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Abstract. In this paper, we investigate the Stackelberg strategy for a parabolic equation in an
unbounded domain of RY, where N € N\ {0}. We assume that we can act on the system through
two hierarchical controls. One control — called follower — solves an optimal control problem, while
the other one — named leader — solves a null controllability problem. The results are obtained using
an appropriate observability inequality of Carleman and under the assumption that the uncontrolled
region is bounded.
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1 Introduction

Let Q C RY, where N € N\ {0}, be an unbounded connected open set at least of class C? uniformly
with boundary I (see [2] for a precise definition). Let O and w be two non-empty subsets of €2 such
that O Nw = (). For the time 7" > 0, we set @ = (0,7) x Q, wr = (0,T) x w, Op = (0,T) x O
and ¥ = (0,7") x I'. Then, we consider the following heat equation

0 .

%—Ay+aoy=v><o+kxw in @,

y=20 on X, (L.1)
y(0,.) =9’ in 2,
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where 3° € L?(Q) and the controls v and k belong to L?(Or) and L?(wr), respectively. The
functions o and y,, are, respectively, the characteristic functions of the control sets O and w. The
function ay is such that apxo\w € L°°(Q). We also assume that the unbounded sets €2 and w are
such that

2\ w is bounded. (1.2)

Under the assumptions on the data we prove as in [18, Theorem 9.1, p. 341] that the system (1.1) has
a unique solution

y = y(v, k) € C((0,T); L*()) N L2((0,T); Hy (€2)).
Let Oy C €2 be an open set representing an observation domain. We define the following functional
J(v, k) = |ly(v, k) — zd”i%og) + 04\\“”%2((%)7 (1.3)

where > 0 is a constant, zq € L?(OY) is a desired state and OF = (0,7) x Oj.

The motivation of our problem comes for example from environmental sciences. The system
(1.1) can describe the diffusion of a pollutant in an unbounded domain (e.g., a river). We can view
the state variable y as the concentration of the pollutant. Then, w can be regarded as a part of the
domain where we can apply a control k£ which intends to clear the pollutant in the river at a given
final time 7'. Additionally, we want to reduce the concentration of the pollutant to a desired state
zq in Oy and to this purpose we apply the control v in O. In other words, we want to control the
concentration of the pollutant in the Stackelberg sense.

In this paper, we apply the Stackelberg control strategy which combines the optimal control
problem and controllability problem. In order to explain the methodology, we consider the following
problems.

Problem 1 (Optimal control problem) Let w and O be two non-empty subsets of §) such that
ONw = 0. Givenk € L*(wr) and y° € L*(R), find the control © = ©(k) € L*(Or) such that

J(,k) = it J(v, k), (1.4)

where the functional J is given by (1.3).

Problem 2 (Null controllability problem) Let w, O and O4 be three non-empty subsets of () such
that ONw = 0 and OgNw # (. Assume that (1.2) holds true. Let O (k) be the optimal control obtained
in the Problem 1. Given y° € L2(2), find a control k € L2(wr) such that if §j = y(t, z;9(k), k) is a
solution of (1.1), then

§(T,z) = y(T, z;9(k), k) = 0 for z € Q. (1.5)

There are several works on optimal control problem as well as on approximate or/and null
controllability in bounded domains for parabolic equations. We, respectively, refer for instance
to [19, 21, 29] and to [9, 10, 11, 12, 30] and the reference therein. Concerning the study of null
controllability of parabolic equations in unbounded domains, few results are available in the literature.
S. B. De Menezes and V. R. Cabanillas [4] studied the null controllability of a semilinear heat
equation in an unbounded domain with nonlinearities of the form f(y), the real function f being
of class C! and globally Lipschitz. The results were achieved by means of a fixed-point theorem
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and under the assumption that the uncontrolled domain is bounded. V. R. Cabanillas, S. B. De
Menezes and E. Zuazua [2] considered the null controllability of a nonlinear parabolic equation
with the nonlinearities of the form f(y, Vy). Still under the assumption that the uncontrolled
region is bounded, M. Gonzélez-Burgos and L. de Teresa [14] proved the null controllability of
a semilinear heat equation with the nonlinearities of the form f(y, Vy) which grows slower than
ly[log®2(1 + |y| + |Vy|) + [Vy|log! /(1 + |y| 4+ |Vy|) at infinity. L. de Teresa [5] proved the
approximate controllability of a semilinear heat equation in RY by an alternative method that
consists in writing the heat equation in the similarity variables and using the weighted Sobolev spaces.
L. de Teresa and E. Zuazua [6] proved the approximate controllability of a semilinear heat equation
in an unbounded domain with the nonlinearities of the form f(y), f being globally Lipschitz. The
results are achieved by means of an approximation method which consists in approximating the
domain €2 by a sequence of bounded domains (2 = {2 N Bpr, where Bp, is the ball centered at zero
with radius R.

