =1.

u(z) p(z)

A

d:cgl}
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Proposition 2.1 (Generalized Holder inequality, see [21, 35])

(i) For any functions u € LPV)(Q) and v € L’ )(Q) we have

1
/ uv dx
Q

1
< Z?—’_Z? el py 101y

(i) For all p1,ps € CH(Q) such that pi(-) < pa(-) a.e. in Q, we have LP*0)(Q) — LP1()(Q)
and the embedding is continuous.

Proposition 2.2 (see [21, 35]) For every u € 0 (Q) let

o) = [ Jul® .
Q
Then, the following assertions hold:
@ lullpy <1 (resp. = 1;> 1) & p(u) <1 (resp. = 1;> 1),
(i) we have the following implications
- +
lllyy > 1= sy < plu) < Jluly),
+ —
lllyy < 1=l < plu) < Jlul?,
(i) [|ullpy — 0 (resp. — +00) < p(u) — 0 (resp. — +00).
Now, we define the variable exponent Sobolev space. We set
whrO(Q) = {u e LPO(Q) : |Vu| € LPO(Q))
and consider it with the norm
el pgy = lullpy + 1 Vullye) foru € WHH(Q).
By I/VO1 2() (Q) we denote the closure of C5°(Q) in W) (), and we define the Sobolev exponent

by p*(x) = ]\][Vflgg) with p(z) < N.

Proposition 2.3 (see [21, 24])

(i) Assuming that 1 < p~ < pT < 400, the spaces WHP)(Q) and Wol’p(’)(Q) are separable
and reflexive Banach spaces.

(ii) Ifq € C () and q(x) < p*(x) for any x € ), then the embedding Wol’p(')(Q) e LIO)(Q)

is continuous and compact.
(iii) Poincaré inequality: there exists a constant C1 > 0 such that
lullpy < ClIVullpy foreveryu € Wol’p(')(Q).
(iv) Sobolev—Poincaré inequality: there exists a constant Co > 0 such that

Hqu*(_) < CQHVUHP(.) for every u € Wol’p(')(Q).

Remark 2.4 By (iii) of Proposition 2.3, we deduce that the norms ||Vul .y and ||ul|; p.) are
equivalent in Wol’p(') (Q).
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3 Some notation and the definition of a renormalized solution

The following notation will be used throughout the paper. For every k& > 0 by Tj(s) =
min(k, max(s, —k)) we denote the truncation function at level k. For every n > 1 and every
0 > 0 we also introduce the functions as follows

On(s) = Tny1(s) = Tuls),  ha(s) =1—0n(s)], 3.1
—n, ifs < —n,
T;i_%(s) =1 s, if —=n<s<m-21 (3.2)
m — %, ifs>m— %,
and )
z5(s) = S(Tnt_é(s) — T;Z_%(s)). (3.3)

We now give the definition of a renormalized solution of problem (1.1).

Definition 3.1 A couple (u,v) is said to be a renormalized solution of system (1.1) if the following
conditions hold:

(Th(u), Ti(v)) € (Wo ™' (92))? for every k > 0, (3.4)
0<v<ma.e in{), 3.5
(Hl(.’IJ,U, VU),H2($,U,VU)) € (Ll(Q))zv (36)
B(z,0)VI}(v)X (o< pem € (LPOD Q)N for every k > 0, 3.7
lim Az, v)|[Vul[P® dz = 0, (3.8)
S0 Js<|ul<s+1}

lim E / B(z,v)|VolP™® dz = ’y/ [Vu|®®) dz, (3.9)

§—0 9 {m—25<v<m—¢} {v=m}

forany S € WH*°(R) such that supp(S) is compact we have

— div(A(z,v) [Vu[P@ =2 vy S(u)) + A(z,v) (VP2 TuvS(u)

3.10
+ Hy(x,u, Vu)S(u) = fS(u) — div(FS(u)) + FVS(u) in D'(Q), G-10)
and for any h € W% (R) such that supp(h) C [0, m) we have
. x)—2 x
— div(h(v)B(z,v) Vo™ 2 Vox o, ) + B (@) Bz, 0)[VolP@x G

+ Hy(z,v, Vo)h(v) = 7|Vu|®@ h(v) in D'(Q).
Remark 3.2

(1) Note that, in view of (3.4)—(3.7), all terms in (3.10)—(3.11) are well-defined.
(ii) If we assume that fom b(s) ds = 400, then it is easy to construct a solution v which is strictly
less than m almost everywhere in , that is, meas{v = m} = 0 (see [29] and [34]).

In the case when [ b(s) ds < 400, in general the measure of the set {x € Q : v(x) = m} is
not equal to 0.
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4 Existence of a renormalized solution

Theorem 4.1 Assume that the assumptions (1.2)—(1.6) hold true. Then, there exists a renormalized
solution to problem (1.1) in the sense of Definition 3.1.

Proof. The proof is divided into five steps. In Step 1, we introduce an approximate problem of (1.1).
Step 2 is devoted to establishing a few a priori estimates. In this step we also prove that (u, v) satisfies
(3.4) and (3.5) of Definition 3.1. Step 3 and Step 4 are devoted to proving the monotonicity estimate
and the strong LP(*) (Q) convergence of VT},(u") and of VT},(v™) as n tends to +00. At last, Step 5
is devoted to proving the strong L' () convergence of H}(x,u", Vu™) and of HY(z,v"™, Vo™). We
also prove that (u, v) satisfies (3.6)—(3.11).

Step 1 Let us introduce the following regularization of the data: for a fixed n > 1 let

Ap(z,s) = Az, T, (s)), 4.1)
Bn(z,s) = Bz, T _1(s)). (4.2)
Fori=1,2let

n _ HZ(LU, 575)
Hi (%575) - 1+ % |HZ'(£U,S,€)‘7 (43)
£ = T(f) and p™ = f* — div(F), 4.4)
bn(s) =b(T" 1(s)) and bn(s) = /S bn(z)dz. 4.5)

n 0

According to the hypotheses (1.2)—(1.6) for every s € R we have

a < Ap(z,5) < {ﬁgx}A(az, s) € L=(), (4.6)
B < W@=1(s) < By(z,s) and % e L®(Q x R). 4.7
b~

Let us now consider the following regularized problem
— div(Ap(z,v") |V P2 Vu") + HY (z,u”, Vu") = f* — div(F) in Q, (4.8)

— div(Bp(z,v"™) |Von @) =2 Vo) + Hy (z,0", Vo) = ~|Vu| @) in Q, 4.9)
u" = 0and v" =0 on 9f). (4.10)

As a consequence, proving the existence of a weak solution (u", v™) € (W) (€))2 of (4.8)(4.10)
such that v™ > 0 is an easy task; it suffices to apply the Schauder fixed theorem (see e.g. [26]).

