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Abstract. In this paper we prove the existence and uniqueness of renormalized solutions to nonlinear
parabolic equations with variable exponent and measure data. The functional setting involves
Lebesgue and Sobolev spaces with variable exponent.
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1 Introduction and main result

Let € be a bounded and open domain of RN, N > 1, with smooth boundary 012, and let T" be a
positive number. In this paper we study the existence and uniqueness of a renormalized solution for
the following nonlinear parabolic problem

u — div(a(z,Vu)) =p inQ = (0,T) x Q,
(Pu) § u=mup on {0} x Q,
u=20 on (0,7) x 09,

where 1 is a bounded measure on ) which does not charge sets of null p(.)-capacity and ug € L*(2).
In the case where a(z, V&) = |£[P(®)~2¢, the operator — div(a(z, Vu)) is called the p(x)-Laplacian.
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As a model example the problem (P,) includes the p-Laplace evolution equation:

up — div(|VulP@=2vu) = f inQ = (0,T) x Q,
U = U on {0} x Q, (1.1)
u=0 on (0,7) x 0.

The existence and uniqueness of entropy and renormalized solutions to problem (1.1) with f € L'(Q)
is nowadays well-known and was established by Zhang and Zhou in [18] and by Bendahmane et
al. in [1]. Our main goal here is to extend this existence and uniqueness result to a larger class of
measures which includes the L! case.

Let us recall that the existence and uniqueness of parabolic variational inequalities with variable
exponent was studied in [6, 12]. In [14], the authors proved the existence and uniqueness of entropy
solutions to a nonlinear parabolic equation with variable exponent and L!-data.

The importance of the measures not charging sets of null capacity was first observed in the
stationary case in [3], where the authors proved that every diffuse measure u, i.e., a measure which
does not charge sets of null p-capacity, belongs to L' (£2) + WL (€2). That allowed them to prove
the existence and uniqueness of an entropy solution for the following problem

A(u) =p in€Q,
u =10 on 0f2.

In the context of variable exponent, a similar approach was used in [13] for the elliptic problem

V.a(z,Vu) + B(u) 5 p in§,
u=20 on 912,

where p is a diffuse measure. In [13], the authors used the ideas of [3] to prove that for every diffuse
measure /i there exists f € L'(Q) and g € W=1P() such that u = f + ¢. This allowed them to
prove the existence and uniqueness of an entropy solution.

In order to use a similar approach in the evolution case, we developed in [15] the theory of p(.)-
parabolic capacity and then investigated the relationships between time space dependent measures
and capacity.

Let us recall that the connection between parabolic capacity and measures was first introduced
in [8] by J. Droniou, A. Porretta and A. Prignet in the context of Sobolev spaces with constant
exponent. In their works, they proved a decomposition theorem for measures (in space and time) that
do not charge sets of null capacity. Using this result, they proved the existence and uniqueness of
renormalized solutions for nonlinear parabolic initial boundary-value problems with such measures
as right-hand sides.

Inspired by the approach developed in [8] our main goal here is to prove the existence and
uniqueness results in a larger class of measures which includes the L' case, in the context of Sobolev
spaces with variable exponent. Namely, we prove (in the framework of renormalized solutions) that
the problem (P,) has a unique solution for every ug € L' (£2) and for every measure p which does
not charge sets of null p(.)-capacity. The notion of a p(.)-parabolic capacity and its connection with
measures are suitably developed in our previous work (cf. [15]).

The plan of the paper is the following. In the next section, we recall some basic notations and
properties of Lebesgue and Sobolev spaces with variable exponent. In section 3, we introduce our
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notion of a renormalized solution for the problem (F,). We also give some properties of the solution
and prove the existence and uniqueness of a renormalized solution.

2 Preliminaries

In this paper, we assume that
p(.): © — Ris a continuous function such that 1 < p_ < p; < +o0, 2.1

where p_ := essinf cq p(z) and py = esssup,cq p(z).

The Lebesgue space with variable exponent Lp(')(Q) is the set of all measurable functions
w: £2 — R for which the convex modular

)=
Q

is finite (see [7]). If the exponent is bounded, i.e., if p; < 400, then the expression
Hu||p(.) = inf{A >0: pp(.)(u/)\) <1}

defines a norm in LP\-)(12), called the Luxembourg norm. The space (L) (), ||.||,,..)) is a separable

Banach space. Moreover, if 1 < p_ < py < 400, then Lp(')(Q) is uniformly convex, hence
reflexive and its dual space is isomorphic to Lp/(')(Q), where Wlx) + ﬁ = 1 for x € 2. Finally,
we have the Holder type inequality

/uv dx
Q

which holds for all v € LP()(Q) and v € LV’ () ().