If we succeed in solving Problem 1 and Problem 2, then system (1.1) is null controllable in
the sense of Stackelberg. Hence, the control v, which solves the optimal control problem, is called
follower, while the control k, which solves the null controllability problem, is named leader. The
Stackelberg leadership model was introduced by H. von Stackelberg [28]. This model is a strategic
game in economics in which two firms compete on the market with the same product. The first to act
must integrate the reaction of the other company in the choices it makes in the amount of product
that it decides to put on the market. There are few works in the literature on Stackelberg’s control
of partial differential equations. J. L. Lions used this concept for a linear parabolic equation with
two controls (see [20]). The follower aimed to bring the state of the system to a desired state, while
the leader solved a problem of approximate controllability. O. Nakoulima [27] used the concept of
Stackelberg for a linear and backward parabolic equation with two controls to be determined. In his
work, the follower solved a null controllability problem with constraints on control while the other
control solved an optimal control problem. M. Mercan [22, 23] revisited the notion of controllability
in the sense of Stackelberg given by O. Nakoulima [27] by choosing the follower of minimal norm.
This new notion is then applied by M. Mercan and O. Nakoulima [24] on the controllability of
a two-stroke problem with constraints on the states. The results were obtained by means of a
Carleman inequality adapted to the constraints. M. Kéré, M. Mercan and G. Mophou considered the
Stackelberg strategy for coupled parabolic equations with a finite number of constraints on one of
the state (see [17]). The follower control was supposed to bring the solution of the coupled system
subject to a finite number of constraints at rest at final time 7" > 0 while the leader control expressed
that the state of the coupled system do not move too far from a given state. Recently, L. L. Djomegne
Njoukoué, G. Mophou and G. Deugoué [8] proved the hierarchic control for a linear backward
heat equation with two controls. The follower solved an optimal control problem while the leader
solved a null controllability problem. The results were obtained by means of a Carleman inequality
associated to a non-homogeneous Dirichlet boundary condition. The authors in [15, 16, 25] used
the Stackelberg control to combine the concepts of controllability with robustness. In their work
the leader is responsible for controllability to trajectories objective and the follower solves a robust
control problem. Recently, in [13, 26], the authors used Stackelberg control to solve problems with
incomplete data. In their work, the leader solves a null controllability problem and the follower
solves an inf-sup optimization problem.

The works cited above on Stackelberg strategy for partial differential equations were considered
in bounded domains. As far as we know Stackelberg null controllability has not yet been considered
in an unbounded domain.
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In this paper we consider a Stackelberg null controllability of a heat equation in an unbounded
domain. Using the fact that the control which brings the system to rest at final time acts on an
open unbounded set such that the uncontrolled domain is bounded, we prove using an appropriate
inequality of observability that the system (1.1) is Stackelberg null controllable. More precisely, we
prove the following result.

Theorem 1.1 Let Q) C RY, where N € N\ {0}, be an unbounded connected open set with boundary
T at least of class C? uniformly. Let O, w and O be three non-empty subsets of Q such that ONw = ()
and OgNw # (. Assume that the assumption (1.2) holds true and that the parameter « is large
enough. Then, there exists a positive weight function 0 (the definition of 8 will be given later) such
that for any y° € L?(Q2) and for any zq € L*(OY) with 0z, € L*(OY) there exists a unique control
ke L? (wr) and an associated optimal control © such that the corresponding solution to system

(1.1) satisfies (1.5).

Remark 1.1

(a) In this paper, we are supposing that O N w = (); this means that the domain of the follower
control and the leader control are disjoint. Note that in a realistic situation the leader control cannot
decide what to do at the points in the domain of the follower. Indeed, if O Nw # ) once the leader
has been chosen, the follower is modifying the leader at those points.

(b) In Theorem 1.1, we assumed that o must be large enough. This assumption on « is needed
at the level where we want to establish an observability inequality of Carleman.

(¢c) The assumption (1.2) is important to solve the Stackeberg control associated to system
(1.1). Indeed, the potential in (1.1) is not bounded since our domain is unbounded. However, using
assumption (1.2), the problem can be reduced to the case where the potential is now supported in a
bounded set.

The rest of this paper is organized as follows. In Section 2, we study the Stackelberg null
controllability problem for an auxiliary heat equation. In Section 3, we give the proof of Theorem 1.1
using the results obtained in the previous section. A conclusion is given in Section 4.

2 Solution of Stackelberg null controllability problem for an auxiliary
heat equation

We study Problem 1 and then Problem 2 for the following initial-boundary value problem for the
linear system

0 )

5 —Ay+ay=oxo+hx inQ.

y=0 on Y, 2.1
y(0,.) =3° inQ,

where vx0, hxo € L*(Q) and ° € L?(Q2). We assume that there exists a constant K > 0 such that

all o) < K. 2.2)
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Under the above assumptions on the data the system (2.1) has a unique solution y := y(v, h) €
C([0,T); L3(Q)) N L2((0,T); H}(£2)). Moreover, there exists a positive constant C' = C'(K, T),
which depends on K and 7', such that

ly (T, ‘)H%%Q) + ||y|‘%2((07T);Hé(Q)) < C(||y0|\%2(9) + [l(vxo + th)”%?(Q))' (2.3)

From now on, we write C'(X) to denote a positive constant whose value varies from line to line but
depends on X.

2.1 Solution of Problem 1 for system (2.1)

We are interested in Problem 1 for the linear system (2.1), that is, for any h € L?(wr) we look for
0 :=6(h) € L*(Or) such that

J(,h)= inf J(v,h), 2.4
(0, h) e (v, h) (2.4)
where

T(0,h) = ly(w.h) = 2l + ollo 2oy, 2.5)

with z4 € L?(OT), a > 0 and y = y(v, h) being the solution of the linear system (2.1).

Proposition 2.1 Assume that (2.2) holds true. Assume also that there exists a constant C' =
C(K,T) > 0 such that
a>C. (2.6)

Then, for any h € L?(wr) there exists a unique optimal control © := v(h) € L?(Or) such that (2.4)
holds true.

Proof. Letz = z(v) and [ = [(h) be, respectively, solutions of

Z—Az%—az:vxo in Q,

2=0 on s, @7
2(0,.)=0 in Q

and

o _ Al+al=h in Q

ot = NXw )

=0 on X, (28)
1(0,.) =¢° in Q.

