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Abstract. In this paper, we prove that if u ∈ C
(
[0,+∞), Ḣ

5
2
−2α

a, 1
α

(R3)
)

is a global solution of a 3D

fractional Navier–Stokes equation, where Ḣ
5
2
−2α

a, 1
α

is the Sobolev–Gevery space with parameters

a > 0 and α ∈ (23 , 1], then ∥u(t)∥
Ḣ

5
2−2α

a, 1α
(R3)

decays to zero as time approaches infinity. Our

technique is based on Fourier analysis.
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1 Introduction

The Cauchy problem for the 3D generalized heat equation is given by
∂tu+ ν(−∆)αu = Q(u, u), x ∈ R3, t ∈ (0,∞),

div u = 0, x ∈ R3, t ∈ (0,∞),

u(0, x) = u0(x), x ∈ R3,

(1.1)
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with the bilinear operator Q defined as

Qj(u, v) =
∑
k,l,m

qj,mk,l ∂m(ukvl), j = 1, 2, 3, (1.2)

where

qj,mk,l =
3∑

n,p=1

aj,m,p,n
k,l F−1

(
ξnξp
|ξ|2

û(ξ)

)

and aj,m,p,n
k,l are real numbers.

The particular case of the above system is the fractional Navier–Stokes system for incompressible
fluid 

∂tu+ ν(−∆)αu+ u · ∇u = −∇p, x ∈ R3, t ∈ (0,∞),

div u = 0, x ∈ R3, t ∈ (0,∞),

u(0, x) = u0(x), x ∈ R3,

(1.3)

where ν > 0 is the viscosity coefficient of the fluid, α > 0 represents the ‘strength of dissipation’, u =
u(t, x) = (u1(t, x), u2(t, x), u3(t, x)) denotes the velocity vector field of the fluid and p = p(t, x)
denotes the scalar pressure at the point (t, x) ∈ (0,∞)×R3. Moreover, u0 = (u01(x), u

0
2(x), u

0
3(x))

is a given vector field of initial velocity which is assumed to be divergence-free. We define (−∆)αu
implicitly via

F((−∆)αu)(t, ξ)) = |ξ|2αF(u)(t, ξ).

For simplicity, we will denote the Laplacian (−∆)
1
2 by Λ and obviously Λ̂αu(ξ) = |ξ|αû(ξ).

Lions [10] proved the global existence of the classical solutions to equation (1.3) with α ≥ 5
4 .

There are many weak-strong uniqueness results for (1.3) (see [7, 13, 15]). Zhai [14] proved the
global existence and uniqueness of regular solutions in spatial variables with Lr(Rn) data and also
studied the well-posedness for (1.3) in critical spaces close to Ḃ−(2α−1)

∞,∞ for 1
2 < α < 1. We [8]

established the global existence and uniqueness of regular solutions in spatial variables for the higher
order elliptic Navier–Stokes system. We [12] also proved the time-local existence and uniqueness of
the mild solution to the fractional Navier–Stokes–Coriolis system in homogeneous Sobolev spaces
Ḣs(R3)3 with 1

4 < α ≤ 3
2 and 3

2 − α < s < 5
4 .

When α = 1, (1.3) becomes the classical Navier–Stokes system. There are several au-
thors who have studied the behavior of the norm of the solutions at infinity in various Banach
spaces. Benameur [3] proved that if u is a Lei–Lin solution of a 3D Navier–Stokes equation, then
limt→∞ sup ∥u(t)∥χ−1 = 0. In [4], Benameur and Jlali proved that long-time decay of the global so-
lution of 3D Navier–Stokes equations in Lei–Lin–Gevery spaces. Gallagher, Iftimie and Planchon [9]
showed that if u is a global solution of a 3D Navier–Stokes equation, then limt→∞ ∥u(t)∥

Ḣ
1
2
= 0.

Benameur and Jlali [5] proved that ∥u(t)∥H1
a,σ

, where σ > 1, approaches zero at infinity. Orf [11]

proved that if u ∈ C
(
[0,+∞), Ḣ

1
2
a,1(R2)

)
is a global solution of a 3D incompressible Navier–Stokes

equation, then ∥u∥
Ḣ

1
2
a,1

decays to zero as time approaches infinity. In this paper, greatly inspired

by the work of Orf, we are devoted to studying the non blow-up result of the global solution of the
fractional Navier–Stokes equation and obtain the result limt→∞ ∥u(t)∥

Ḣ
5
2−2α

a, 1α

= 0 with 2
3 < α ≤ 1.
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For simplicity, we take ν = 1 for the rest of the paper.

Theorem 1.1 Let a > 0 and 2
3 < α ≤ 1. If u0 ∈ Ḣ

5
2
−2α

a, 1
α

(R3) is such that div u0 = 0, then

there exists a positive time T ∗ such that (1.3) has a unique solution u ∈ C
(
[0, T ∗), Ḣ

5
2
−2α

a, 1
α

(R3)
)
∩

L2
(
[0, T ∗), Ḣ

5
2
−α

a, 1
α

(R3)
)
.

Remark 1.1 If u is a solution of (1.3) in C
(
[0, T ∗), Ḣ

5
2
−2α

a, 1
α

(R3)
)
, then u ∈

L2
loc

(
[0, T ∗), Ḣ

5
2
−α

a, 1
α

(R3)
)
.

In the second theorem, we give blow up criteria if the maximal time is finite.

Theorem 1.2 Let a > 0 and 2
3 < α ≤ 1 and let u ∈ C

(
[0, T ∗), Ḣ

5
2
−2α

a, 1
α

(R3)
)
∩

L2
(
[0, T ∗), Ḣ

5
2
−α

a, 1
α

(R3)
)

be a maximal solution of (1.3) given by Theorem 1.1.