Step 2 Now, we establish some a priori estimates. Taking T (u") as a test function in (4.8) gives
/ (An(ar, o) VTP 4 P (2,0, V) Ti () )
Q

4.11)
- / T (u™) da + / FVT,(u") da.
Q Q
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Using (1.7), (4.4) and the Young inequality, we deduce that
/ A, ™) [V T (™) P da
Q
< / (An(ar, o) [ VTP 4+ HY (2,0, Vur) Ti(u) )
Q

<

/ [T (u™) do + / FVT(u")dz
Q Q

< Kllf"llp ) +C /Q FP o+ 5 /Q VT (u™)) de
< kIl +0/Q @) 4+ ‘;/QWTk(un)yP(f) d.
Using (4.6) and (4.12), since f € L'(Q) and F € (L”")(Q))N, we deduce that
/Q VT (u)|P®) dz < kC.
Poincaré’s inequality and (4.13) lead to

kmeas{z € Q : [u"| >k} = | Ty (u™)| dz
{zeQ: |un|>k}
< [ i)
Q
< (2 ) I ()] oy (meas() + 1)7
S - p/f kU Lp(.)(Q) meas
< O[Tk (W) || oo ()

< Ok,
where C' does not depend on n and & and

pL = p-, if HVTk(un)H(LP(-)(Q))N > 1,
p+7 if HVTk(un)H(Lp(.)(Q))N <1

Then,
1

1—-L-

k™ m

meas{zr € Q : [u"| >k} <C

4.12)

(4.13)

4.14)

(4.15)

Taking now 0 (u™) as a test function in (4.8) and using the Young inequality and (1.2), we obtain

/ Ap(z,0™) VO, (u™)P@ da
Q
§/An(x,vn)\vek(u”)\p($) dx—l—/H?(x,u”,Vu")Hk(u”)dm
Q Q
< / F ™) da + / [FV6,(u™)| da
Q Q

< / |/ dz + C |F[P@® dg 4+ & / V05, (u™) ) da
{Jun|>k) {Jun|>k} 2 Ja

(4.16)
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and
2 / V0, (u™) P dz < / /" dz+C |F|P'®) dz. (4.17)
2 Jo {lun|>k} {lun|>k}
Using a classical argument (see e.g. [2]), for a subsequence still indexed by n from (4.15) and (4.17)
we deduce that

u™ — wa.e. in §, strongly in L") (Q) for any r(z) € [1, N(Mx)—l)) (4.18)
N —p(z)
u" — u weakly in WOI"I(')(Q) for any ¢(x) € [1, W) (4.19)
and
Ty (u™) — Ty (u) weakly in Wy (Q) (4.20)

for any k > 0, where w is a measurable function defined on €2 which is finite a.e. in €2. From (4.16)
and (4.18), since f € L'(Q) and F € (L”)(Q))V, we deduce that

lim lim Ap(z,v™)|Vu"P®) dz = 0. 4.21)
k——+o00 n—+00 {k§|u"\§k+1}

To obtain the analogue of (4.13), (4.15) and (4.17) with v™ in place of u", we use T} (v") and
01 (v™) as test functions in (4.9). Indeed,

/ (Ba(, o) VTN + H (2,07, Vo) Ti(07) ) da
Q

(4.22)
— [ IV ) do
Q
and
/ (Batr, o) V0L PO + HE (2,0, To")04(0") )
Q (4.23)
= ’y/ IVu"|©@)g, (v") da.
Q
It follows that (4.16) (since 1 < go(z) < YBEL) and (1.7) imply that
/ Bu(z, v™)|VT(0™) P@ dz < Cyk (4.24)
Q
and
| Buw ) 90" P do < O (425)
Q
uniformly with respect to n. Poincaré’s inequality and (4.23) lead to
1
meas{zx € Q : [v"]| >k} < Cy——=> (4.26)

k™ 2

where C does not depend on n and k, and

Py = p—, if ”VTk(’Un)”(Lp(.)(Q))N > 1,
p+7 if ||VTk(Un)||(Lp(.)(Q))N <1
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From (4.24) and (4.25) there exist a subsequence (still indexed by n) and a measurable positive
function v such that

V™ —» v a.e. in £, strongly in L") (Q) for any r(z) € {1, AWM) , (4.27)
N —p(x)
v — v weakly in Wol’q(')(ﬂ) for any ¢(x) € [1, W) (4.28)
and
Ti(v™) = Ty (v) weakly in Wo P (). (4.29)

The proof that v is less than or equal to m is an easy task. Indeed, using 7, (v™) — T;f (v™) as a test
function in (4.9), and by (4.7) and (4.17) we obtain

p3 <m — i) /Q V(T (") — T (™)) P de < Cym, (4.30)

where

e, ifb(m— 1) >,
ps= pt, ifb(m—1) <1

Then, in view of (1.5) and with the help of Poincaré’s inequality, we deduce that T, (v) =T, (v) = 0
a.e. in €2, that is,
0<v<m ae. in€. 4.31)

To obtain the analogue of (4.21) for v", we use (4.19) and (4.23). Indeed, for e(z) > 0 such that
qo(z) +e(z) < % and with the help of Holder’s inequality we deduce that

/ By (z,0™) |V, (v™)[P®) dz
Q

n1qo(x 40(I+€(1) i
<Al [Vu™| || qo()+6() |9k @ dx (4.32)
qp(z)+e(x)
<ac( [t ae) ™,
Q
where N
+et
D TE i ||6w(w M owprn <1,
_ < O (@)
PI= N s
L if||0k(v )H L 4e0) > 1.
8+ )

()
Since 6y, is a continuous and bounded function (||0 || o (r) = 1), from (4.28) we deduce that 6 (v™)

)+e()

(.
converges to 0 (v) strongly in L0 (€). Now, (4.31) implies that for all & > m we have
0r(v) = 0 a.e. in 2. From (4.32) we conclude that for all & > m,

lim By (z,v™)|Vo" @) dz = 0. (4.33)
e Jik<on |<k+1}
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Step 3 In this step we prove the strong convergence result for u™.

Lemma 4.2 For fixed k > 0 and l > m, we have

; nyp(x)—2 n p(z)—2
i Xz (VTR0 T0) — [9T() P2 VT )] ¢ s
X [VTi(u") — VTi(u)]dz =0
and
Xjocun <y VIR(W") — VTi(w) strongly in (LPO) ()N (4.35)
and N .
u" — u strongly in Wol’q(')(ﬂ) forany q(x) € [1, %) (4.36)
as n tends to +00.
Proof. From now onward we denote by ¢;(n), ¢ = 1,2,. .., various real-valued functions which

converge to 0 as n tends to infinity. Let ¢1(s) = sexp(v1s2), where 1 = (;‘—é)2 It is well-known
that for every s € R

A 1
Ah(s) = lerls)] = 5. (4.37)
For h > k > 0 we set
w™ = Ty, (u" — Th(u") + T(u") — Tk(u)).
When we use in (4.8) the test function ¢ (w™)h;(v™), it follows that for any I > m,
/ Ap(z,0™) [V P2 Vo (w™) V™ hy (V™) Az
Q
+ / Ap(2,0") |Vu" PO 72 Ty b (0™ Vo o1 (w™) da
Q
+ / Hi(z,u", Vu")pi(w")h(v") dx (4.38)
Q
= / fror(w™)hy(v"™) do + / F (w")Vw™hy(v™) da
Q Q
—I—/ Fhj(v™") Vo™ o1 (w™) dz.
Q
Choosing M = 4k + h, we have Vw"™ = 0 on the set {|u"|> M} and
H (z,u™, Vu")p1(w™)h(v™) > 0 on the set {|u"| > k}. Then,
[ Anl ) 9T () P2 9T () (0" Vi 0" da
Q
+ / Ap(2,0™) [V T (u™) PO =2 VT (u) By (v™) Vo' oy (w™) A
Q
+ / Hi (2, u", Va1 (w™) by (") dz (4.39)
{lun|<k}