Then, it is clear that z and [ belong to C([0, T]; L?(£2)) N L2((0, T); HE(2)). Moreover, there exists
C = C(K,T) > 0 such that

|2(T, ')”%2(9) + HZH%Q((O,T);H(%(Q)) < CHUH%%OT) (2.9)

and
1T 20y + I o rm ey < C a0 + 11 220)- (2.10)
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Define on L?(O7) x L?(Or) the symmetric bilinear functional a(., .) by

a(u,v) = /05 2(u) 2(v) dz dt + oz/o

T

and on L?(Or) the linear functional

L(v) =

/ 2(v) (zq — I(h)) dzdt forall v € L*(Or).
o

wv dzdt forall u,v € L*(Or),

@.11)

Then, for any v € L?(Or), using (2.9) and (2.6), we have that the bilinear functional a(.,.) is

coercive on L?(Or), that is,

a(v,v) = [|2(0) 7201y + allvliz0p 2 BlvlZ20p)

with 3 = a — C > 0. Using (2.9), we infer that a(., .) is continuous on L?(Or) x L?(Or) and

la(u, v)] < C(K, T, a)l[ull 200 V]| L2(01)-

Moreover, by (2.9) and (2.10), we get that the linear functional £ is continuous, that is,

1£)| < C(lzall z2gop) + 15 Nz2(@) + Il 2200m) ) 1V 22007

where C' = C(K,T) > 0.

Now, observing that y (i.e., the solution of the linear system (2.1)) can be decomposed as

y = z + [, we have that the cost function defined by (2.5) can be rewritten as

J(v) = a(v,v) = 2L(v) + [I(h) = zall72(q)-

It then follows from the fact that the symmetric bilinear functional a(., .) is continuous and coercive
and the linear functional £ is continuous that there exists a unique optimal control v := 9(h) €
L?(Or) such that (2.4) holds.

O

Proposition 2.2 Assume that (2.2) and (2.6) hold true. Let v := v(h) be the solution of (2.4) and let
7 := y(d, h) be the associated state. Then, there exists p € L?((0,T); H} () N C((0,T); L*(Q))
such that {0, 7, p} satisfies the following optimality system

and

07 . R .

%—Ay+ay=v><o+hxw inQ,
=20 on Y,
§(0,.) =" in 2,

~

0 R R . .
—%—Ap+ap=(y—2d)><od inQ,

0 on X,

.

3>

p(T,.) =0 in Q

>

=—=1in OT.
o

(2.12)

2.13)

(2.14)
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Proof.  From Proposition 2.1, we already have (2.12). To complete the proof of Proposition 2.2, we
express the Euler—Lagrange optimality conditions which characterize the optimal control v:

lim J(0+ Av,h) — J(0,h)
A—0 A

= (0 for every v € LZ(OT),

which after calculations gives

/ 2(0)(§ — zq) de dt + a/ tw da dt = 0 for every v € L*(Or), (2.15)
or Or
where z(v) is the solution of
0
8—?—Az+az:vx<9 in Q,
z=0 on X, (2.16)
2(0,.) =0 in Q.

To interpret the relation (2.15), we consider the adjoint state solution of (2.13). Since (y — z4) X0, €
L*(Q), we deduce that the system given by (2.13) has a unique solution in L2((0,7); H(22)) N
C([0,T); L*(€2)). Thus, multiplying (2.16) by p, that is the solution of (2.13), and integrating by
parts over (), we obtain

/ 2(V)(Y — zd)xo, dedt = / vpdadt = 0 forevery v € L*(Or). (2.17)
Q Or
This, together with (2.15), gives
/ (p + ad)v dzdt = 0 for every v € L?(Or),
Or

from which we deduce (2.14). ]

Remark 2.1 Note that the follower v, the adjoint state p and the state 1y depend on h. Moreover, in
view of (2.15), for every v € L*(Or) we have

O:/ z(v)(g)—zd)dmdt—i-a/ v dz dt
or Or

:/O?;z(v)z(@) dxdt—/@z(v)(zd—l) dmdt+a/ bv da dt

Or

=a(v,0) — /OT z2(v)(zg — 1) dz dt,

where the bilinear functional a(.,.) is given by (2.11) and the function | = [(h) is a solution to (2.8).
Hence, taking v = ¥ in the latter identity and using the coerciveness of a(., .), we deduce that

Bllolz2ior) < 120 L2iomyllza = Ul 2 o),

which in view of (2.9) and (2.10) gives
. 1 0
o0z 05 < 5O (Ileallziop) + 15 Nzzey + bl czcon) ) @18)

where C = C(K,T) > 0and f = o — C > 0 is the coerciveness coefficient.
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2.2 Carleman inequalities

In order to solve Problem 2 for system (2.1), that is, the null controllability of a cascade linear system
(2.12)—(2.14), we need to establish appropriate inequalities of observability. So, for any p’ € L?(£2)
we consider the following adjoint systems of (2.12)—(2.14):

(0 .

*gf*APJFaP:‘I’XOd ana

p=0 ony, (2.19)
p(T,.) = p’ in Q,
(O 1

— — AV 4+ a¥ = ——pyp inQ,

ot @

U =0 on ¥, (2:20)
v(0,.)=0 in 2,

where the function a satisfies (2.2). We assume that there exists an unbounded set w; C w such that

Q\ w; is bounded. (2.21)
Remark 2.2 Note that with (2.21) we have that assumption (1.2) holds true.

Since Oy Nw # (), there exist an open set wy such that
wo Cwp C OgNw C w with dy = dist(wg, 2\ @1) >0 (2.22)
and a function ¢ such that

Y e C?(Q), > 0inQ,
V| > 10 > 0in Q \ wo,

6—w<00n8§2, Z |DPep| < 71 in Q,

ov —
1812

(2.23)

where 7 and 77 are two positive constants. For the existence of such a function v in the case when
) is unbounded, we refer to [14, Example 1, p. 7].

Let A be a positive real number. For any (¢, z) € @, we set

ANmi+(z))

t = 2.24

o(t, z) =1 (2.24)

AWl Lo @) +m2) _ A(mi+ip(x)) 555

t = .
n(t, ) T =1 : (2.25)
with mg > my. Then, there exists a positive constant (still denoted by C'(T")) such that
0
o <oy 2260

‘%f <C(T)¢? (2:26b)
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For any Fy € L?(Q) and 2y € L?(f2), consider the following system

—Zj — Az = FO in Q,
2=0 on, (2.27)
2(T,.) =z in €.