(i) If ∥u(0)∥
Ḣ

5
2−2α

a, 1α
(R3)

< 1
C , then T ∗ = +∞.

(ii) If T ∗ is finite, then
∫ T ∗

0 ∥u(t)∥2
Ḣ

5
2−α

a, 1α
(R3)

dt = +∞.

In the next theorem, we show that the norm of the global solution in Ḣ
5
2
−2α

a, 1
α

(R3) goes to zero at

infinity.

Theorem 1.3 Let a > 0 and 2
3 < α ≤ 1. If u ∈ C

(
R+, Ḣ

5
2
−2α

a, 1
α

(R3)
)

is a global solution of (1.3),

then we have
lim

t→+∞
∥u(t)∥

Ḣ
5
2−2α

a, 1α
(R3)

= 0.

In the last theorem, we prove the stability of global solutions of (1.3).

Theorem 1.4 Let u ∈ C
(
R+, Ḣ

5
2
−2α

a, 1
α

(R3)
)

be a global solution of (1.3) and let v0 ∈

C
(
R+, Ḣ

5
2
−2α

a, 1
α

(R3)
)

be such that

∥v0 − u0∥2
Ḣ

5
2−2α

a, 1α
(R3)

≤ 1

16
e

− c

2

∫ ∞

0
∥u(z)∥4

Ḣ
5
2− 3α

2

a, 1α
(R3)

dz

.
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Then, equation (1.3) with the initial data v0 has a global solution. Moreover, if v is the corresponding
global solution, then for all t ≥ 0 we have

∥v(t)− u(t)∥2
Ḣ

5
2−2α

a, 1α
(R3)

+
1

4

∫ t

0
∥v(s)− u(s)∥2

Ḣ
5
2−α

a, 1α
(R3)

ds

≤ ∥v0 − u0∥2
Ḣ

5
2−2α

a, 1α
(R3)

e

c

2

∫ ∞

0
∥u(s)∥4

Ḣ
5
2− 3α

2

a, 1α
(R3)

ds

.

The remainder of this paper is organized in the following way. In Section 2, we give some
notations and important preliminary results. Section 3 is devoted to proving the existence of solutions

in the critical Sobolev–Gevery spaces Ḣ
5
2
−2α

a, 1
α

(R3). In Section 4, we show the blow-up result of

maximal solution in L2
(
[0, T ∗), Ḣ

5
2
−α

a, 1
α

(R3)
)
. In Section 5, we prove the non blow-up result in

Ḣ
5
2
−2α

a, 1
α

(R3). Finally we give the proof of the stability result for global solutions in Section 6.

2 Notations and preliminary results

2.1 Notations. In this section, we collect some notations and definitions that will be used later.

• The Fourier transformation is normalized as

F(f)(ξ) = f̂(ξ) =

∫
R3

exp(−ix · ξ)f(x) dx, ξ = (ξ1, ξ2, ξ3) ∈ R3.

• The inverse Fourier formula is

F−1(g)(x) = (2π)−3

∫
R3

exp(−iξ · x)g(ξ) dξ, x = (x1, x2, x3) ∈ R3.

• The convolution product of a suitable pair of functions f and g on R3 is given by

(f ∗ g)(x) :=
∫
R3

f(y)g(x− y) dy.

• If f = (f1, f2, f3) and g = (g1, g2, g3) are two vector fields, we set f ⊗ g := (g1f, g2f, g3f)
and div(f ⊗ g) := (div(g1f), div(g2f),div(g3f)).

• The homogeneous Sobolev–Gevery spaces are defined as follows: for a, s ≥ 0, σ ≥ 1 and
|D| = (−∆)

1
2 we set

Ḣs
a,σ(R3) =

{
f ∈ L2(R3) : ea|D|

1
σ f ∈ Ḣs(R3)

}
.

Moreover, we equip Ḣs
a,σ(R3) with the norm

∥f∥Ḣs
a,σ

= ∥ea|D|
1
σ f∥Ḣs

and the associated inner product

⟨f, g⟩Ḣs
a,σ

= ⟨ea|D|
1
σ f, ea|D|

1
σ g⟩Ḣs .
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• We define also the following spaces:

L̃∞(Ḣ
5
2
−2α) =

{
f ∈ S′(R+ × R3) :

∫
R3

|ξ|5−4α

(
sup

0≤t<∞
|f̂(t, ξ)|

)2

dξ <∞
}

with the norm

∥f∥
L̃∞(Ḣ

5
2−2α)

=

(∫
R3

|ξ|5−4α

(
sup

0≤t<∞
|f̂(t, ξ)|

)2

dξ

) 1
2

and

L2(Ḣ
5
2
−α) =

{
f ∈ S′(R+ × R3) :

∫ ∞

0

∫
R3

|ξ|5−2α|f̂(t, ξ)|2 dξ dt <∞
}

with the norm

∥f∥
L2(Ḣ

5
2−α)

=

(∫ ∞

0

∫
R3

|ξ|5−2α|f̂(t, ξ)|2 dξ dt
) 1

2

.

• By P we denote the Leray projection operator defined by

P = Id −∇(−∆)−1 div,

F(Pf)(ξ) = f̂(ξ)− ξ · f̂(ξ)
|ξ|2

ξ.

2.2 Preliminary results. In this section, we recall some classical results and we give new technical
lemmas.

Lemma 2.1 ([1]) Let E be a Banach space, B a continuous bilinear map from E × E into E, and
let α be a positive real number such that α < 1

4∥B∥ , where

∥B∥ = sup
∥u∥≤1, ∥v∥≤1

∥B(u, v)∥.