Let WP0(Q) := {u € LPO(Q) : |Vu| € LPO(Q)} and let lull1pey = llullpe) + [Vullpe)-
The space (Wl’p(') (€2), 1]l p()) is a separable and reflexive Banach space.

1 1
<l —4+—)|u VY, 2.2
(o= + G ) el 2

By C2°(X) we denote the space of continuous functions with compact support in X. We also
— _wlr()(Q
set WiPO(Q) .= o) @,

An important role in manipulating the generalized Lebesgue and Sobolev spaces is played by the
modular p,,) of the space rt) (€2). We have the following result.

Proposition 2.1 (see [9, 19]) Let u: Q0 — R be a measurable function. Then, the following state-
ments hold:

Gy min{ [lull20), [ull?f) b < ppy () < max{ ull20), el i luly) < +o0;

1 1

(i) min{p;{,) (), oy (u)} < pp(y(u) < maX{pﬁ(.)(U), p,’,’@(ﬂ)} if pp()(u) < +00;

(iii) Pp(.)(U/Hqu(-)) =1if0< HUHp(-) < +oo.
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Following [1], we extend a variable exponent p:  — [1,+00) to @ = [0,T] x € by setting
p(t,z) = p(x) for all (¢,x) € Q. We may also consider the generalized Lebesgue space

LPO(Q) = {u: @ — R : u is measurable and such that // lu(t, z)[P@ d(t, ) < oo}
Q
endowed with the norm

lall oo ) = inf{)\ 0 / /Q

which shares the same properties as LP() (Q).

u(t, x) p(z)

A

d(t,x) < 1},

For the vector field a(.,.) we assume that a(z, £): © x RY — RY is a Carathéodory function
(i.e., a(., £) is measurable on € for every ¢ € RY and a(z,.) is continuous on R¥ for almost every
x in ) such that the following conditions hold.

e There exists a positive constant C; such that
lalw,9)] < C1(3(@) + g ) 23)
for almost every = € €2 and for every &€ € R™, where j is a non-negative function in ') ().
e The following inequalities hold
(a(z.€) —a(z,n)).(§ =n) 2 0 2.4)

for almost every = € Q and for every &, € RY with £ # 7, and
L@
a(z,§).£ = 5|§|p (2.5)

for almost every x € © and for every ¢ € RY, where C' > 0 is a constant independent of the
variables x and &.

In the sequel C will denote a non-negative constant that may change from line to line.
Now, let us recall the notion of a p(.)-parabolic capacity, developed in [15]. Set V = WO1 #() Q)N
L?(9) and endow V with the norm ||.||W01,p(_)(9) + ||/l z2(q)- Moreover, set
Wy()(0,T) = {u € LP~(0,T;V) : Vu € (LPO@Q)Y, w € L¥'(0,T; V"))

and consider the norm [[ullw, ) 0.7) = [lullzr- o) + VUl ooy @) +luell oy g gy HU € Q
is an open set, we define the p(.)-parabolic capacity of U as

Cap,,)(U) = inf{Hunp(_)(o,T) 1 € Wy y(0,T), u > xy almost everywhere in Q }

(we use the convention inf ) = +00). The above definition can be extended to any Borel subset
B C Q by setting Cap,,y(B) = inf{Capp(.)(U) : U is an open subset of Q and B C U'}.

We denote by M,,(Q) the space of bounded measures on the o-algebra of Borel subsets of @
and by M;(Q) its subspace of non-negative measures. M (Q) is defined as the set of bounded
measures p satisfying p(E) = 0 for every subset £ C @ such that Capp(_)(E) = 0.
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The main property of My (Q) is given by the following result.

Theorem 2.2 ([15]) Let yu be a bounded measure on () which does not charge sets of null capacity.
Then, there exist f € L'(Q), F € (Lp/(‘)(Q))N, g1 € Lw-) (0,T; W‘Lp/(‘)(Q)) and g2 €
LP=(0,T; whrh(Q)n L?(Q)) such that

T T
/sodu—/fwdrcdtJr/F-derﬂdH/ (91,<p>dt—/ (1, g2) dt
Q Q Q 0 0

forall p € C°(]0,T] x Q).