§/Qf"gol(w”)hl(v")dx—i—/Qng’l(w")Vw”hl(v”)dx

+ / Fhy(v™")Vu" 1 (w") dz.
Q
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Now, let us study the first term in (4.39). We can rewrite it as follows:

Q)
u”|<k

+ / Ap (2, 0"y (0") |V Toag (W) PO 2 VT (u™) ) (w™) Vo™ dz.
{lun >k}
Since |u™ — T (u)| < 2k on {|u"| < k}, we infer that

/ A, 0™ (o) [V T () PO~ VT () (™) T (0 — Ti(ur)) da
{lum|<k} (4.41)
- /{ oy A [T P DT (0 VT0) — V()

For the second term on the right-hand side of (4.40), we take pi = u" — T}, (u"™) + T (u") —Tj(u).
Then,

/ Ap (2, 0™y (V™) [V Tag (u™) [P 2 O T (u™) i (™) Ve dae
{lum|>k}

A, 0"y (V™) [V g (u™)[PE) 2 0T (u™) i (W) Y} d

/{Iu”|>k}ﬁ{|p’f|§2k}
A (2, 0™y (0™) [V Ty (@) P2 U Ty (u™) i (0™ VT () de

/{k<|un<h}m{|p?|<zk}

+ / Ap (2, 0"y (v™) [V s (u) PO 72 VT (0™, (w™) V(0™ — Ti(w)) da
{Jun|>h}n{|pt <2k}

=— Ap (2, 0"y (0") |V Toag (W) [P =2 T (u™) ) (w™) VT (1) da
{k<lur|<R}IN{|p} | <2k}

= A (2, 0" by (") [V T (u™) P72 VT (u”) ) (w™) Vur" da

/{Iunl>h}ﬂ{|p?|<2k‘}
- A (2, 0" by (") [V Ty (u™) P72 VT (u™) g (W) VT (u) dae
{lu™|>h}N{|p}|<2k}
- / A, 0™ (o) [V Thy () PO VT (0 o (") VT (u) da
{k<|u™[}n{|pT <2k}

+ / Ap(z, 0"y (0™) |V Tar (™) P &, (w™) d.
{Jur|>h}n{|pl | <2k}

Since 1 < ¢ (w™) < ¢! (2k), we obtain
/ An(, 0™ (o) [V T3 () PO VT (u) ) (") Vo da
{lum >k}

4.42)
> — | (2Kk) /{ . Ap (2, 0™y (0™) [V T (0™ PO 7YV T (u)| da.
un| >
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Combining (4.40)—(4.42), we deduce that
[ Aalar s ) [ T () P DT ) () T
> [ Aua " ") TP VL) (o) V) = VI )] o @.43)
ACH [ A T @) [T 9T b

The sequence (A, (, Tiy1 (0™))hy (") [V Ty (u) [P 2 VT (u™)), is bounded in (LF'(®)(Q))N
and VT, (w)X {jun|>kp — 0in (LP())N. Then,

/Q A, Trer (") (") [V g ()P VT () X un gy o = e1(n), (4.44)
We conclude that
/Q A, 0" (o) [V Tag (™) P92 VT (u”) ) (") Vo da
> 1)+ [ A o) VT )P VT ) (449)
< [VTju(u") = VTii(u)] (w") da.
On the other hand, the term on the right-hand side of (4.45) can be written as
[ Aala o) VT ) P DT ) DT ) — VT ) () do
= / An(, 0" by (") ||V T (u™) PO 2 VT (") — [V T (u) P52 VT (u) | x
’ X VI (u") = VTk(w)]dh (") o (4.46)

+ /Q Ap (2, 0"y (0") |V T (u) PO =2 VT () VT (0™ 0y (T (u™) — Ty (w)) da

- / An(a, o™ (™) [V T () P2 ) (™) da
Q
According to (1.2) and using the fact that ¢} (0) = 1, for any [ > m we have

An (@, Ty (") by (V") [V T3 (w) [P 72 VT (u)) (Ti (u”) — Ti(w))
— A(z,v) VT3 (0) [P 2 VT, (u)

strongly in (L” () (Q))N. Since VT, (u") — VT (u) weakly in (LP' (*)(Q))N, we obtain
/ Az, 0™y (0™) [V T3 (u) P72 VT (w) VT (u™) ) (Ti (w™) — Tho(u)) dae
Q

4.47)
= / A(z,v) [VTi(w) P dz + ea(n).
Q

On the other hand, we have A, (z,v")h;(v™) |[VT;(u)P™ o) (w™) — A(z,v) [V (w)[P@.
Then,

/ A (@, 0"y (0") [V T (w) [P @) (w™) da = / Az, ) [VTp(w) ™ da + e3(n).  (4.48)
Q Q
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Combining (4.45)—(4.48), we obtain

/ A, 0" (0") [V T (u™) P72 Ty (u) ) (w) Vo™ dae
Q

> [ Aula o) VTP V) — (VTP V] 440
X [VTi(u") — VTi(u)]o) (w™) dz + e4(n).
We will now study the second term in (4.39). Using (1.3) and Hélder’s inequality we deduce that
] / A, o) [V T (@) P2 VT (u") iy (u™) o () da
Q (4.50)

< 01 (20) 1Al oo x (1), a0 I NV Tar (u™) [P | Lo @) I VR (V™) [ Lo ()

N

In order to prove that VA (v™) converges to zero strongly in (L) (Q))N as n tends to +o0, we use

(1.4) and (4.33). Then, for any [ > m we obtain

lim / V0, (v™)|P®) dz = 0. (4.51)
Q

n——+0o00
Using now (1.3), (4.50), (4.51), since |Vh;(v™)| = |[VO;(v™)| a.e. in Q (see (3.1)), for any [ > m we
have
lim | Ap(z,v™) | VT (™) PO "2 VT (u™) Vi (0" o1 (w™) dz = 0. (4.52)

n—-+o0o Q

We can pass now to the study of the third term in (4.39). By (1.2) and (1.6), we can write

| Hpeat Ve (") do
{lum|<k}

< [ [mde) + TP a0 (") da
{lun|<k} (4.53)

<h [ ) e (T (T ") - Tew)| do
{lun|<k}
2 [ A ) VTP o (07)]

Since hy ;(z) belongs to L}(Q) and |1 (Tox(Tx(u"™) — Tk (u)))| — 0 a.e. in  and weakly-* in
L*>(Q), we have

A1 /{|u"|<k} hy k() |1 (Tog (Tk(u") — T(w)))| dz = e5(n). (4.54)
The second term on the rigl:t-hand side of the above inequality (4.53) can be written as
[ Anta o) ") TP for )] da
— /Q Ap(z, 0™y (v™) [yv:rk(u"np(x)*? VT (u") — [V T () [P@ 2 VTk(u)] x
X [V (u") = VT (u)] o (w™)| dz (4.55)

+ /Q A, 0™V (6™) [V T (™) PO =2 VT ()Y T (1) |1 ()] die

" /Q Ap (2, 0™y (0™) [V T (u) P2 VT () [V T (0™) — VT (w)] |1 (w™)] da.
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As a consequence of the above convergence results, we can pass to the limit in (4.53) and (4.55) as n
tends to +oco. This for any k£ > 0 yields

‘/ Hi'(z,u", Vu")pr (w")hy (v") d
{lun(<k}

4.56

<2 [ Aale o) VTP VT ~ [V V] <

X [VTi(u") — VT (uw)] |1 (w™)] dz + eg(n).
From (4.39), (4.52) and (4.56), we have
/ Ap (0" (") [ IV T () P2 9T (") = [T () P72 VT )]
Q
/ n )‘ n
< VT = TTw)] (1 0) = 2 fr ()] ) da