Then, for any a in the ballB(0, α) inE, there exists a unique x inB(0, 2α) such that x = a+B(x, x).

Lemma 2.2 ([6]) Let a > 0, σ ≥ 1 and (s1, s2) ∈ R2 be such that s1 < 3
2 , s2 < 3

2 and s1 + s2 > 0.
Then, there exists a constant C = C(s1, s2) such that for all u ∈ Ḣs1

a,σ(R3) and v ∈ Ḣs2
a,σ(R3) we

have
∥uv∥

Ḣ
s1+s2−

3
2

a,σ (R3)
≤ C∥u∥Ḣs1

a,σ(R3)∥v∥Ḣs2
a,σ(R3). (2.1)

Lemma 2.3 Let a > 0 and 2
3 < α ≤ 1. Let Q be the bilinear form defined in (1.2). Then, there

exists a constant C > 0 such that for all u, v ∈ Ḣ
5
2
− 3α

2

a, 1
α

(R3) we have

∥Q(u, v)∥
Ḣ

5
2−3α

a, 1α

≤ C∥u∥
Ḣ

5
2− 3α

2

a, 1α

∥v∥
Ḣ

5
2− 3α

2

a, 1α

. (2.2)
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Proof. Thanks to the inequality (2.1), we get

∥Q(u, v)∥
Ḣ

5
2−3α

a, 1α

≤ C sup
k,l

(
∥uk∂vl∥

Ḣ
5
2−3α

a, 1α

+ ∥vl∂uk∥
Ḣ

5
2−3α

a, 1α

)
≤ C

(
∥u∥

Ḣ
5
2− 3α

2

a, 1α

∥∇v∥
Ḣ

3
2− 3α

2

a, 1α

+ ∥v∥
Ḣ

5
2− 3α

2

a, 1α

∥∇u∥
Ḣ

3
2− 3α

2

a, 1α

)
≤ 2C∥u∥

Ḣ
5
2− 3α

2

a, 1α

∥v∥
Ḣ

5
2− 3α

2

a, 1α

.

This ends the proof. □

Lemma 2.4 Let u be the solution in C([0, T ], S
′
) of the Cauchy problem{

∂tu+ (−∆)αu = f,

u(0, x) = u0(x),

with f ∈ L2
(
[0, T ], Ḣ

5
2
−3α

a, 1
α

)
and u0 ∈ Ḣ

5
2
−2α

a, 1
α

. Then,

u ∈
∞⋂
p=2

Lp
(
[0, T ], Ḣ

5
2
−2α+ 2α

p

a, 1
α

)
∩ C

(
[0, T ], Ḣ

5
2
−2α

a, 1
α

)
.

Moreover, we have the following estimates:

∥u∥2
Ḣ

5
2−2α

a, 1α

+

∫ t

0
∥Λαu∥2

Ḣ
5
2−2α

a, 1α

ds ≤ ∥u0∥2
Ḣ

5
2−2α

a, 1α

+

∫ t

0
∥f(s)∥2

Ḣ
5
2−3α

a, 1α

ds, (2.3)

[∫
R3

|ξ|5−4αe2a|ξ|
α

(
sup

0≤t′≤t
|û(t′, ξ)|

)2

dξ

] 1
2

≤ ∥u0∥
Ḣ

5
2−2α

a, 1α

+ ∥f∥
L2([0,t),Ḣ

5
2−3α

a, 1α
)
, (2.4)

∥u∥
Lp
T (Ḣ

5
2−2α+2α

p

a, 1α
)
≤ ∥u0∥

Ḣ
5
2−2α

a, 1α

+ ∥f∥
L2([0,t),Ḣ

5
2−3α

a, 1α
)
. (2.5)

Proof. The first estimate is just the energy estimate. To prove the second one we write Duhamel’s
formula in Fourier space. Namely,

û(t, ξ) = e−t|ξ|2α û0(ξ) +

∫ t

0
e−(t−s)|ξ|2α f̂(s, ξ) ds.

By the Cauchy–Schwartz inequality we get

sup
0≤t′≤t

|û(t′, ξ)| ≤ |û0(ξ)|+ 1√
2|ξ|α

∥f̂(ξ, ·)∥L2([0,t))

for any 0 < t < T . Multiplying the obtained inequality by |ξ|
5
2
−2αea|ξ|

α
, we obtain

|ξ|
5
2
−2αea|ξ|

α
sup

0≤t′≤t
|û(t′, ξ)| ≤ |ξ|

5
2
−2αea|ξ|

α |û0(ξ)|+ |ξ|
5
2
−2αea|ξ|

α

√
2|ξ|α

∥f̂(ξ, ·)∥L2([0,t)).



LONG TIME DECAY OF THE FNS EQUATION 125

Taking the L2-norm with respect to the frequency variable ξ, we conclude that

[∫
R3

|ξ|5−4αe2a|ξ|
α

(
sup

0≤t′≤t
|û(t′, ξ)|

)2

dξ

] 1
2

≤ ∥u0(ξ)∥
Ḣ

5
2−2α

a, 1α

+ ∥f∥
L2([0,t),Ḣ

5
2−3α

a, 1α
)
.

Since the map t 7→ û(t, ξ) is continuous over [0, T ] for almost all fixed ξ ∈ R3, the Lebesgue

dominated convergence theorem ensures that u ∈ C
(
[0, T ], Ḣ

5
2
−2α

a, 1
α

(R3)
)
.

Similarly, we have

|ξ|
5
2
−αea|ξ|

α |û| ≤ |ξ|
5
2
−αe−t|ξ|2αea|ξ|

α |û0|+
∫ t

0
|ξ|

5
2
−αe−(t−s)|ξ|2αea|ξ|

α |f̂(s, ξ)|ds.