We denote by ((.,.)) the duality between (W, )(O,T)), and W,)(0,T). Recall that
(Wp(.).(O, T))" N My(Q) is the set of all measures v € (W (7(0,7)) such that there exists C' > 0
satistying [((7, )| < Cll@]l L (q) forall ¢ € C°(Q).

Proposition 2.3 Every vy € (Wp(.) (0, T))/ N My(Q) can be identified by a unique linear transfor-
mation ¢ € C°(Q) fQ & dy™S where 4™ belongs to Mp(Q).

Proof. 'We define the positive linear functional ' on C.(Q) by F(§) = ((v,£)). Since |F(§)| =
(7€) < Cll€ll oo (@) for all £ € C(Q), by the Riesz representation theorem (see [10]) there
exists a unique Y™ € M, (Q) such that the relation F'(§) = [, o & dy™* holds for all £ € Ce(Q).
O

Proposition 2.4 Let g € L(p—)/(O,T; W*Lp/(')(Q)). Then, there exists G = (g1,92, - ,gN) €
(Lp/(')(Q))N such that
T
(g,0) = / / G.Vepdzdt (2.6)
0 Jo
forany & € Wy,y(0,T).

Proof. 'We start by introducing the following functional space

= {s e ©mwirw) vl e V@)

which, endowed with the norm
£l = IV Fll ey )

or the equivalent norm

1Al = 1 gt o0y * 19 Lo
is a separable and reflexive Banach space (see [20]). Moreover, we have
LP) (0, T; WP 0(Q)) — H,

where H’ is the dual space of H and one can represent the elements of ' as follows: if T € H/,
then there exists F' = (f1,---, fn) € (Lp,(')(Q))N such that 7' = div,(F') in the sense that

(T, &) = /Q FVedadt
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for any ¢ € H. Consequently, since g € L(p—)'(O,T; W‘Lp'(')(ﬂ)) — H' and W,((0,T) — H,

it follows that .
(9,9) = / / G.Vydzdt
0 JQ

for any £ € W,,)(0,T). O
Consequently, Theorem 2.2 can be reformulated as follows.

Lemma 2.5 Let p be a bounded measure on (Q which does not charge sets of null p(.)-capacity.
Then, there exist f € LY(Q), Gy € (Lp’(')(Q))N, and gy € LP=(0,T; V) such that

T
Q Q Q 0

forall p € C°([0,T] x Q).
Moreover, from Proposition 2.4, Lemma 4.2 in [15] can be rewritten as follows.

Lemma 2.6 Ler g € (Wp(,)(O,T))/. Then, there exist G1 € (Lp/(')(Q))N, g2 € LP=(0,T;V) and
g3 € L(p*),(O,T; L?(Q2)) such that

T
{({(g,u)) —/@Gl.Vudwdt—i—/O (ut, g2) dt—i—/@ggudxdt Jor all uw € Wy,y(0,T).

Moreover, we can choose (G1, g2, g3) such that

HG1H(LP’(-)(Q))N + ”g2HLp*(0,T;V) + Hg3HL(”*),(O,T;L2(Q)) < C”gH 2.7

(WP(J (O’T)) -

Definition 2.7 For L € (Wp(.)((), T))/, we say that (G1, g2, g3, h1, he) is a pseudo-decomposition

of LifGi € (IPO(@Q)", g2 € LP~(0,T;V), g3 € L@ (0,T; L2(Q)), by € LP'O(Q) and
he € L?(0,T; L*(Q)), and

T

T
(L.g)) = /0 (div(G1), o) dt + /0 (g0, g2) dt

(2.8)
+/ggg0dxdt+/h1g0d:cdt+/hgtpdmdt
Q Q Q

forall p € Wol’p(')(Q).

Using Lemma 4.3 in [15] (see eq. (119) and eq. (120)), we get.

Proposition 2.8 Let p,, be a sequence of symmetric regularizing kernels in R x RN and let 0 €
C([0,T] x Q). If (G1, 92, g3) is a decomposition of a measure v according to Lemma 2.6, then
(0G1,0g2,0g3, —0G1V0,0.g2) is a pseudo-decomposition of u = v and ((GGl) % P, (0g2) *
Pn, (093) * pn, (—0G1V0) * pp, (6192) * pr) is a pseudo-decomposition of ™ * py,.
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For readers’ convenience, we provide the proof of the following result, which can also be found
in our previous article (cf. [15]).