4.57)

§/g)f”@l(w")hl(v")dxjt/glei(w”)hl(v”)Vw”dm

+ / Fhj(v™)Vu" 1 (w™) dz + e7(n).
Q

Now, let us study the terms on the right-hand side of (4.57). We have w" — Thy(u — Th(u))
weakly in Wol’p(r) (€2) and weakly-* in L>°(£2). So,

[ rerwn ) de = [ fior (Tastu = Tyfa) do -+ eslo) (4.5
and
| P Tutne de = [ P (T~ Th(0) VTl ~ () do -+ eo(n). (459)
Due to (4.33) and Hélder’s inequality for any [ > m we have

lim
n—-+o0o

/ FVIi(v")p1 (w") de
Q

(4.60)

n—-+4o0o

1
P5
< @12R)[|F[| Loy (v 1im </ Vo p(®) dx) =0,
(1< |<l+1}

where

ps = p~, iV | zeo @)y > 1,
p+a lf ||Vhl(vn)“(Lp(.)(Q))N S 1.

We are able to pass to the limit as n — o0 in the last inequality (4.57) and we obtain

lim sup / A, 0" hy (0™ [\VTk(u”)!p“”” VTi(u™) — [V T (u) [P 2 vw)] X
Q

n—-+o0o

X [VTi(u") — VT (u)] dz  (4.61)

<2 / Fior (Tog(u — T (w))) da + / Fl (T — T () V Tk (u — T (1)) dir.
Q Q
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Finally, we deal with the last term. Let us observe that if we take @1 (Tor(u™ — T (u™))) as a
test function in (4.8), we obtain

/ A, ") [V P02 Tl gl (Top (w0 = Ty (™)) Vg (u” = T, (u)) da
Q
+ /Q HI (2, 0™, V™) o1 (T (™ — Ty (™)) da 4.62)

= / fro1(Tog(u" — Th(u"))) dz + / Foy (Top(u™ = Th(u")))VTop(u" = Ty (u")) da.
Q Q

From relations (1.2) and (1.7), we obtain

N / [V P G (T (u” — Ty (u™))) d
{h<|un|<2k+h} (4.63)

< / P (T — Ty(u™))) da + / FVa o (Top (" — Ty (u™))) da.
o) {h§|u"\§2k+h}

Then, Young’s inequality enables us to get

/ FVu" @) (Top(u™ — Ty (u™))) dz
{h<|u™|<2k-+h}

<C / |F|P'@®) dg (4.64)
h<|un|<2k+h}

«

2 /{h<u"|<2k+h}

Therefore, from (4.63) we obtain

|V P (Tog (u” — Ty (w))) da

«

2 /{hélu"§2k+h}

= / fro1(Tor(u" = Ty (u™))) da + C |FP'®) da.
@ {h<[un]}

[Vum [P G (Top, (u — Ty (u"))) A
(4.65)

Using the fact that 4,0’1 > 1, we have
/Q [V T (u — T () P2 4 (T (u — T () da
<cC / IV T (. — Ty ()P da
Q

< Clim inf / IV T (u™ — Ty (u™))[P@) da (4.66)

n——+oo Q

n——+00

< C'liminf / IV T (u” — Ty (u™)) [P@ G (Top (u” — Ty (u™))) da

o n——+oo n—-+oo

< hmlnf/ fro1(Tog (u"™ — Th(u )))dx—i—Climinf/ |FIP'@) dg.
{h<lum}

As a consequence of the above convergence results, we can pass to the limit: first as n tends to +oco
and then as A tends to +o00; we obtain

IVaulP@ o (Top(u — Ty (w))) da = 0.

limsup/
h—+oo J {h<|u|<2k-+h}
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Hence,

lim FVTor(u — T (u) @) (Tor(u — Ty(w))) dz = 0.
h—+oo Jq

Therefore, by (4.61) letting h tend to 400, we deduce that

lim [ A, 0" (") |[VT() PO VT (") — VTP VT ()]
n o0 Q

X [VTi(u") — VT (u)]dz = 0.

By (1.2) we have

lim [ m") [T PO VT ") — (VT ()72 O T(w)| %

n /) 4.67)
X [VTk(un) — VTk(u)] dz = 0.
Then,
. ny|p(x)—2 ny p(z)—2
i Xy |IVTRIPE 7 VT ~ 9T Vi) ¢ (4.68)

X [VTi(u") — VI (u)]dz = 0.

To prove (4.35), we will use the following well-known inequalities, which hold for any two real
numbers a, b and p > 1:

|a_b’p7 lfpz 29

(alafP2=bpf ) a=b)>cd) |a—b? (4.69)
W, ifl < p < 2,

where c(p) = 227P whenp > 2and c¢(p) =p — 1 when 1 < p < 2.

Let XJ' = (hy(v™))7 VT},(w") and Y := (hy(v")) 7 VT (u). Then, we have

92-p* / |X,’§ _ Ykn‘p(r) da
{zeQ:p(z)>2}

</ (X 1R P=2 = Y Y P2 ) (X — V) da
{z€Q:p(z)>2}

< [ (P e ) (g - ) e 70
Q
< / P [ IV T P27 O T (") = (VT () P ()] x
Q
X [VT(u") — VT (u)] dz =: I(n).
Using (4.68), we obtain
Jim I(n) =0. (4.71)
Using (4.70) and (4.71), we obtain
lim X7 — VP da = 0. (4.72)

nHe0 J{zeQ p(z)>2}
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On the set where 2 — 3 < p(z) < 2, we employ (4.69) as follows:

/ 1 X7 - Y da
{z€Q: 2— 5 <p(z)<2}

Xeowum ‘Xn _ Yn|p(w) . . p(2)(2—p(2))
: /{xeﬂ-2_1<p(z)<2} R 7”(“)(2”(”” (‘Xk ’ + |Yk D 2 d
RO (xp) + )
Xeoeum ’Xn . Yn‘p(w) . . p(x)(2—p(=))
=1l I T e J
(‘Xk; |+ (% D (L ()N
j T
n_yn2 \° n_yn2 \° 4.73
S 2maX /QX{OSUn<l+1}‘Xk ;_};]E,‘Il /QX{OS'un<l+l}}Xk? ;_}I:I(Cx)‘ % ( )
(1xp] -+ vel) (Ixz] + v
p(z) 27217+ p(x) 272177
X max </ (}X;“ + ‘Yk”D dm) , </ (‘X,?l + ‘YkND dx>
Q Q
_ _p_ P, _ _pt .
< 2max{(p” = 1)~ T ()T, (7 — 1) F ()7 }x
p(z) 2_2p+ p(z) %
« max </ (1x¢] + 1)) d:r) (/ (1x¢] + 1)) dx)
Q Q
Since I(n) — 0 asn — +oc and (X}),, is bounded in (LP(*)(Q))V, by (4.73) we have
I XP -y P dz = 0. 474
n—1>I—E>O {IEQ:Q—%<Z)(Z)<2}‘ b kl ! ( )
Using (4.72) and (4.74) we deduce that
im /Q X7 — v [P de = 0. 4.75)

Because Y} := (hl(v”))ﬁVTk(u) — VT (u) strongly in (LPC)(Q))N (since I > m and hy(v) =
1 a.e. in 2) using (4.75), we have