Taking the L2-norm with respect to time and using Young’s inequality, we obtain

[∫ t

0
|ξ|5−2αe2a|ξ|

α |û(ξ, s)|2 ds
] 1

2

≤
(∫ t

0
|ξ|2αe−2s|ξ|2α ds

) 1
2

|ξ|
5
2
−2αea|ξ|

α |û0|

+

∫ t

0
|ξ|2αe−s|ξ|2α ds

(∫ t

0
|ξ|5−6αe2a|ξ|

α |f̂(s, ξ)|2 ds
) 1

2

≤ |ξ|
5
2
−αea|ξ|

α |û0|+
(∫ t

0
|ξ|5−6αe2a|ξ|

α |f̂(s, ξ)|2 ds
) 1

2

.

Taking the L2-norm with respect to the frequency variable ξ, we obtain

∥u∥
L2
T (Ḣ

5
2−α

a, 1α
)
≤ ∥u0∥

Ḣ
5
2−2α

a, 1α

+ ∥f∥
L2
T (Ḣ

5
2−3α

a, 1α
)
. (2.6)

Finally, the last inequality follows by interpolation

∥u∥
Ḣ

5
2−2α+2α

p

a, 1α

≤ ∥u∥
1− 2

p

Ḣ
5
2−2α

a, 1α

∥u∥
2
p

Ḣ
5
2−α

a, 1α

and
∥u∥p

Ḣ
5
2−2α+2α

p

a, 1α

≤ ∥u∥p−2

Ḣ
5
2−2α

a, 1α

∥u∥2
Ḣ

5
2−α

a, 1α

.

Taking the L1-norm with respect to time and using the inequalities (2.4) and (2.6), we get (2.5). □

Lemma 2.5 There exists a positive constant ε0 > 0 such that for any initial data u0 in Ḣ
5
2
−2α with

∥u0∥
Ḣ

5
2−2α < ε0 equation (1.3) has a unique global in time solution u ∈ L̃∞(Ḣ

5
2
−2α)∩L2(Ḣ

5
2
−α)

which is analytic in the sense that

∥e
√
t|D|αu∥

L̃∞(Ḣ
5
2−2α)

+ ∥e
√
t|D|αu∥

L2(Ḣ
5
2−α)

≤ c0∥u0∥
Ḣ

5
2−2α , (2.7)

where e
√
t|D|α is a Fourier multiplier whose symbol is given by e

√
t|ξ|α and c0 is a universal constant.



126 Xiaochun Sun, Jia Liu, J. Nonl. Evol. Equ. Appl. 2021 (2021) 119–135

Proof. The proof of Lemma 2.5 is inspired by the work of Bae (see [2]). This proof is done in
three steps. We first apply the Fourier transform to the integral form of the fractional Navier–Stokes
equation

û(t, ξ) = e−t|ξ|2α û0 −
∫ t

0
e−(t−s)|ξ|2αF(P(div(u⊗ u))) ds. (2.8)

Step 1. First, we estimate u in L̃∞(Ḣ
5
2
−2α). Multiplying (2.8) by |ξ|

5
2
−2α, we get

|ξ|
5
2
−2α|û(t, ξ)| ≤ |ξ|

5
2
−2α|û0(ξ)|+

∫ t

0
e−(t−s)|ξ|2α |ξ|

7
2
−2α|û⊗ u|ds

≤ |ξ|
5
2
−2α|û0(ξ)|+ sup

0≤t<∞

∫ t

0
|ξ|2αe−(t−s)|ξ|2α |ξ|

7
2
−4α|û⊗ u|ds

≤ |ξ|
5
2
−2α|û0(ξ)|+

∫ t

0
|ξ|2αe−(t−s)|ξ|2α ds sup

0≤t<∞
|ξ|

7
2
−4α|û⊗ u(t, ξ)|

≤ |ξ|
5
2
−2α|û0(ξ)|+ |ξ|

7
2
−4α sup

0≤t<∞
|û⊗ u(t, ξ)|.

Taking the L2-norm with respect to the frequency variable ξ, we get

∥u∥
L̃∞(Ḣ

5
2−2α)

≤ ∥u0∥
Ḣ

5
2−2α + C 5

2
−2α, 5

2
−2α∥u∥

2

L̃∞(Ḣ
5
2−2α)

. (2.9)

Now, we estimate u in L2(Ḣ
5
2
−2α). Multiplying (2.8) by |ξ|

5
2
−α, we obtain

|ξ|
5
2
−α|û(t, ξ)| ≤ |ξ|

5
2
−αe−t|ξ|2α |û0(ξ)|+

∫ t

0
e−(t−s)|ξ|2α |ξ|

7
2
−α|û⊗ u(s, ξ)| ds.

Taking the L2-norm with respect to time and using Young’s inequality, we deduce that(∫ ∞

0

[
|ξ|

5
2
−α|û(t, ξ)|

]2
dt

) 1
2

≤
(∫ ∞

0
|ξ|2αe−2t|ξ|2α |ξ|5−4α|û0(ξ)|2 dt

) 1
2

+

(∫ ∞

0

[∫ t

0
|ξ|

7
2
−αe−(t−s)|ξ|2α |û⊗ u(s, ξ)|ds

]2
dt

) 1
2

≤ |ξ|
5
2
−2α|û0(ξ)|+

∫ ∞

0
|ξ|2αe−s|ξ|2α ds

(∫ ∞

0
|ξ|7−6α|û⊗ u(s, ξ)|2 ds

) 1
2

≤ |ξ|
5
2
−2α|û0(ξ)|+

(∫ ∞

0
|ξ|7−6α|û⊗ u(s, ξ)|2 ds

) 1
2

.