Theorem 2.9 Let n € Mo(Q). Then, there exist g € (Wp(_)(O,T))/ and h € L'(Q) such that
=g+ hinthe sense that

| edu=ta.on+ [ nodoa (2.9)
Q Q

forall p € C°([0,T] x Q).

Proof. Since ;1 belongs to M (Q), by the Hahn—Banach decomposition of ; we have u™, u~ €
Mjp(Q). So, we can assume that p € MH(Q). Hence, from Proposition 4.1 in [15], there exist
v € (Wp(.) (0, T)), N M (Q) and a non-negative Borel function f € L(Q, dy™*) such that

u(B) = / fdy™®  for all Borel subsets B of Q.
B

Since Y™ is a regular measure and C2°(Q) is dense in L'(Q, dy™), there exists a sequence

(fn)nen in C°(Q) such that f,, converges strongly to f in L!(Q,dy™3). Moreover, we have
Sonzo lfn = Fa-tllLr(@aymesy < c0. Define vy, = (fr — fu1)y € (Wp()(0, T)),. Then, thanks
o [15, Lemma 4.3], we infer that v € (W,()(0,7))" N My(Q) and 3700, v = 3% (f,, —
frn—1)7™® strongly converges to p in My(Q). Therefore, we can consider p as a compactly
supported measure. Taking a standard sequence of mollifiers p; € D(R), from [15, Lemma 4.3],
we deduce that p; * v,)°* strongly converges to v, in (Wp(,)(O, T))/. Hence, we can extract a

meas

subsequence I, such that [|py, * v3** — vl (w,,,07)) < -

meas

Let us rewrite » ., as follows:

n
Z meas __ Z pI,, * Z/meas Z(Vlrgneas — pi,, * VmeaS) (2.10)
k=0

k=0

In the following we denote respectively by m,, and h,, the first and second term in (2.10) and we

define the sequence g, by gn, = > p_ (V& — p1, * V). So, my, is a measure with compact support,

hy, is a function in CZ°(Q) and gy, belongs to (W, () (0, T))/. Take 6,, in C2°(Q) so that 6,, = 1 on

P
a neighborhood of (supp(fo) U -+ - Usupp(fn)) Nsupp(Y_j_o o1, * i**). Then, we can write

In = Ongn.

Since all terms in (2.10) have compact support, we can use ¢ € C2°([0, 7] x ) as a test function
in (2.10) to obtain

/@dmn:/hn@dxdt+<<gnv ©))- (2.11)
Q Q

Since

/sodgme“—/ﬂ ©dgn = ({gn, Onp)) = ((gn> ¥)),
Q Q

we have

oo o0
1Rllzi@) < D low * vy < D 18l ay @) < o0
k=0 k=0
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which implies the existence of a subsequence of (A, )nen converging to an element & in L'(Q). We
also have

oo o 1
lond 3= o #2033 < o0
k=0 k=
hence (hy)nen converges strongly to an element g in (W), (0, )) Then, it follows that
<(gn,s0>>+/ hnep dz dt — ({g, ¢)) +/ he da dt (2.12)
Q Q

for every p € C2°(]0, T x ).

Now, we prove that |, Q¥ dm,, converges to |, 0¥ d . For that we recall that the mapping m — m,
where m(f) = fQ f dm, is a continuous linear injection of M;(Q) into (C(Q)), Thus, if m,,
strongly converges to 1 in My (Q), 7y, strongly converges in (C(Q))’ to i, and so we have

/ ¢ dmy, = mp(p) = A(e) =/ pdp. (2.13)
Q Q

Combining (2.11)—(2.13), we get (2.9). ]

Using the previous theorem, we prove the following approximation result, which will play an
important role in the proof of the existence of renormalized solutions of (P,,).

Proposition 2.10 Let i € Mo(Q). Then, there exists a decomposition (f, G1, g2) of p in the sense
of Lemma 2.5 and an approximation ., of p satisfying

pn € C2(Q), ||MnHMb(Q) <C

and .
/ odp, = / fnedxdt —i—/ G'Veydxdt — / (o1, gy) dt
Q Q Q 0
forall p € C°([0,T] x ), where
fn € CZ(Q) and f, — f strongly in L' (Q),

G € (CSO(Q))N and G} — G strongly in (Lpl(')(Q))
g5 € C°(Q) and g5 — g2 strongly in LP=(0,T; V).