Now, we state a Carleman estimate for solutions to the heat equation (2.27).

Proposition 2.3 ([14]) Suppose that assumptions (2.22)—(2.23) hold true. Let ¢ and n be de-

fined by (2.24) and (2.25), respectively. Then, there exist positive constants o1(19,T1,dy) > 1,
A1 (10, 71,do) > 1 and C (19, 71,do) > 0 such that for all A\ > X1, s > s1 = o1(T + T?) and for
any solution of (2.27), which we denote by z, we have

3)\2/ e 2| V2|? dx dt + 53)\4/ e 23| 2| da dt
Q Q

T (2.28)
< C(70,71,dp) <33A4/ / e 23| 2| da dt +/ e 2| Fy|* da dt).
0 Jwi Q
Now, consider the following system
0
—6—j—A2+az:f in Q,
=0 onY, (2.29)
2(T,.) = zo in Q,

with f € L*(Q), 20 € L*(Q). Then, we have the following result for (2.29).

Proposition 2.4 Suppose that assumptions (2.2) and (2.22)—(2.23) hold true. Let @ and n be defined
by (2.24) and (2.25), respectively. Then, there exist positive constants ss > 1, Ay > 1 and
C = C(mp,11,dp) > 0 such that for all \ > X1, s > so and for any solution of (2.29), which we
denote by z, we have

s)\Q/ e M|V 2| do dt + 83)\4/ e 23| 2|? da dt
Q Q

T
< C<53)\4/ / e 253 2)? d:vdtJr/ 6_2s"|f|2dxdt>.
0 Jwq Q

Proof. System (2.29) can be rewritten as

(2.30)

—Z—Az:—az—kf in @,
z=0 on X,
2(T,.) =z in €.

Hence, z is the solution of (2.27) corresponding to Fy = —az + f € L?*(Q). Thus, applying
Proposition 2.3 to z and using (2.2), we deduce that there exists C' = C(79, 71, dp) such that
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s/\2/ e 2N |V 2|2 d:cdt+s3)\4/ e 23| 2|? da dt
Q Q
T
§C’<s3)\4// e 25322 dxdt+/ e 2| £|? dxdt)
0 Juwr Q
+C<82)\4K/ e 23| 2)? d:vdt),
Q

because s, A > 1 and ¢! € L>(Q). Choosing s > s3 = max (s, 2C (70, 71, do, K)) in the latter
inequality, we obtain (2.30). g

Remark 2.3 Note that if we make a change of variable t for T' — t in (2.29) we obtain

%-Azmg:f inQ,
z=0 ony, (2.31)
Z(0,.) = 2o in €,

where (t,x) = 2(T — t,x) and f(t,x) = f(T — t,x). Then, the global Carleman inequality
(2.30) is also valid for any Z. This means that there exist positive constants so > 0, A1 > 1 and
C(70,71,do) > 0 such that for all X\ > \1, s > so and for any solution of (2.31), which we denote
by Z, we have

s/\2/ e 2| VZ[ dx dt + 53)\4/ e 23| 2| da dt
Q Q

T (2.32)
< C<33/\4/ / e 23|22 da dt + / e 2| f|? dx dt).
0 Jwq Q
From now on, we will adopt for a suitable function z the following notation
K(z) = s)\2/ e 2| V2| da dt + 83)\4/ e 23| 2|2 dz dt. (2.33)
Q Q

In the following result, we present the Carleman inequality for the solutions to systems (2.19) and
(2.20).

Proposition 2.5 Assume that « is large enough. Then, under the assumptions of Proposition 2.4,
there exist positive constants s3 > 1, Ao > 1 and C = C(K,T,19,11,dp) > 0 such that for all
A > Ao, 8 > s3 the following estimate holds true for any solution (¢, ¥) of (2.19)—(2.20)

Kp) +K(¥) < C’s7/\9/ e 2507 | p|? da dt. (2.34)

wr

Proof. 'We proceed in two steps.

Step 1. We prove that there exists C' = C(7g, 71, dg) > 0 such that

T
K(p) + £(¥) < C<53)\4/ / e 1% (|p]? +|¥)?) da dt). (2.35)
0 Jwi
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Applying (2.30) to the solution p of (2.19) and (2.32) to the solution ¥ of (2.20), and then using
the notation (2.33), we, respectively, obtain

T
K(p) < C(To,ﬁ,do)<83>\4/ / e 2% | p|? dxdt+/
0 Jw

e

e 2% dx dt>
and
r 1
K(¥) < C(19,71,dp) <53)\4/ / e 23| W|? dz dt + 2/ e 25| p|? dz dt).
0 Jwy « Or

Since s, A > 1 and p~! € L>(Q), we can write
T
K(p) + k(W) < C<s3)\4/ / 2 (| + []?) d:cdt)
0 Jwr
1
+ C’(l + 2) : (S2)\4/ e 1% (W] + |p|?) da dt),
a Q

where C' = C(m, 71,do) > 0. Set s3 = max (32, 2 (1 + %) C’). Choosing in the latter inequality
s > s3, we deduce (2.35).

Step 2. Now, we want to eliminate the local term on the right-hand side corresponding to W in the
estimate (2.35).

So, let ws be a non-empty open set such that wi; C we C Oy N w. Introduce as in [1, 7] the cut
off function { € C§°(€2) such that

0<€<l g=1linwy, £=0inQ\wy, (2.360)
A v
51/52 € L™ (wa), '51/52 € [L®(w)]V. (2.36b)

Set u = s3\4p3e=2%". Then, u(T) = u(0) = 0 and we have

du_ By 0
5 U [390 ot 2s 8J , (2.37a)
V(u€) = u[(3B\ + 2sAp)EVY + V¢] (2.37b)
and
A(u) = ué(14sX%@ + 452 X20% + 9N2) | V|2 + u€AD(3N + 25)¢) 238)

+ 2u(3X\ + 2sAp) V). VE + uA€.