(R (6™)) 75 VT3, (u™) — VT (u) strongly in (PO (2))V. (4.76)
Now, we can write
/Q Xioeunny [VTR(u™) P da < /ﬂ (™) |V T (™)) da. @.77)
Since X . npy VTR (WP = X oy 7o 1 (0™) [V T (u) P2, by (4.76) we have

X{o<on<i} |VTk(Un)‘p(x) — !VTk(u)\p(x) a.e. in Q;
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note that hy(v) = 1 for any [ > m. Now, using Fatou’s lemma and (4.77), for any [ > m we obtain
/Q ’VTk(qu(m) dr < lrigjrgof/gx{oqwz} |VTk(“n)|p(m) dzx

< limsup/ X{o<om <} |VTk(u")\p(z) dx
o Hosuns

n—-4o00

4.78)
< i ha(v™) [V T (u™) P d
< Jm (V") VT (u")] x
< [ VTP ds.
Q
Then, for all [ > m we have
Jdim | Xipcna VT (u™) P dz = /Q VT ()P da. (4.79)
Using Lieb’s lemma we obtain (4.35).
For (4.36) we can write
/|Vu”|q(z) dx
Q
- / V1) de + / Va7 da
{lun|<k} {lun>k} (4.80)

- / VT (u™)|9) da + / Va9 dg
Q {|lu™|>k}

:/ ’VTk(u”)rl(l’) X{ocun<i} d.iU—i—/ ‘VTk(un)IQ(a?) Xty dx+/ |vun|q(:r:) d.
. 0 {lu >k}

Let e(x) > 0 be such that ¢(x) + e(z) < Mjl_l). By Holder’s inequality and (4.18) we obtain

N
/ (Vu|?®) dz < O (meas {[u”| > k})"™, (4.81)
{lun>k}
where
et
— if meas {|u"| > k} > 1,
_ 7249 €
P6 = e '
m, 1fmeaS{|u"| > k} < 1.

Using (4.15), passing to the limit in (4.81) as n tends to 400 and as k tends to +o00, and since
u € Wol’q(')(Q), we deduce that

lim lim IVu"|?®) dz = 0. (4.82)

k—+o00 n—+o0 {un|>k}

To obtain the analogue of (4.81) we use (4.26) and the fact that Ty (u) € Wé’p(') (Q) C Wol’q(') (Q)
(when ¢(z) < p(z)); for all [ > m we have

lim | Xnoy [VTe™)|"™ do = 0. (4.83)
Q

n—-+0o00
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Using (4.36), (4.81), (4.82), (4.83) and passing to the limit in (4.80) as n tends to +o0, k tends to
400 and as [ tends to +o00, we obtain

lim / V" |9®) dg = / Va1 da. (4.84)
Using Lieb’s lemma we obtain (4.36). g

Step 4 In this step we prove the convergence result for v".

Lemma 4.3 For a fixed 0 < k < m, we have

lim [ Bp(x,Ti(0")) [yVTk(v“)W)—? VT (v") — [VT ()P 2 VT (v) | x

n=+00 Jo (4.85)
X [VTi(v") — VI (v)]dz = 0,
Ty (v") — Ty (v) strongly in Wol’p(')(Q) (4.86)
and N )
Vo —s Vo strongly in LYY)(Q) for any q(z) € [1, %) (4.87)
as n tends to +00.
Proof. In the sequel, we denote by €;(n),7 = 1,2, .. ., various real-valued functions which converge

to 0 as n tends to infinity. Let ¢o(s) = sexp(y2s?), where 2 = (5\723)2 It is well-known that for

every s € R we have
(4.88)

(see Lemma 1 in [14]). We set 2" = Ty, (v" — T, (v™) 4 Tj(v™) — Tj(v)), where h > k > 0. Now,
we use in (4.9) the test function ¢; (2™). It follows that

/Bn(a:,v")|Vv"]p(x)_2 Vv"gpé(z")Vzndx—i—/H;(a;,v",Vv")goQ(z”)dx

@ @ (4.89)

:7/ |V 2@ oo (27) daz.
Q

Choosing M = 4k + h, we have Vz" = 0 on the set {|[v"| > M } and HJ (z,v", Vu™)pa(2") > 0
on the set {|v"| > k}. Then,

/ Bu(a, Tas (")) [V Thg (u) P92 W Ty (v (27) V2" dr
Q

(4.90)
w ] e Ve de < [ [T () de,
{lvm|<k} Q
Using the same argument as in the last proof, we have
/ By (,v") [V Ty (v™) P72 VT (") 0y (") V2" dar
Q
n nyp(z)—2 n p(z)—2 “4.91)
> QBn(!E,Tk(U ) | IVTk(0"™)] VT (v") = [VTi(v)] VT (v)| %

X [VT1(v") — VTi(v)]p5(2") dz + €1(n).
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The second term on the left-hand side of (4.90) can be estimated as follows:

/ Hp (2, 0", Vo) o (") da
{on<k}

4.92
<2 [ B Do) VI PO 2T — VR Vo) -

X [VTg(v") = VTi(v)] |p2(2")| dz + ea(n).
Combining (4.90), (4.91) and (4.92), we obtain

[ Bl T VTP O L) — [V 9T 0)]
< [VTL(") — VTi(w)] <<,o'2<z”> -2 |¢2<z”>|) dr (4.93)
<o [ 19U i+ o).

We have 2" — Ty(v — T (v)) weakly in W, P (Q) and weakly-* in L>(Q) and u™ —> u
strongly in Wol’q(x)(Q) for any ¢(x) € [1, %) Then,

/ A VU@ oy (27) dz = / V| 2@ o (T (v — Ti, (v))) da + e4(n). (4.94)
Q Q

We are able to pass to the limit as n — 400 in the last inequality (4.93) and we obtain

fimsup [ Bu(e, Te(o") [ VI 2 VI - VIS 9T4(0)]
Q

n—-+o0o

X [VT(v") = VI (v)] dz  (4.95)
<2y [ VU pa(Tan(o — Th(v)
Q
Therefore, by (4.95) letting h tend to infinity, we deduce (4.85), that is,

lim | Bu(z, Th(w")) [|v:rk(v")|p<w>*2 VT, (o) — |V T (0) [P 2 VTk(v)} X

n—-+00 Q

X [VT(v") — VI (v)]dz = 0.

According to (1.4), we obtain

lim “VT;C(U”)\”(””)_Q VT (0" — |V T (0)[P) 2 VTk(v)} X
Q

n—-+400

(4.96)
X [VTk(v”) - VTk(U)} dz = 0.

And then, we obtain (4.86).

For (4.87) let e(x) > 0 be such that g(x) + ¢(x) < %. By Holder’s inequality and (4.27)
we obtain
/ |Vv"\q(x) dr = / ]VU”|‘1($) dz + / |an|q(z) dx
Q {lv|<k} {lv>k} (4.97)
< / V(™)@ de + C(meas {[v"] > k})
Q
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where
et
. if meas {|v"| > k} > 1,
pr = q 8_6
pra— if meas {|v"| > k} < 1.