N

Proof. We will prove that there exists a decomposition (f, G1, g2) of u such that for all € > 0 we
can find pe € C2°(Q) satisfying ||c|| 11y < C and

T
/gpuecpda:dt:/ fegodxdt+/G§V<pdajdt—/ (pt, g5) dt
Q@ Q Q 0

for all o € C2°([0,T] x Q) with f. € C2(Q) such that || f. — fll1(g) < Ce, G5 € (C2(Q))™
such that |G§ — G1H(Lp/(,)(Q))N < Ce and g5 € C°(Q) such that ||g5 — g2 || p— (0,7, < Ce (with
C not depending on ¢).

We use the notation introduced in the proof of Theorem 2.9. Recalling that v, = (f — fx—1)7 €
(Wp(.)(O, T))/, we choose £, € C2°(Q) such that & = 1 on a neighborhood of supp(fr — fr—1).
Then, there exists C' () > 0, depending only on &, such that
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o it E€{(LPO(Q)", Lr-(0,T;V), L®-)(0,T;12(Q))} and h € E, then ||&ehllp <
1P|EC (&),

. / N
o if Hy € (LF'(Q)) ", then IHHLVE 1oy @) < CERIHL 100y (v
o if h € LP=(0,T; L*(Q)), then [|(&)ehl| Lo (0.1 L2(02)) < CER NN o= (0,7:22(02))-

meas __

Instead of the index [ chosen in the proof of Theorem 2.9, here we take [;, such that || p;, * v},

un||(Wp(')(07T))/ < 1/(28(C(&) +1)) and & = 1 on a neighborhood of supp(py, * %), With this

meas

choice and taking (BY, b5, b5) as a decomposition of vy, — py, * V1
moreover

given by Lemma 2.6, satisfying

k k k
||Bl ||(Lp’(~)(Q))N + Hb2 ||Lp* (0,T5V) + ||b3 ”L(p*y(O,T;L?(Q))
< Cllpy, * g™ = v w01y
with C' not depending on &, we deduce that
Z &, BY converges to an element G in (Lp/(') (Q))N,
E>1

Z fkbg converges to an element g in LP~(0,7; V),
k>1

Z €,k converges to an element f1 in L®-)'(0, T; L*(12)), (2.14)
k>1

Z BEVE, converges to an element f in LP'()(Q),
k>1

Z(fk)tbg converges to an element f3 in L~ (0, T; L*(Q)).
k>1

Notice also that the last three convergences imply in particular the convergence in L' (Q). We know
that vy, — py, * VP = & (v — pr, V) € (Wy((0, T)), and that (BY, b5, b%) is a decomposition
of v, — py, * v;**. Then, by Remark 2.7 we deduce that (&1.BY, x5, €05, — BV EL, (€):05) is a

1t meas
pseudo-decomposition of vy — py, * V.

Since from the definition of the sequence (gy,), given in the proof of Theorem 2.9 we have

<<gna (10>> = <<Z(Vk — P, * Vlrﬁneas% (10>>
k=0

for all ¢ € C2°([0,T] x Q), using (2.11) it follow that

T n
/ o, = / h da di + / <div(25k3f),so>dt
Q Q 0 k=0

T n T n
+/ <@t725kbg>dt+/ Zﬁkblggoda:dt
0 k=0 0 k=0

+/ Z(—B{“V{k)gpdxdt—ir/ > (&), Vs dz dt
Qk:() QkZO
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for all ¢ € C°([0,T] x ). Hence, using (2.14) and the fact that m,, converges to x and h,,
converges to h, we obtain

T T
/Qsoduz/Q(thfl—fz+f3)<pdﬂ?dt+/0 <div<G1>,so>dt—/O (e, g2) dt,

which is equivalent to saying that (f = (h+ f1 + F» — fo + f3),div(G1), g2) is a decomposition of
1 in the sense of Lemma 2.5.