Now, if we multiply the first equation of (2.19) by u£ ¥ and integrate by parts over (), we obtain

«

—1/ pru dxdt+/ pf\Ilg?: dxdt—2/ pV .V (uf) da dt
Q @ ? (2.39)
—/ pUA(uf) dxdt:/uf\\mzx@d dz dt.
Q Q
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If we set

1
Ji = —/ prué dx dt, Jy = / pgqj@ dz dt,
J3 = —2/ pVU.V(uf) dz dt, Jy = —/ pYA(uf) dx dt,
Q Q
the formula (2.39) can be rewritten as
S+ I+ I3+ Jy= / uf‘\I"ZXod dx dt.
Q

Let us estimate J;, 7 = 1,...,4. We have

1
le—/ pPué dz dt
@ JQ

IN

1
/ 3N 325 p|? da dt.
aJQ

Using the Young inequality, (2.26a), (2.26b), (2.36b), (2.37a), (2.37b) and (2.38), we obtain

U

0
= U—
J2 / 173 : dz dt

95\ 2 In\ 2

" 2 1 2 —2 (9P 2 (9N

< = ) + — 1 — | + —

9 /§u| |* da dt 2 / Eulpl [ 8y ( t) 8s ( t> ] dzdt

T T
< 2// u|? dxdt+C’(T)// P M e p|? da dt
0 Jwy

0 Jwo

for some v; > 0. Furthermore,
Jg = —2/ pVU.V(uf) dz dt
Q
= —2/ PEU(BN + 25 Ap) V).V dx dt — 2/ puVW.VE dx dt
Q Q
1 T
< 2/ sApe 2|V |? dz dt + C(Tl)/ / s T2 p|? da dt
Q 0 Jws
and
Jy = —/ pPA(ug) da dt
Q
= —/ pul V(145020 + 45°X%p? + 9\?)|Vy|? dx dt
Q
— / puEWAY(3X 4 2sA)|Vep|? da dt
Q

— 2/ pu¥ (3 + 2sAp)Vp.VE da dt — / puWAE dzx dt,
Q Q

(2.40)
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which after some calculations gives

5 T T
i _9g
Jy < g 2/0 /1 u|P|? dz dt + C(Tl)/ /2 sTA8Te™ 2| p|? da dt
i=2 w w

0

for some y; > 0, ¢ = 2,...,5. Finally, choosing the v; such that Z?:1 % = %, it follows from
(2.40) that

T

/ / A3 2| W ? de dt
0 Jw;
T
< / shpe 2|V dedt + C (K, 1, T) / / sTA%p e 25| p|? da dt (2.41)
Q 0 Jwo

1
+ - / 3N p3e 25| p|? da dt.
@ JQ
Combining (2.35) with (2.41), we deduce that
K(p) + K(¥) < O(rg, 11, do)/ s\pe 2|V U|? dg dt
Q
T
+ C(K, T, To,ﬁ,do)/ / sTA9 e p|? d dt
0 Jwsy
1
+ —C(10,71,do) / A p3e 25| p|? da dt.
o Q
Choosing in the latter inequality A > Ay = max(\1, 2C (79, 71, dp)), we obtain
T
K(p) + K(¥) < C(K,T, 19,71, do)/ / sTA%Te™ 2| p|? dz dt
0 Juwsy
1
+ aC(Tg,Tl, dp) / sSAp3e™2 p|? dz dt.
Q

If we take « large enough, we can absorb the last term of the latter relation on the left-hand side.
Using the fact that wy C w, we deduce (2.34). Therefore, the proof is complete. O

Now, we are going to establish the observability inequality of Carleman in the sense that the
weight functions do not vanish at £ = 0. We define the functions ¢ and 7 as follows:

r if 0.L
@(t,x): 80(27'1‘)7 1 tE[ a2]7 (242)
o(t,x), ifte(L,T]
and
z ift €0, %
(. 2) = n(sz,z), iftelo, 3], .43
n(t,x), ifte (L,

where the functions ¢ and 7 are given by (2.24) and (2.25), respectively. From now on, we fix
A = Az and s = s3. We have the following result.
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Proposition 2.6 Assume that the assumptions of Proposition 2.5 hold true. Then, there exist a
weight function 0, positive constants s3 > 1, Ao > 1 and C = C(K, T, 19,71, do) > 0 such that the

following estimate holds true for any solution (¢, V) of (2.19)—(2.20)

1 1
/92|p|2dmdt+/ ﬁ|\11|2dxdt§0 |p|* dz dt. (2.44)
Q Q wr

10, )12y +

Proof. Let us introduce a function 3 € C*([0, T]) such that
(2.45)

0<B<1, B(t)=1fort € [0,T/2], B(t) = 0 fort € [3T/4,T], |8'(t)] < C/T.

= B(t)e"”(T_t)p(t, x), where > 0. Then, in view of (2.19), the

For any (t,z) € Q, we set ((, x)
function ( is a solution of

‘%—Auacwc Be " TNy, — Be T Mp inQ,
2 oy, (2.46)
((T,.) =0 in €.