Using (4.26), (4.86) and passing to the limit in (4.97) as n tends to +o0o and as k tends to +o00, and
since v € Wol’q(’)(Q), we obtain

lim lim /|Vv”]q(x) dz
Q

k—+o0 n—+00

< lim lim U VT, (0™)] 7% dz + C (meas {|v"| > k})””
Q

k—+o0 n—+00

IN

lim lim /|VTk(v”)|q(I) dz
Q

k—+o0 n—+o00

lim / VT (o))" d
Q

k——+o0

- 1 (z)
= lim /Q|Vv|q X o<y 47

k—+o0

:/ IVol1®) dz.
Q

lim / Vo1 4z < / V|1 dz. (4.98)
Q Q

n—-+o00

IN

Then,

Using Fatou’s and Lieb’s lemmas we obtain (4.87). ]

Step 5 In this step, u and v are shown to satisfy (3.6)—(3.11). To obtain such a result, we need the
following lemma.

Lemma 4.4 We have

H (x,u™, Vu") — Hy(x,u, Vu) strongly in L' (Q) (4.99)
and

HY(z,v"™, Vo) — Hy(x, v, Vv) strongly in L' (), (4.100)

as n tends to +oo.

Proof. We choose 0 (u™) as a test function in (4.8) and ), (v"™) as a test function in (4.9). Using
(4.16) and (4.23), we deduce that

/ HP (z,u", Vu™) 0y (u") dz g/ yf"|da:+c/ |FP'@) da (4.101)
Q { {

lun|>k} lun|>k}

and

/ HY (2, 0™, V)0, (v™) dz < 7/ [Vu"| @) dg. (4.102)
Q {|lv"|>k}
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Using (4.15), (4.19) and (4.31) we infer that for every n > 0 there exist k1(n) > 0 and k2(n) > 0
such that

/ H 2,0, V)0 (u") do < 2 (4.103)
{lun[>k1 ()} 2
and
/ HP (2, 0", Vo™)oj,(v") do < . (4.104)
(o |>k2(n)} 2
On the other hand, for any measurable subset £ C €2 and for all [ > m, we have
/ |H{' (z,u", Vu™)|dx
E
<\ /E o (U@l VP ) do
N{lu|<k1(n)} (4.105)
+ A\ / |Vu”|p(m)x{vn>l] dz
EN{|un|<ki(n)}
+/ |H (z,u", Vu"™)| da
{lun|>k1(n)}
and
/ |HY (z,0", Vo")| dx
E (4.106)
<% | (1hala)| + V") o+ | (w07, Vo) | da.
EN{|o"|<k2(n)} {lon[>ka(n)}
Thanks to (4.15), (4.19) and (4.31) there exist 81(n) > 0 and [2(n) > 0 such that
) (1) + 90" Py )
B{lun|<ki (n)} (4.107)
n
+ M / V" POy o, de < o
EN{lun <k () e 2
for meas(E) < p1(n), and
Mo / (lhos(@)| + [Vo"P@) de < 7 for meas(E) < Bo(n).  (4.108)
EN{on|<k2(n)} 2
Finally, by combining (4.103), (4.104), (4.105) and (4.106), (4.107), (4.108), we obtain
/ |H{' (z,u", Vu")|dz < n with meas(E) < 1(n) (4.109)
E
and
/ |Hy (z,v", Vo™)|dz < n with meas(E) < [a2(n). (4.110)
E

So, (H{'(z,u™, Vu™))y, and (HY(x,v", Vo™)), are equi-inegrable, and by Vitali’s theorem we
deduce (4.99) and (4.100). O
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Now, we are able to prove (3.8) and (3.9). For (3.8) we choose 0 (u™)hs(u")h;(v"™) as a test
function in (4.8) and we get

/ A, 0™) [V P2 TV O (u g (6™ g (0 di
Q
+ / Ap (2, 0™) [V PO =2 Tu Vg (v hs (u™) 0, (u™) da
Q

+ / Ap (2, 0™) [V PO =2 TV h (u™ )by (0™) 0, (u™) da
4.111)
/H1 x,u”, Vu')0r(u" ) hy (") hs(u™) da

/ PO (™ B (™ hy (o) das + / PV, (™) b (uP )y (v™) da
—l—/QFVhl(v")hs(u”)Gk(u")dx+/ FVhs(u"™)hi(v")0(u") dz.

Q

Our aim is to pass to the limit in (4.111) when n tends to 400 and s tends to +0c0. We begin
with the study of the first term in (4.111). Using (4.35), for any [ > m we have

lim lim A (@, 0™) [V PO "2 Um0y, (u™ Y hy (V") he (u™) da

§——+00 n—-+400

= lim lim [/QAn(valH(vn))X{ogwng} IV T 1 (u™) P hy(0™) s (u™) da

s—+400 n—-+o00

—-/fA4n<x,77+1<v">>xko<vn<H4}|<77k<u">vﬂz>fn(v">h$<u">]<1x
Q (4.112)

S$——+00

= lim [ /Q A(x,0) | VTjp1 (0)[P@) hg(u) da — /Q Az, ) VT () P hy(u) da

B / A(2,0) [ VT (w) P dz _/ A(2,0) [ VT3 (uw) ™) da
& Q

:/ A(z,v) ]Vu|p(x) dz.
{k<|u|<k+1}

As regards the second term in (4.111), we can use (1.3) and Holder’s inequality to deduce that

Ap(z,0™) [Vu" P2 7" Ry (v hg (u™) O (u™) A
\l; (2. 0") [V (0" g (™) () -

< 2)| Al oo (x (@), @ YT @™ PO oo ey I VR (0™) | 1ot v+

Using now (1.3), (4.12), (4.51), (4.113), since |Vh;(v™)| = [V (v™)| a.e. in Q (see (3.1)), for any
[ > m we obtain

lim  lim [ Au(z,0") [ Ve PP 2 V0 Vi (") by (u™) 0, (u™) dz = 0. (4.114)

S§—+00 n—+00 QO
Now, let us study the third term in (4.111). According to the definition of hy, we have

’ / A, 0") [V PO~ Fun iy () hy (o™ 0 (™) dae
Q

(4.115)
< / Ay (z,0™) |V P®) dz
{s<|ur|<s+1}
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Using (4.21), we obtain

im  lim [ Au(z,0™) [ Ve PO 2 Vu Vhg (u™) hy (V™) 0, (u™) dz = 0. (4.116)

S$—+00 N——+00 Q

Let us pass to the study of the fourth term in (4.111). Since H{'(z,u™, Vu™) converges
to Hi(w,u,Vu) strongly in L'(2) and 0 (u")h;(v™)hs(u™) is bounded and converges to
O (u)hi(v)hs(u) a.e. in © as n tends to +00 and hg(u)h;(v) converges to 1 strongly as s tends to
400 and [ > m, we have

S$——+00 Nn—+00

lim  lim / H (@, 0™, V™) 0w s (0™ Yy (0™ d
Q
= lim /Hl(x,u,Vu)Gk(u)hl(v)hs(u)dx
s—=+oo [
4.117)
= lim Hy(z,u, Vu)0g(u)hs(u) de

s—+oo [

= / Hy(z,u, Vu)0i(u) dz.
Q

Now, we study the fifth term in (4.111). Recal that f™ converges to f strongly in L(2),
O (u")hy(v"™)hs(u™) is bounded and converges to O (u)h;(v)hs(u) a.e. in € as n tends to +oo and
hy(v)hs(u) converges to 1 strongly as s tends to +oc and [ > m. Moreover, f0x(u) € L1(9).
Therefore, we obtain

lim  lim / PO (™ (0" B (u) dar = / [0 (u)da. @.118)
Q Q

$—+00 n—-+00

As regards the sixth term in (4.111), we have

/Q FVO (") hy (o™ b (u) d

g/ |F| V85 (u™)| da. .119)
Q
According to (4.16) and (4.17), for any [ > m we obtain

lim lim lim FN0;(u")h(v")hs(u") dz = 0. (4.120)

k—+o00 s—+00 n—+400 Q

Finally, we study the seventh term in (4.111). Due to (4.21), (4.33) and to Holder’s inequality
for any [ > m we have