Let € > 0 be fixed. Taking n large enough, we have

> &B -Gy < (2.15)
k=0 (LY (@)Y
D &kbs — g2 <e (2.16)
k=0 LP-(0,T;V)
and
I+ &kb5 = > BIVE&+ > (&k)ibh — f <e 2.17)
k=0 k=0 k=0 LY(Q)

meas

Since v, — py, * VP = (v — pip, * V™) and (Bf, bk, b’g) is its decomposition, thanks to
Remark 2.7, ((&BY) * pj, (&x5) * pj, ((x):b5) * pj, (=BYVE) * pj, (€ )i5) * p;) represents a
pseudo-decomposition of (v, — py, * V***) * p; for j large enough. Now, we take j,, such that for

all k € {0,--- ,n} we have

€

1€k BY) * psn = &B | o gy < 77 (2.18)
€
H(é-kbé:) *Pjn, — gkaQCHLP, (0,TV) < m (219)
and
1(€kB3) * pin = Exb5 ][ 1) + | (BIVER) * pjn = BIVE] 11 g
€ (2.20)

+ H((gk)tbg) * Pjn — (gk)tbgHLl(Q) < 717—%1

Let us define G§ = >.7_,(&BY) * pj, € (CSO(Q))N. Then, by (2.15) and (2.18), we have
IGT — Gl”(Lp’(->(Q)N < 2e. If we set g5 = — D01 _o(&kb5) * pj, € C°(Q), then using (2.16)
and (2.19) we obtain |lg5 — g2l - (07,1 < 2¢. Now, if we define fe = hn + > p_o(&kb5) *
Pin = Li=o(BIVEK) * pj + Lizo((€r)eb5) * pj, € C2°(Q), then by (2.17) and (2.20) we get
[fe = flloi) <e

We define pe = fe + div(GY) + (95): € C°(Q). It remains to prove that ||| z1g) < C

with C not depending on e. To see this, we recall that ((£xBY) * pj,., (&b5) * pj,., ((&k)eb) =
Pins (—BEVEL) * pj, (€)eb5) * pj,) is a pseudo-decomposition of (v, — py, * V) * p;, so that

n
fe = P+ (00 — py * VP % pj,
k=0

n
it (Z(VE‘“S — py < vf! )> * Pj = hn + g % pj,.
k=0
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Thanks to (2.10), we have g;*® = m,;, — hy,. Then, it follows that ||zl () < 2[|hnllL1 Q) +

Ml L1(Q)- Since hy, converges in L' (Q) and m,, converges in My (Q), we infer that 2([h,, || 11(¢) +
[mn |l 21 (@) is bounded. This implies that ||| 71 (g) < C with C' not depending on e.

3 The initial boundary value problem with data in M;(Q)

3.1 Definition and properties of renormalized solutions

In this part of the work we define a new concept of solution for the problem (P,) and prove the
uniqueness result. We work with a measure 1 which does not charge sets of null p(.)-parabolic
capacity. Recall that such a measure belongs to L*(Q) + (Wp(.) (0, T))/. And if we deal with a data
which belongs to L'(Q), the notion of a solution in the sense of distribution is not strong enough to
guarantee uniqueness of solutions. To overcome this difficulty, we will work in a larger space than
the Sobolev space in which the concept of a gradient is meaningful.

For any k > 0, we define the truncation function 7}, at height £ by the formula
Ty (s) = max{—k, min{k, s}} for s € R.

Moreover, the primitive of the truncation function at height % is denoted by Oy, that is, : R — R
is given by
2

T =, if || <k,
Ou(r) = / Ty(s) ds =
0

klr] — B i) > k.

It is not difficult to see that for every & > 0 and all s € R we have

2
ﬂg)g@M@§M$

We set

)
N

TPO(Q) = {u Qx (0.7 =R :" is measurable and Ty (u) € LP-(0,T; Wol’p(')(Q))}
0 7 with VT, (u) € (LPW(Q))" forevery k > 0

Next, we define the weak gradient of a measurable function u € 761’p ) (Q).

Proposition 3.1 (cf. [2]) For every measurable function u € 761’p (')(Q) there exists a unique mea-
surable function v: Q — RY, which we call the weak gradient of v and denote v = Vu, such
that

VTi(u) = vX{ju|<k} almost everywhere in Q) and for every k > 0.

If u belongs to L' (0,Ts; W&’I(Q)), then this gradient coincides with the usual gradient in the
distributional sense.
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We introduce the following concept of a renormalized solution for the problem (FP,).