If we multiply the first equation in (2.46) by ( and integrate by parts over (), we get

1
iHC(Ua N2z + 11VEIZ2 ) + 7lICNZ2(0)
3T/4

) 1 3T/4 ) 1 )

Hence, if we choose in the latter identity r such that r = K + %, using the definition of {, we deduce

T/2 T/2
/|p0 T y2dx+/ /|Vp|2dxdt+/ |p|* dz dt

3T/4 3T/4
< C(K,T) / prdde/ |p|2dxdt
0 Q T/2

Now, using the fact that the functions ¢ and 7, defined by (2.42) and (2.43), respectively, have lower
[0,7/2] x €2, we get

that

and upper bounds for (¢, z) €

| 1p(0.0)Pde + ez
3T/4 37 /4 (2.47)
< CO(K,T) / |2 da:dt—ir/ lp|? dzdt |,
0 Q /2 Ja
where
IC[ab // ~2887 5|V 2|2 dxdt—l—// e 253153 2|? da dt. (2.48)

Adding the term /C[O,T /2]( ) to both sides of inequality (2.47), we obtain
/Q 10(0,2)? dz + Kio 12 (p) + Kjo.7/2(¥)
(2.49)

3T/4 3T/4 B
< C(K,T) / /\I/Qda:dt—l—/ p[2 dedt | + Kio.zo ().
0 Q 172 Jo
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In order to eliminate the term IE[()’T /2](¥) on the right-hand side of (2.49), we use the standard
energy estimates for the first equation of (2.20) and we obtain

T/2 T/2 1 T/2
/ V|2 da dt +/ U dedt < —O(K, T)/ |p|* dz dt,
0 Q 0 Q «Q 0 Q

where C' is independent of «. Since the functions ¢ and 7 have lower and upper bounds for
(t,z) € [0,7/2] x Q, from the previous inequality we obtain

. 1 T/2 o
Kio/2(¥) < ?C(K, T)/ /Qe 2531 53 | p|? da dt. (2.50)
0

Replacing (2.50) in (2.49) and taking « large enough, we obtain

/Q (0, 2)|* dz + ’E[O,T/2] (p) + IZ[O,T/2](\II)

3T/4
SCGCT)<AH‘AOMW+WPMMdQ-

Since the functions ¢ and 7 defined by (2.24) and (2.25), respectively, have the lower and upper
bounds for (¢,z) € [T/2,3T/4] x Q, using (2.34) we obtain

2.51)

/Q 10(0,2)? dz + Kio 12 (p) + Kjo.7/2)(¥)
< C(K,T) (K(p) + K(¥)) (2.52)
< C(KaTJo,Tl,do)/ e 253157 | p|? da dt.

wr

On the other hand, since n = 77 and ¢ = ¢ in [T/2,T] x Q, we use again estimate (2.34) and we
obtain

’E[T/Z,T] (p) + ’%[T/Z,T](\I/) = K(p) + K(¥)

2.53
< C(K,T, 10,71, do)/ e 253057 p|? dz dt. (2.53)
wr
Adding (2.52) and (2.53) and using the fact that e 2*3"" € L>°(Q), we deduce that
(0, ')H%?(Q) + IE[O,T] (p) + ,E[O,T](\I]) < CO(K,T, 9,71, do)/ p|? da dt. (2.54)
wr
Using the definition of ’E[a,b] given by (2.48), we can rewrite the inequality (2.54) as
T ~ T )
100,93y + [ [ 275 0P dwder [ [ P00 doar
0 0 Ja (2.55)
<C(K,T, To,Tl,do)/ |p|? dz dt.
wr
If we set )
g5 = (2.56)

then, in view of (2.55) and (2.56), we deduce the estimation (2.44). ]
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2.3 Solution of Problem 2 for system (2.1)

In this subsection, we are interested in the following null controllability problem. Assume that
(2.2) holds. Given zg € L*(O%) and 4 € L*(Q), find a control A € L*(wr) such that if
g(h) = gt w5 0(h), h) € L((0,T); Hy () 0 C(0,T); L*(2)) and p € L*((0,T); Hy(2)) N
C([0,T7]; L*(Q2)) are solutions of (2.12)—(2.14), then

§(T, . h) = 0in Q. (2.57)

Proposition 2.7 Let Q2 be an unbounded open subset of RN with boundary T of class C?. Let also O,
w, wy and Oy be four non-empty subsets of Q such that w1 C w, ONw = O and OgNw # 0. Assume
that (2.2) holds true. Then, there exists a positive real weight function 0 given by (2.56) such that
for any function y° € L*(Q) and zq € L*(O}) with 0z, € L*(OY) there exists a unique control
he LQ(wT) such that the null controllability problem (2.12)—(2.14) and (2.57) holds. Moreover,

h=p in wr, (2.58)
where p satisfies
95 .
—2r = Mot ap= o, in Q (2.59)
and W is a solution of
o . 1
— — AV 4 a¥U = ——pxo in Q. (2.60)
ot o

In addition, there exists a constant C = C(K, T, 19, T1,do) > 0 such that

Vollz2ary < € (1822 + 162all 2oty ) - 2.61)

Proof. To prove the null controllability (2.12)—(2.14) and (2.57), we proceed in three steps using a
penalization method.

Step 1. For any € > 0 we define the cost function

1. 1
Je(h) = o_[19(T Wz + 5%”%2(0@)‘ (2.62)

Then, we consider the optimal control problem: find h. € L?(wr) such that

Jo(he) = min J.(h). (2.63)

heL2(wr)

Using classical arguments we can prove that there exists a unique solution k. to (2.63) (see [19] for
example). If we denote by (9c, p:) = (9 (he), P (he)) the solution to (2.12)—(2.14) corresponding
to he, using an Euler—Lagrange first order optimality condition, we can prove that there exist p. and

U, such that (9., pe, pe, e, he) is a solution of the following optimality system

0y . I .
8315 — Ay +afe = Vexo + hexow inQ,
P =0 on X, (2.64)

7:(0,.) = ¢/° in Q,
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b= -2 in O, (2.65)
o
op R . . .
- ;15 — Ape + ape = (Je — za)xo0, inQ,
Pe =0 on X, (2.66)
ﬁE(T7°) — 0 in Q,
0pe )
- apt — Ape +ap: = \I]aXOd in Q,
pe =0 on X, (2.67)
1. .
p&(Ta ) - _gyé‘(T7 ) mn Q7
a;E AV 4 a¥, = -y 0,
o
U, =0 on X, (2.68)
\Ila(oa ) =0 in )

and
he = pe in wr. (2.69)
Step 2. We give estimates on ., ¥, P and h. independent on €.