SEToonEI—Poo /QFVhl(v Yhs(u™)0r(u"™) dz
N (4.121)
< 2||F|| (gt lim lim / Vo P d:z) )
1l oo oy HmHm( gz
and
lim i FVhg(u™)hy(0™) 05 (u™) d
i i | [ POhGO0) d
(4.122)

1
< 2K||F|| (o @n lim_ lim ( / V" [P@) dx> " _o,
{s<[un|<s+1}

s—+00 n—-+00
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where
pg = p~, i [[Vhs(u™)[l (o0 @y~ > 1,
p+, if ||Vh8(un)||(Lp(.)(Q))N <1.
As a consequence of the above convergence results, we can pass to the limit in (4.111) as & tends to
+o00 and we obtain

k—4o00

lim [/ A(z,v) |Vu\p(x) dz +/ Hy(z,u, Vu)0i(u) dz
{k<|u|<k+1} Q (4.123)

= lim /f@k(u)d:n.
Q

k—4o00

Then,

lim Az, v)|[VulP™® dz = 0. (4.124)
k=400 J k< |u|<k+1}

For (3.9) we choose z5(v") = $(T;F_s(v™) — TF_,5(v™)) as a test function in (4.9). We obtain

1
5/ Bn(x,v")Vv”|p(x)2VU”V25(U”)dx+/HS(JE,U”,VU”)Zg(v")dx
Q Q

= 7/ VU @) 25 (v™) du.
Q

Therefore,
1
5/ By (z,0") |V [P@ dx—l—/Hg(a;,v”,Vv")z(g(v")dx
{m—25<vn<m—6} Q (4.125)
:’y/ VU @) 25 (v™) d.
Q
Since
1 n n|p(x)
5 By (z,v") | V" P dx
{m—25<v®<m—4} (4.126)

1
— 5[ /Q By (2, v")| VT _s(w™)|P™) da — /Q By (2, 0")| VT (0™ da:],

according to (4.86), for a fixed § > 0 we can pass to the limit in (4.126) as n tends to +o0o. We get
; 1 n np(x)
lim — By (z,v") |Vo" [P dx

n—r+o0 § {m—26<vn<m—6&}

1

= 5 |:/ B(x, U)‘VT;;_(S(U”P(&U) dz — / Bz, U)‘VT:;_Q(S(U)V)(:):) dx] (4.127)
@ Q

= 1/ B(z,v) Vo’ dz.
0 {m—26<v<m—d}

Using (4.27), (4.87), (4.100) and the fact that zs(v"™) is bounded and converges to zs(v) a.e. in
and zs(v) converges to 0 strongly as § tends to 0, we have

lim lim /H;‘(w,v”,VU”)z(;(v”)da::O. (4.128)
Q

6—0n—+oo
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Due to (4.36), we obtain

lim lim 'y/ VU™ 2@ 25 (v™) da
Q

6—0n—-+oo

~ limny / V| 25 (v) da 4.129)
60—0 Q

= ’y/ [Vu|®®) dz.
{v=m}

Passing to the limit in (4.125) first as n tends to oo and then as ¢ tends to 0, and using (4.127),
(4.128), (4.129) shows that v satisfies (3.9).

In this part we prove that u satisfies (3.10). Let S be a function in W1°°(R) such that S has
a compact support. Let k be a positive real number such that supp(S) C [k, k|. Pointwise
multiplication of the approximate equation (4.8) by S(u™)h;(v™) for any I > m leads to

— div(4p(z, 0" |V P2 VS () hy(v™))
+ A (2, 0™) [Vu PO 2 Vum V(S (u™) hy (V™)) + HP (2, u™, V™) S (u™)hy(v™) - (4.130)
= f"S(u")hy(v™) — div(FS(u™)hy(v™)) + FV(S(u™)h(v™)) in D'(Q).

Our aim is now to pass to the limit as n tends to +o0 in each term of (4.130). Since supp(S) C
[—k, k] and supp(h;) C [—(I 4+ 1), L + 1], the functions ™ and v" can be replaced by T} (u™) and
Ti4+1(v™). The pointwise convergence of A, (x, Tj41(v™)) to A(x, Tj41(v)) and of S(u")h;(v™) to
S(u)hy(v), the uniform boundedness of A,,(z,7}+1(s)) with respect to 7 and the bounded character
of S(s)hy(s), the weak convergence of h;(v") to hy(v) in WP() () with hy(v) = 1 a.e. in © since
0 <v<mandl > m(see (4.29) and (4.31)), and finally the strong convergence of S(u") to S(u)
in wir() (€2) (see (4.35) and (4.36)) permit us to infer that

An(@, Tit (V)X g um sy VTR (@) PO 2 VT () S (™Y (0") weakly

(4.131)
converges t0 A(z, Tj41(v)) [ VT (w)[P@ 2 VT, (1) S (u)hy(v) in (LPH(Q))N,
A (@, T 1 (V")) X gocun <1y \VTk(u")|p(w)_2 VT (u™)V(S(u™)h(v")) weakly @132
converges to A(z, Tj41(v)) [ VT (w) [P 2 VT, (w) V(S (u)hy(v)) in L(2) '
and
H (z,u", Vu™) S (u")hy(v™) — Hy(x,u, Vu)S(u)hy(v) strongly in L(€), (4.133)

as n tends to +00; note that since 0 < v < m, for every [ > m we have hy(v) = 1 and Tj1(v) = v
a.e. in ). Now, for [ > m we have

Az, Ti1(0)) [V T (w) P2 VT (0) S (w) g (v) = Az, v) [VuPP "2 VuS(u) ae. in Q,
Az, Tr1 (v) VT () PO 2 VT (w) V(S (w) g (v) = Az, v) [VuPP 2 VuvS(u) ae. in Q

and
Hy(z,u, Vu)S(u)hi(v) = Hi(z,u, Vu)S(u) a.e. in Q.
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Since f” converges to f strongly in L' (Q) and F' € (LP'®*)(Q))", repeating the technique that lead
to (4.131) and (4.132), we deduce that for every [ > m

S (u™)hy(v™) — fS(u) strongly in L' (),
FS(u™)hy(v") — FS(u) strongly in (LP'®) ()", (4.134)
FV(S(u™hi(v"™)) — FV(S(u)) strongly in L' (),

as n tends to +00. As a consequence of the above convergence results, we can pass to the limit in
(4.130) as n tends to +o0, and then (3.10) follows.

In this part we prove that v satisfies (3.11). For that we need the following lemma.
Lemma 4.5 We have
By (z,0") [V T (v™) [P "2 VT, () = Uy, weakly in (L) (Q))N (4.135)

with Uy, = B(z, ) |V T (0)P@ 2 VT, (v) ace. in {x € Q : v(z) < m} and

B, (z, v”)?’(l-”) VT (v") — B(z,v) e VT (v)X {v<m) strongly in (LPE@ (Q)V, (4.136)

as n tends to +o0o.