Taking the L2-norm in ξ and using Lemma 2.2 and Hölder’s inequality, we have

∥u∥
L2(Ḣ

5
2−α)

≤ ∥u0∥
Ḣ

5
2−2α +

(∫ ∞

0

∫
R3

|ξ|7−6α|û⊗ u(s, ξ)|2 dξ ds
) 1

2

≤ ∥u0∥
Ḣ

5
2−2α + C 5

2
−α, 5

2
−2α

(∫ ∞

0
∥u∥2

Ḣ
5
2−α

∥u∥2
Ḣ

5
2−2α

ds

) 1
2
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≤ ∥u0∥
Ḣ

5
2−2α + C 5

2
−α, 5

2
−2α

(∫ ∞

0
∥u∥2

Ḣ
5
2−α

ds sup
0≤t<∞

∥u∥2
Ḣ

5
2−2α

) 1
2

,

which yields

∥u∥
L2(Ḣ

5
2−α)

≤ ∥u0∥
Ḣ

5
2−2α + C 5

2
−α, 5

2
−2α∥u∥L2(Ḣ

5
2−α)

∥u∥
L̃∞(Ḣ

5
2−2α)

. (2.10)

Step 2. Combining (2.9) and (2.10), we get

∥u∥
L̃∞(Ḣ

5
2−2α)

+ ∥u∥
L2(Ḣ

5
2−α)

≤ 2∥u0∥
Ḣ

5
2−2α + C

(
∥u∥

L̃∞(Ḣ
5
2−2α)

+ ∥u∥
L2(Ḣ

5
2−α)

)2 (2.11)

with C = C 5
2
−2α, 5

2
−2α + C 5

2
−α, 5

2
−2α. Let 0 < ε0 < C0 be such that ∥u0∥

Ḣ
5
2−2α < ε0, where

C0 =
3

16C min( 1
4C ,

1
4). Moreover, let 16Cε0

3 < r < min( 1
4C ,

1
4), and take

Br =
{
u ∈ L̃∞(Ḣ

5
2
−2α) ∩ L2(Ḣ

5
2
−α) : ∥u∥

L̃∞(Ḣ
5
2−2α)

+ ∥u∥
L2(Ḣ

5
2−α)

≤ r
}
.

We also use ψ definied by

ψ(u) = e−t(−∆)αu0 −
∫ t

0
e−(t−s)(−∆)αP(div(u⊗ u)(s)) ds.

Then, we have

∥ψ(u)∥
L̃∞(Ḣ

5
2−2α)

+ ∥ψ(u)∥
L2(Ḣ

5
2−α)

≤ 2∥u0∥
Ḣ

5
2−2α + C

(
∥u∥

L̃∞(Ḣ
5
2−2α)

+ ∥u∥
L2(Ḣ

5
2−α)

)2
.

This yields

∥u0∥
Ḣ

5
2−2α < ε0 <

3r

16C
.

Finally, we get
∥ψ(u)∥

L̃∞(Ḣ
5
2−2α)

+ ∥ψ(u)∥
L2(Ḣ

5
2−α)

≤ r.

So,
ψ(Br) ⊂ Br.

Moreover, for all u1, u2 ∈ Br, we have

∥ψ(u1)− ψ(u2)∥
L̃∞(Ḣ

5
2−2α)

≤ ∥B(u1 − u2, u1) +B(u2, u1 − u2)∥
L̃∞(Ḣ

5
2−2α)

≤ C
(
∥u1∥

L̃∞(Ḣ
5
2−2α)

+ ∥u2∥
L̃∞(Ḣ

5
2−2α)

)
∥u1 − u2∥

L̃∞(Ḣ
5
2−2α)

≤ 2Cr∥u1 − u2∥
L̃∞(Ḣ

5
2−2α)

≤ 1

2
∥u1 − u2∥

L̃∞(Ḣ
5
2−2α)

,

where B(u, v) = −
∫ t
0 e

−(t−s)(−∆)αP(div(u⊗ v)(s)) ds. Similarly, we have

∥ψ(u1)− ψ(u2)∥
L2(Ḣ

5
2−α)

≤ ∥B(u1 − u2, u1) +B(u2, u1 − u2)∥
L2(Ḣ

5
2−α)

≤ C
(
∥u1∥

L2(Ḣ
5
2−α)

+ ∥u2∥
L2(Ḣ

5
2−α)

)
∥u1 − u2∥

L2(Ḣ
5
2−α)

≤ 2Cr∥u1 − u2∥
L2(Ḣ

5
2−α)
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≤ 1

2
∥u1 − u2∥

L2(Ḣ
5
2−α)

.

This implies the existence of a global solution in L̃∞(Ḣ
5
2
−2α) ∩ L2(Ḣ

5
2
−α) for small initial data in

Ḣ
5
2
−2α(R3). Moreover, we have the estimate

∥u∥
L̃∞(Ḣ

5
2−2α)

+ ∥u∥
L2(Ḣ

5
2−α)

≤ ∥u0∥
Ḣ

5
2−2α .

Step 3. Multiplying (2.8) by e
√
t|ξ|α , we obtain

e
√
t|ξ|α |û(t, ξ)|

≤ e
√
t|ξ|α−t|ξ|2α |û0|+

∫ t

0
e−(t−s)|ξ|2α+

√
t|ξ|α |ξ||û⊗ u| ds

≤ e
√
t|ξ|α− 1

2
t|ξ|2αe−

1
2
t|ξ|2α |û0|+

∫ t

0
e
√
t|ξ|α−

√
s|ξ|α− 1

2
(t−s)|ξ|2αe−

1
2
(t−s)|ξ|2αe

√
s|ξ|α |ξ||û⊗ u| ds.