If we multiply the first line in (2.64) by p. (i.e., the solution of (2.67)) and the first line in (2.66)
by W, (i.e., the solution of (2.68)), and integrate by parts over () and use (2.65), we obtain the
following equations

1, X
— —l1:(T, ')Iliz(m—/yopa(&x) dw+/ JeVedz dt
€ Q of

1 (2.70)
= /@T peps drdt + [|he 72,
and 1
a o, e O

Combining (2.70) and (2.71), we obtain

1, .
IelBaguny + 2157 ey = [ e drd - [ 00,0 aa.

which using the Cauchy—Schwarz inequality and the fact that 24 € L? ((’)3) gives

g Ye + 190 22 (192 (0, )l £2(6) -

1
hel|? 19T )72y < 110
el 2y + ZN5(T )22(@) < 11024l 207 12(Q)

‘ 1

This implies that

L.
Hh5H%2(wT) + gHya(T, ')\\%2(9)

2 (2.72)

1

1/2
1/2
g(\Iézd!!i2(og)ﬂlyol\iz(m) X(HG\DE +Hpa(0,->”%2(ﬂ)> :

L2(Q)
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Now, if we apply the Carleman inequality (2.44) to p. and W., then there exists C' =
C(K,T,T9,71,do) > 0 such that

1 1
/Q(,lesﬁdmdw/wwsl?dxdwrp5<07.>||%2(mSc/ |p<|* da dt. (2.73)

wT

Using (2.72), (2.73) and (2.69), we obtain

1.
gHya(T, W22y + el Z2 () < C <||93dHL2(o§) + ||y0HL2(Q)> (e ll 22 (wog)-

It follows that
el 2y < € (10zall 207 + 15 l12(0)) (2.74)

and
19T ) 2y < CVE (102all2(0) + 18 2@ ) 2.75)

where C' = C(K, T, 19, T1,do) > 0. In view of Remark 2.1, (2.18) and (2.74), we have that
10l 207y < C (szHB(og) + ||92’dHL2(o§) + ||CUOHL2(Q)), (2.76)

where C = C(K,T,19,71,dy) > 0. Since g. and p. satisfy (2.64)—(2.66), using (2.69), (2.74),
(2.76), we prove that

19l 20,2 (2)) < € <||Zd||L2(OdT) + 10zl 207y + ||ZJOHL2(Q)), (2.77a)
1Pell 20,7y () < C (HZdHLQ((’)dT) + 10zall 207y + HyOHL2(Q))7 (2.77b)
where C' = C(K, T, 19,71, do) > 0.
Step 3. We study the convergence when € — 0 of sequences h., Uc, Js, P, Ve and pe.

In view of (2.74), (2.75), (2.76) and (2.77), we can extract subsequences of h., Uc, 9. and p.
(still denoted h., ¥., - and p., respectively) such that when € — 0, we have

h. — h weakly in L?(wr), (2.78a)

0. — 0 weakly in L2(O7), (2.78b)

. — 9 weakly in L2((0,T); H} (Q)), (2.78¢)
p- — p weakly in L2((0,7); Hy(Q2)), (2.78d)
(T, .) — 0 strongly in L?(Q). (2.78¢)

From (2.65), (2.78b) and (2.78d) we obtain

A~

o=-Lino;. (2.79)

Q
Moreover, using the weak lower semi-continuity of the norm, we deduce from (2.76) and (2.78b) that
[9lz20r) < € (l2allzo) + 162l z20) + 13 I2(0) ) (2.80)

where C' = C(K,T,T(),Tl,do) > 0.
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Let D(Q) be the set of functions of class C*° on () with compact support. If we multiply the
first equation in (2.64) by ® € D(() and the first equation in (2.66) by £ € D(Q), integrate by parts
over (7, and then take the limit when € — 0 while using (2.78), we, respectively, deduce that

/Q<_8(I)_Aq)+aq>> dxdt:/ {)@dxdt—i—/ h® dz dt
Q 8t OT wT

and 3
/ D (5 — AL+ a§> dedt = / (0 — zda)xo, £ dzdt.
ot
Q Q
This, after an integration by parts over (), gives, respectively,

/ %—Ag)+ag) @dxdt:/ @@dde/ h® dz dt for every ® € D(Q)
Q ot Or wr

and

/ <]§ — Ap+ aﬁ) Edxdt = / (9 — za)x0,£ dzdt forevery & € D(Q).
Q\ Ot Q

Hence, we deduce that

9y

5 ~ A9 +ag=ixo+ hye in Q, (2.81a)
op A .
5t — Ap+ap = (§ — za)x0, in Q. (2.81b)

Observing that §, p € L*((0,T); H}(Q2)) and %, % € L*((0,T); H1(2)) we deduce that
(4(0),9(T),p(T)) exists in (L?(£2))3. The traces of 3(t) and p(t) exist in L?(T") for almost ev-

ery t € (0,7). It then follows from (2.78c) and (2.78d) that

0on X, (2.82a)
0

y
p=0onX. (2.82b)

If we multiply the first equation in (2.64) by ® € C*°(Q) such that ®|y; = 0 and the first equation

in (2.66) by £ € C*(Q) such that |y, = 0, £(0) = 0 in €2, and then integrate by parts over (), we,
respectively, get

/ 0. D d:cdt+/ h.® dx dt
OT wT
0 ~ ~ 8@
=— [ o0 dz+ [ 9.(T)S(T)dz+ [ G- | ——= — AD +a® ) dedt
Q Q Q ot
for every ® € C*°(Q) such that ®|s; = 0

and

ot

/ (9 — za)x0,§ dodt = / De <8§ — AL+ aﬁ) da dt,
Q Q
for every £ € C*°(Q) such that {|x, = 0, £(0) = 0in Q.