Proof. For the proof of (4.135) see [20]. For (4.136) we have
Bo(z, Tn (V™) [V T (0™ [P@) = By (2, Ty (V™)) [V T (0™) [PE) =2 VT, (0 V T (07).
Using (4.35) of Lemma 4.2 and (4.135) of Lemma 4.5, we obtain
By (2, Ty (")) [V T (v™) P = U, VT, (v) weakly in L (), (4.137)
as n tends to +-o0o. Using (4.24) and the same technique as the one used in [20], we infer that
(By (i, 0™)) 7 VT (6™) — Yy weakly in (LP®(2))" as n tends to + oo, (4.138)

where )

Y = (B(z,v)) @ VT, (v) ae.in{zx € Q : 0 <v(x) <m}. (4.139)

Using (4.69), we can write
_pt
22 g / ‘Y;; - YmX{0§v<m} ’p(x) d.’E
{z€Q:p(x)>2}
< / (YJ% Y P@=2 _y, |y, POy {OSKm}) (Yo =YX jocpery) dz (4.140)
{zeQ:p(z)>2}
< /Q (YJ% Y P2 _ v |V, P02 X{O§v<m}) (Y2~ YiuX jpuemy ) dz =2 J (1),

We write

-2
J(n) = /Q Y7 P dz + /Q Vi P9 X gy ey A — /Q Y P72 Y Y X oy A

) (4.141)
—/Q\YmV’(@— Y YmX 0z ey -
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Using (4.137), we obtain

lim / Y2P@ dz = lim [ Ba(z,v")|VTh(0")P® dz
Q

:/UmVTm(v)dx.
Q
From (4.139), we have
/Q Vi P9 X gy oy A = /Q B(z,0)|VTn () Px .., do. (4.143)

—1 —1
Since By, (z,v™)?@) converges to B(x,v)?®) a.e. in 2 and weakly-* in L>°(Q2) (see [20]), in view
of (4.135) of Lemma 4.5, we deduce that

n—-+o00 X{O§v<m} dl’

lim /Q lyp@-2yry,

1
= lim [ Bu(z,v")7@ |V, (0")|P@ 2T, (v™) Y,

n—-+00 Q

X{O§v<m} dx

—1

= lim [ Bu(z,v")?® B, (x,v")|VT, ") P2V, ("),

n—-+4o0o

dz  (4.144)

X{OSv<m}

1

Q
= / B(JI,’U)%(B(l',’U))P(I) Umva(v)X{0<v<m} dx
o <

_ /Q B(x,) VT (0)P@ x.., da.

Due to (4.138) we have

. —2
Jim /Q Vo P72 Y Y X oy A = /Q VP X gy A

(4.145)
_ /Q B(x, 0)|VTn(0) @ x .. da.

As a consequence of the above convergence results, we can pass to the limit in (4.141) as n tends to
—+00 and to conclude that

lim J(n)

n—-+o0o

= /Q UnVTn(v)de + /Q B(2,0) VT (0) X ooy d (4.146)

- /Q B(x,) [V (0) " Xy d — /Q B(,0) VT (0) P x e,y d = 0.
Then, using (4.140) we have

lim Y — Yo ") de = 0. (4.147)

m X o<v<m
=400 /(1€ p(z)>2} fosvem
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On the set where 2 — 3 < p(z) < 2, we employ (4.69) as follows:

p(z)
/{QJEQ .91 <p($)<2} ‘YJLL - YmX{Ogv<m} ‘ dl’
4N

p(z)
< }Y'rz B YmX{0§n<m} %
T J{we:2- L <p(a)<2} p@)Cp()
A (T R AP
M
n
x <|Ym\ + }me{0§v<m}|> da
n p(z)

< 2 ‘Ym - YmX{0§v<m}| o
o p(z)(2—p(z))

2

(}Y/ﬁ‘| + Y X o<ocm D (L ()

p(z)(2—p(z))
2

< ([ (1] + Yonx ocoem|

(L= ()N

Y, — Yo, 2

< 2max /
@ (\Ym”} + |V

X{O§v<m}

>2—p(w)

dx ,

X{O§v<7n}
(4.148)

p+
2

/ ‘Ymn — Frtioin) ’2 dx X
Q " 2—p(z)
<|Ym’ + }me{ogvon} D

p(z) #
X max </Q(\Yn2\+\ymx{o<u<m}\) dx) ,

2—p

(/Q (‘Yfz} + ‘YmX{OS’U<m} ‘)p(ﬂc) d:c> ’
p+ }X
2

< Qmax{(pf - 1)7%@7(”))%7 (p” —1)" 2 (J(n))

(2)
X max < (‘Yn"l‘ + ‘YmX{OSKm}me dx) ’ ,

o

+

S~

Q

n p(x) =
L (W21 Y ])™ do
Since J(n) — 0 as n — 400 and (Y;?),, is bounded in (LP(*)(02))V, by (4.148) we obtain

lim Y™ — Y, x P(*) 40 — 0. (4.149)
n—-+0o {IEQ:27%<p(x)<2}‘ m m {0§U<m}|

Using (4.147) and (4.149), we deduce that

lim / ‘Ym" — me{o<v<m} ’p(r) dz = 0. (4.150)
0 <

n—-+o0o
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Then,

p(z)

lim / ‘Bn(x,v”)ﬁVTm(U”) — B(=, v)ﬁVTm(v)x{MKm} dz =0. (4.151)
0 <

n—-+00

This proves (4.136). g

Now, let i in Wh*(R) be such that supp(h) C [k, k], where k < m. The pointwise
multiplication of the approximate equation (4.9) by h(v™) leads to

)
—div <Bn($, ,Un) ’vvn‘p(:c)—Q anh(vn)>
+ By (z,0") [Vo" P2 00V h(u™) + HY (z, 0", Vo™ h(v") (4.152)

= ~|Vu" | @ h(u™) in D' (Q).

We replace v" by T,,(v™) and use (4.135) to deduce that

Bo(2, Tn(v™)) [V T (0™) PP 29T, (0™ )R (™)

e (4.153)
- Umh(U)X{0§v<m} weakly in (L1 (Q))7,
as n tends to +oo. Since 0 < v < m a.e. in Q and h(m) = 0, we infer that
Unh(v) = B(z,v) |Vo[P'™ 2 Vuh(v) X (<pem) ae. in Q. (4.154)
Then, using (4.136) we have
By (z,0") |V [P@ =2 7"V h(v™)
, (4.155)
— B(a,0) [V T (0) 7 VT (0) VA(0)X o0}
strongly in L(£2), as n tends to 4-o0. Since 0 < v < m a.e. in Q and h(m) = 0, we have
B(z, Ton(v)) VT (0) PP 2 VT, (v) V(v
(@ Tn(0)) [V T (0) (0)Vh(0) wise

= B(z,v) |Vu[P®)~2 VuVh(u)X{o<v<m) a-€. in .

The pointwise convergence of h(v") to h(v), the bounded character of i and the strong convergence
of u™ to w in Wol’q(')(Q) forevery 1 < ¢(z) < %_)1_1) as n tends to 400 (see (4.36) of Lemma
4.2) and (4.100) of Lemma 4.4 make it possible to conclude that

H(x, 0™, Vo™ )h(v") — Ho(x,v, Vv)h(v) strongly in L*(Q) (4.157)

and
A Vu 0@ b (") — 4| Vu|®@ b(v) strongly in L (). (4.158)

As a consequence of the above convergence results, we can pass to the limit in (4.152) as n tends to
+o00, which, in turn, implies (3.11). The proof of Theorem 4.1 is complete. U
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