Since e
√
t|ξ|α− 1

2
t|ξ|2α is uniformly bounded in time and ξ, we have

e
√
t|ξ|α |û(t, ξ)|

≤ c0

(
e−

1
2
t|ξ|2α |û0|+

∫ t

0
e−

1
2
(t−s)|ξ|2α |ξ|

∫
e
√
s|ξ−η|α |û(ξ − η)|e

√
s|η|α |û(η)| dη ds

)
≤ c0

(
e−

1
2
t|ξ|2α |û0|+

∫ t

0
|ξ|e−

1
2
(t−s)|ξ|2α |V̂ ⊗ V | ds

)
with V (t, ·) = e

√
t|D|αu(t, ·) and c0 =

√
e = e

1
2 . Then, going through the previous steps, we get

∥V ∥
L̃∞(Ḣ

5
2−2α)

+ ∥V ∥
L2(Ḣ

5
2−α)

≤ c0∥u0∥
Ḣ

5
2−2α ,

which implies that
∥e

√
t|D|αu∥

L̃∞(Ḣ
5
2−2α)

≤ c0∥u0∥
Ḣ

5
2−2α . (2.12)

This completes the proof. □

3 Proof of Theorem 1.1

Let B(u, u) be the solution to the fractional heat equation
∂tB(u, u) + (−∆)αB(u, u) = Q(u, u),

divB(u, u) = 0,

B(u, u)(0) = 0,

(3.1)

with the bilinear operator Q defined in (1.2) and

B(u, u) = −
∫ t

0
e−(t−s)(−∆)αP(div(u⊗ u)) ds.
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Thanks to Lemma 2.3, we have∫ T

0
∥Q(u, v)∥2

Ḣ
5
2−3α

a, 1α

ds ≤ C∥u∥2
L4
T (Ḣ

5
2− 3α

2

a, 1α
)
∥v∥2

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
.

Thus, combining Duhamel’s formula and the inequality (2.5), we obtain

∥B(u, u)∥
L4
T (Ḣ

5
2− 3α

2

a, 1α
)
≤ C∥u∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
∥u∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
.

This implies that
∥B∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
≤ C < C0.

Thanks to Minkowski’s inequality, we have

∥e−t(−∆)αu0∥
L4
T (Ḣ

5
2− 3α

2

a, 1α
)
≤ ∥u0∥

Ḣ
5
2−2α

a, 1α

. (3.2)

Thus, if ∥u0∥
Ḣ

5
2−2α

a, 1α

≤ 1
4C0

, we get

∥e−t(−∆)αu0∥
L4
T (Ḣ

5
2− 3α

2

a, 1α
)
≤ 1

4C0
<

1

4∥B∥
.

According to Lemma 2.1, there exists a unique solution of (1.1) in the ball with center 0 and radius
1

2C0
in the space L4([0, T ]; Ḣ

5
2
− 3α

2

a, 1
α

) such that u(t, x) = e−t(−∆)αu0 +B(u, u).

We now consider the case of a large initial data u0 ∈ Ḣ
5
2
−2α

a, 1
α

. Let ρu0 > 0 be such that

(∫
|ξ|≥ρu0

e2a|ξ|
α |ξ|5−4α|û0|2 dξ

) 1
2

<
1

8C0
.

Using the inequality (3.2) and defining v0 = F−1(χ|ξ|<ρu0
û0), we get

∥e−t(−∆)αu0∥
L4
T (Ḣ

5
2− 3α

2

a, 1α
)

≤ ∥e−t(−∆)αF−1(χ|ξ|≥ρu0
û0)∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
+ ∥e−t(−∆)αv0∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)

≤ 1

8C0
+ ∥e−t(−∆)αv0∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
.

Moreover, we can deduce that

∥e−t(−∆)αv0∥4
L4
T (Ḣ

5
2− 3α

2

a, 1α
)
=

∫ T

0

[∫
|ξ|<ρu0

|ξ|5−3αe2a|ξ|
α |û0|2 dξ

]2
dt

≤ ρ2αu0

∫ T

0

[∫
|ξ|<ρu0

|ξ|5−4αe2a|ξ|
α |û0|2 dξ

]2
dt
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≤ Tρ2αu0
∥u0∥4

Ḣ
5
2−2α

a, 1α

.

This yields
∥e−t(−∆)αv0∥

L4
T (Ḣ

5
2− 3α

2

a, 1α
)
≤ (Tρ2αu0

)
1
4 ∥u0∥

Ḣ
5
2−2α

a, 1α

.

Thus, if

8C0ρ
α
2
u0∥u0∥

Ḣ
5
2−2α

a, 1α

≤ 1

T
1
4

, (3.3)

then we obtain the existence of a unique solution of (1.1) in the ball with center 0 and radius 1
2C0

in

the space L4([0, T ]; Ḣ
5
2
− 3α

2

a, 1
α

). And we observe that if u is a solution of (1.1) in L4([0, T ]; Ḣ
5
2
− 3α

2

a, 1
α

),

then Q(u, u) belongs to L2
T (Ḣ

5
2
−3α

a, 1
α

) by Lemma 2.3. Hence, Lemma 2.4 implies that the solution u

belongs to C
(
[0, T ]; Ḣ

5
2
−2α

a, 1
α

)
∩ L2

(
[0, T ]; Ḣ

5
2
−α

a, 1
α

)
.

4 Proof of Theorem 1.2

We begin by proving the blow-up result (ii). Suppose that∫ T ∗

0
∥u(t)∥2

Ḣ
5
2−α

a, 1α

dt <∞.