Passing in these latter identities to the limit when ¢ tends toward zero, while using (2.78), then
integrating by parts over () and using (2.82), we obtain



114 L. L. Djomegne Njoukoue, G. Deugoue, J. Nonl. Evol. Equ. Appl. 2021 (2021) 95-118

/ f)(I)dxdt—i—/ h® dz dt
OT wr
- / (5(0) — 4°) (0) dz — / §(T) &(T) da + / o (ay g y> de dt
Q O Q ot

for every ® € C*(Q) such that ®|y; = 0

and

/Q (5 — za)x0,€ dz dt

Y op L
= /Qp(T)g(T) dz + /Qf <_8t - Ap+ap> dz dt
for every £ € C*°(Q) such that & = 0, £(0) = 0 in Q.

This, in view of (2.81), gives, respectively,

0 :/ (4(0) — y°)®(0) dz —/ §(T)®(T) dz for every ® € C*°(Q) such that &z, =0 (2.83)
Q Q

and
0 :/ P(T) &(T) dx for every & € C°°(Q) such that &|s; = 0, £(0) = 0in Q. (2.84)
Q
From (2.84) we deduce that
p(T,.) = on . (2.85)
Taking ® in (2.83) such that ®(7') = 0 in €2, we deduce that
7(0,.) =y on Q. (2.86)
And it finally follows from (2.83) that
9(T,.) = 0on . (2.87)

If we apply the Carleman inequality (2.44) to p. and W, then there exists C = C'(K, T, 79, 11, dp) >

0 such that 1
N HH‘I’s < C(Ily°llz2(e) + 10zall 2o)),
L2(Q) L*(Q)

because (2.69) and (2.74) hold true. Hence, in view of the definition of 6 given by (2.56), we obtain

1
Heps

e (e r—ryxey + 1¥ell 2 (rr—ryx) < CUIY N L2() + 102all 2 (01))
where 7 > 0. Consequently, there exist p and ¥ in L2 ((7,T — 7) x €)) such that
pe — pweakly in L?((1,T — 7) x Q),
U, — W weakly in L2((1,T — 7) x Q).
Therefore,

pe — pweakly in D'(Q),

. (2.88)
U, — U weakly in D'(Q),
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where D'(Q) denotes the dual of D(Q), and it follows from (2.69) and (2.74) that
pe — p weakly in L*(wr). (2.89)
From (2.69), (2.78a) and (2.89), we have that b = p,,.

Proceeding as for the convergence of . on pages 112—114 while passing to the limit in (2.68),
we prove using the second convergence of (2.88) that U satisfies (2.60). Passing to the limit in (2.67)
while using the first convergence of (2.88), we have that p satisfies (2.59).

It then follows from (2.79), (2.81), (2.82), (2.85), (2.86) and (2.87) that (iL, 4, P) is a solution
of the null controllability problems (2.12)—(2.14) and (2.57). Finally, using the weak lower semi-
continuity of the norm and (2.78a), we deduce from (2.74) the estimate (2.61). ]

Remark 2.4 By Proposition 2.7 we proved that there exists a positive real weight function 0 given
by (2.56) such that for any function y° € L*(Q) and zq € L*(OL) with 024 € L?(OY), there exists
a unique control h € L? (wr) such that if § = §(0, iL) is a solution of (2.1), then § satisfies (2.57).
Moreover, ¥ is given by (2.14) and h = p in wr, where p satisfies (2.59)—(2.60) and the estimation
(2.61).

3 Proof of Theorem 1.1

We rewrite the system (1.1) as follows

0 )

ai Ay + apxo\w¥ = vX0 + hxw inQ,

y=20 on Y, 3.
y(0,.) =7° in Q,

where k = (apy + h). Then, h is a control of system (3.1) if and only if £ = agy + h is a control of
system (1.1). The advantage of writing the system (1.1) in the form (3.1) is that the potential is now
bounded and we can use the Carleman inequality (2.44).

Now, taking a = agxo\,, € L>(Q) in (2.1), it follows from Proposition 2.7 and Remark 2.4

that there exists a unique control i € L2(wy) such that if § = §(, k) is the solution of (2.1), then
satisfies (2.57). Moreover, ¢ is given by (2.14) and

h:ﬁin wTr,

where p satisfies (2.59)—(2.60) and the estimation (2.61). Now, observmg that k = (aoy + h)
have that there exists a unique control k € L2(wr) such that if § = §(©, h) is the solution of (1. 1)
then ¢ satisfies (1.5). Moreover, © is given by (2.14) and

k= (aoy +h) in wr,
where p satisfies (2.59)—(2.60). Moreover, using (2.61) we have that
¥l 2ry < C (1%l 220 + 162all 201 ) (3:2)

where C' = C({|aol| o< (@\w)> T, 70, 71, do) > 0. The proof of Theorem 1.1 is then complete.
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4 Conclusion

In this work, we proved the null controllability through Stackelberg control associated to system
(1.1) in an unbounded domain. We obtained the result under the assumptions that on the one hand
O Nw = () and the other hand that the set 2 \ w is bounded.

Note that the first positive result on null controllability in an unbounded domain was obtained in
[4] under the assumption that the set 2 \ w is bounded. The fact that {2 and w are such that Q \ w
is bounded is just one example of unbounded domains. We refer the reader to [14] where he/she
will find other examples of unbounded domains where the Carleman inequality (2.28) that we have
established remains true.

We can extend this work to the case when the unbounded sets €2 and w are such that 2 \ w is an
unbounded set with infinite measure. We refer to [14] for more detail.

It is also possible to extend this work using arguments given in [3] to control the linear system
(1.1) with a control acting on an unbounded region w of finite measure. This can allows us to remove
the hypothesis (1.2).
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