Let a time T ∈ (0, T ∗) be such that
∫ T ∗

T ∥u(t)∥2
Ḣ

5
2−α

a, 1α

dt < 1
4C . Lemma 2.2 implies that for all

t ∈ [T, T ∗) and z ∈ [T, t] we have

∥u(z)∥2
Ḣ

5
2−2α

a, 1α

+ 2

∫ z

T
∥u(s)∥2

Ḣ
5
2−α

a, 1α

ds ≤ ∥u(T )∥2
Ḣ

5
2−2α

a, 1α

+ 2C

∫ z

T
∥u(s)∥

Ḣ
5
2−2α

a, 1α

∥u(s)∥2
Ḣ

5
2−α

a, 1α

ds

≤ ∥u(T )∥2
Ḣ

5
2−2α

a, 1α

+
1

2
sup

T≤s≤t
∥u(s)∥

Ḣ
5
2−2α

a, 1α

.

Hence, we can deduce that

sup
T≤z≤t

∥u(z)∥2
Ḣ

5
2−2α

a, 1α

≤ ∥u(T )∥2
Ḣ

5
2−2α

a, 1α

+
1

2
sup

T≤s≤t
∥u(s)∥

Ḣ
5
2−2α

a, 1α

,

which implies that
sup

T≤s≤t
∥u(s)∥

Ḣ
5
2−2α

a, 1α

≤ CT

with CT = 1
4 +

(
1
16 + ∥u(T )∥2

Ḣ
5
2−2α

a, 1α

) 1
2 .

Let M = max
(
sup0≤t≤T ∥u(t)∥

Ḣ
5
2−2α

a, 1α

, CT

)
. Then, for all t ∈ [0, T ∗) we get

∥u(t)∥
Ḣ

5
2−2α

a, 1α

≤M.
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By the interpolation formula and Hölder’s inequality, we deduce that

u ∈ L4
(
[0, T ∗), Ḣ

5
2
− 3α

2

a, 1
α

)
.

Let 0 < t0 < T ∗ be such that

∥u∥
L4([t0,T ∗),Ḣ

5
2− 3α

2

a, 1α
)
≤ 1

4C0
.

Now, we consider the Navier–Stokes system starting at t = t0
∂tv + (−∆)αv + v · ∇v = −∇q,
div v = 0,

v(0) = u(t0).

Then, we obtain

∥v(t)∥
L4([0,T ∗−t0),Ḣ

5
2− 3α

2

a, 1α
)
= ∥u(t+ t0)∥

L4([0,T ∗−t0),Ḣ
5
2− 3α

2

a, 1α
)

= ∥u(t)∥
L4([t0,T ∗),Ḣ

5
2− 3α

2

a, 1α
)

≤ 1

4C0
,

which implies the existence of a unique solution to the above system on [0, T ∗ − t0) that can be
extended to the interval [0, T ∗). This is absurd.

Next, we prove the first claim of Theorem 1.2. We have

∂tu+ (−∆)αu+ u · ∇u = −∇p.

Taking the inner product in Ḣ
5
2
−2α

a, 1
α

(R3) with u and using Lemma 2.2, we get

1

2

d

dt
∥u∥2

Ḣ
5
2−2α

a, 1α

+ ∥Λαu∥2
Ḣ

5
2−2α

a, 1α

≤ |⟨u · ∇u, u⟩
Ḣ

5
2−2α

a, 1α

|

≤ ∥u⊗ u∥
Ḣ

7
2−3α

a, 1α

∥u∥
Ḣ

5
2−α

a, 1α

≤ C∥u∥
Ḣ

5
2−2α

a, 1α

∥u∥2
Ḣ

5
2−α

a, 1α

.

Let
T = sup

{
t ≥ 0 : sup

0≤z≤t
∥u(z)∥

Ḣ
5
2−2α

a, 1α

< 1
C

}
.

For all 0 < t ≤ T we have

∥u(t)∥2
Ḣ

5
2−2α

a, 1α

+

∫ T

0
∥u(z)∥2

Ḣ
5
2−α

a, 1α

dz ≤ ∥u0∥2
Ḣ

5
2−2α

a, 1α

<
(
1
C

)2
.

Then, T = T ∗ and
∫ T ∗

0 ∥u(z)∥2
Ḣ

5
2−α

a, 1α

dz <∞. Therefore, T ∗ = ∞ and for every t ≥ 0 we get

∥u(t)∥2
Ḣ

5
2−2α

a, 1α

+

∫ T

0
∥u(z)∥2

Ḣ
5
2−α

a, 1α

dz ≤ ∥u0∥2
Ḣ

5
2−2α

a, 1α

.
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5 Proof of Theorem 1.3

In this section we prove that
lim
t→∞

∥u(t)∥
Ḣ

5
2−2α

a, 1α

= 0.

For 0 < ε < ε0
C let u ∈ C

(
R+, Ḣ

5
2
−2α

a, 1
α

(R3)
)
. As Ḣ

5
2
−2α

a, 1
α

(R3) ↪→ Ḣ
5
2
−2α(R3), we infer that

u ∈ C
(
R+, Ḣ

5
2
−2α(R3)

)
. We can conclude that there exists a time t0 > 0 (see Remark 1.5 in [11]).

For every t ≥ t0 we have
∥u(t)∥

Ḣ
5
2−2α

a, 1α

< ε.

Applying Lemma 2.5, for all t ≥ t0 we get

∥e
√
t−t0|D|αu(t)∥

Ḣ
5
2−2α ≤ ∥u(t0)∥

Ḣ
5
2−2α < ε.

Consider the following system
∂tv + (−∆)αv + v · ∇v = −∇p,
div v = 0,

v(0) = u(t0).

By the uniqueness of solutions to (1.1) in L̃∞(
Ḣ

5
2
−2α(R3)

)
, for all t ≥ 0 we obtain

∥e
√
t|D|αv(t)∥

Ḣ
5
2−2α = ∥e

√
t|D|αu(t+ t0)∥

Ḣ
5
2−2α

= ∥e
√
t+t0−t0|D|αu(t+ t0)∥

Ḣ
5
2−2α

< ε.

Let a time t1 > t0 > 0 be such that
√
t1 − t0 > a. For all t ≥ t1 − t0, we get

∥ea|D|αv(t)∥
Ḣ

5
2−2α = ∥ea|D|α−

√
t|D|αe

√
t|D|αv(t)∥

Ḣ
5
2−2α

≤ ∥e
√
t|D|αv(t)∥

Ḣ
5
2−2α

< ε.

Now, we consider the following system
∂tw + (−∆)αw + w · ∇w = −∇p,
divw = 0,

w(0) = v(t1).

We obtain

∥ea|D|αw(t)∥
Ḣ

5
2−2α = ∥ea|D|αv(t+ t1)∥

Ḣ
5
2−2α

≤ ∥e
√
t+t1|D|αv(t+ t1)∥

Ḣ
5
2−2α

< ε,

which yields the result
lim
t→∞

∥ea|D|αw(t)∥
Ḣ

5
2−2α = 0.
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6 Proof of Theorem 1.4

The proof of Theorem 1.4 is identical to the proofs presented in [3, 9]. Let v ∈
C
(
[0, T ∗), Ḣ

5
2
−2α

a, 1
α

(R3)
)

be the maximal solution of (1.1) corresponding to the initial conditional v0.

We want to prove that T ∗ = ∞, if ∥u(0)− v0∥
Ḣ

5
2−2α

a, 1α

< ε.

Put w = v − u and w0 = v0 − u(0). We have

∂tw + (−∆)αw + w · ∇w + u · ∇w + w · ∇u = −∇p.

Then, we get
d

dt
∥w∥2

Ḣ
5
2−2α

a, 1α

+ 2∥Λαw∥2
Ḣ

5
2−2α

a, 1α

≤ I1 + I2

with
I1 = 2|⟨w · ∇w,w⟩

Ḣ
5
2−2α

a, 1α

|

and
I2 = 2|⟨u · ∇w,w⟩

Ḣ
5
2−2α

a, 1α

|+ 2|⟨w · ∇u,w⟩
Ḣ

5
2−2α

a, 1α

|.

By using Cauchy–Schwartz inequality, Lemma 2.2 and Young’s inequality, we obtain

I1 ≤ C∥w∥
Ḣ

5
2−2α

a, 1α

∥w∥2
Ḣ

5
2−α

a, 1α

and

I2 ≤ 2
(
∥u⊗ w∥

Ḣ
7
2−3α

a, 1α

+ ∥w ⊗ u∥
Ḣ

7
2−3α

a, 1α

)
∥w∥

Ḣ
5
2−α

a, 1α

≤ 2C∥u∥
Ḣ

5
2− 3α

2

a, 1α

∥w∥
Ḣ

5
2− 3α

2

a, 1α

∥w∥
Ḣ

5
2−α

a, 1α

≤ 2C∥u∥
Ḣ

5
2− 3α

2

a, 1α

∥w∥
1
2

Ḣ
5
2−2α

a, 1α

∥w∥
3
2

Ḣ
5
2−α

a, 1α

≤ C

2
∥u∥4

Ḣ
5
2− 3α

2

a, 1α

∥w∥2
Ḣ

5
2−2α

a, 1α

+
3

2
∥w∥2

Ḣ
5
2−α

a, 1α

.

Then, we deduce that

d

dt
∥w∥2

Ḣ
5
2−2α

a, 1α

+ 2∥w∥2
Ḣ

5
2−α

a, 1α

≤ ∥w∥
Ḣ

5
2−2α

a, 1α

∥w∥2
Ḣ

5
2−α

a, 1α

+
C

2
∥u∥4

Ḣ
5
2− 3α

2

a, 1α

∥w∥2
Ḣ

5
2−2α

a, 1α

+
3

2
∥w∥2

Ḣ
5
2−α

a, 1α

.

Put
T = sup

{
t ∈ [0, T ∗) : sup

0≤z≤t
∥w(z)∥

Ḣ
5
2−2α

a, 1α

< 1
4

}
.

For all t ∈ [0, T ) we have

∥w(t)∥2
Ḣ

5
2−2α

a, 1α

+
1

4

∫ t

0
∥w(z)∥2

Ḣ
5
2−α

a, 1α

dz ≤ C

2

∫ t

0
∥u(z)∥4

Ḣ
5
2− 3α

2

a, 1α

∥w(z)∥2
Ḣ

5
2−2α

a, 1α

dz + ∥w(0)∥2
Ḣ

5
2−2α

a, 1α

.
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Gronwall’s lemma yields

∥w(t)∥2
Ḣ

5
2−2α

a, 1α

+
1

4

∫ t

0
∥w(z)∥2

Ḣ
5
2−α

a, 1α

dz ≤ ∥w(0)∥2
Ḣ

5
2−2α

a, 1α

e

c

2

∫ ∞

0
∥u(z)∥4

Ḣ
5
2− 3α

2

a, 1α

dz

<
1

16
.

So, T = T ∗ and
∫ T ∗

0 ∥w(z)∥2
Ḣ

5
2−α

a, 1α

dz <∞. Therefore, T ∗ = ∞ and the proof is finished.
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