Definition 3.2 Let ug € L'(Q), u € Mo(Q) and let (f,G1, g2) be a decomposition of 11 given in
Theorem 2.2. A measurable function u is a renormalized solution of (P,,) if

w—gs € L(0,T: 21Q) N T *(Q), (.1
lim |VulP®) dz dt = 0, (3.2)
0 J{n<|u—g2|<n+1}

and for every S € W2 (R) such that S' has compact support,

(S(u— g2)) — div(a(z, Vu)S' (u — g2)) + 5" (u — g2)a(z, Vu)V(u — g2) 3.3)
=5 (u—g2)f + G15"(u — g2)V (u — g2) — div(G18'(u — g2)) in (C°(Q))’ '
with

S(u— g2)(0) = S(ug) in L*(Q). (3.4

Remark 3.3 Notice that the distributional meaning of each term in (3.3) is well-defined. Indeed,
since S’ has compact support, there exists M > 0 such that supp(S’) C (— M, M). Then, it follows
that S'(u — g2) = S"(u — g2) = 0 for |u — ga| > M. Moreover, by (3.1) we have VT (u — g2) €
(Lp(')(Q))N. Therefore, everywhere in (3.3) we can replace V(u — g2) by VI (u — g2) €
(LPO(@Q)Y and Vu by VTas(u — g2) + Vs € (LPO(Q))". (Recall that a(.,0) = 0.) Since
S(u—g2) = S(Tm(u— go)) € LP~ (0, T; Wol’p(')(ﬂ)),fmm (3.3) we deduce that (S(u — g2)): €
Le-) (0, T; W‘Lp,(')(ﬂ)) + LY(Q), which implies that S(u — g2) belongs to C(0,T; L*(9)) (see
[16]). Thus, (3.4) is well-defined. Notice also that since (S(u— g)); € L®-) (0,T; W_l’p/(')(Q)) +
LY(Q), we can use as test functions in (3.3) not only functions in (CSO(Q))/ but also functions in
LP=(0,T; Wol’p(')(Q)) N L>(Q). Using the fact that go € LP~ (0, T; Wol’p(')(Q)) and that u — g9
is almost everywhere finite, one can show that (3.2) is equivalent to

lim IV (u— g2)|P™ dz dt = 0. (3.5)

700 J{n<|u—go|<n+1}

In what follows, we need the following auxiliary functions of real variable.

Definition 3.4 We define:

On(s) =T1(s —Tn(s)), hn(s)=1—10n(s)], Sn(s)= /Os hp(r)dr  fors e R

3.2 Proofs of the existence and uniqueness theorems

First, we introduce the approximate problems. Let y,, € C°(2) be an approximation of x given by
Proposition 2.10 and let ug,, € C2°(£) be strongly convergent to ug in L (£2) such that ||ugy || 11 @ <
|[uol L1 (- Then, we consider the approximate problem

(Un)t - diV(a(Q?, Vun)) = Uy Iin (0’ T) x €,
up, =0 on (0,7) x 09, (3.6)
un(0) = uop in Q.
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Let
Wi (s e @rm @) o e )

Thanks to [14, Proposition 4.7], there exists a unique weak solution u,, for the Cauchy-Dirichlet
problem (3.6) in the sense that u,, € H and

(un)e — div(a(z, Vug)) = i, in (CZ(Q)) (3.7)

and
Un (0) = ugp.

Then, it follows that

t t t
/((un)h@) d5+//a(q:,Vun)gpdde://gpundxds (3.8)
0 0JQ 0 JQ

for any ¢ € C2°(Q) and any ¢ € (0, 7). Moreover, from Proposition 2.10, there exist g7, g, fn €
C2°(Q) such that

t t t
[t —gpnpras+ [ [ ot Tu)vodeas= [ [ fiodsds
0 0JQ 0JQ

t
+//G?Vgpdxds
0JQ

forany ¢ € C2°(Q) and any t € (0, 7). Since the space C2°(Q) is dense in H (see [1]), the equality
(3.9) remains true for all ¢ € H.

(3.9

Now, let us give some a priori estimates on y,.
Proposition 3.5 Let u,, be the solution of (3.6). Then, we have

1) HunHLoO(O,T;Ll(Q)) <0,
T
(ii) / IV T (un) Iy dt < C,
0
(iii) [[un — g5l oo 0,130 () < C,

T
@ [ IV~ gl dt < €,
0

) hlim <sup

/ Vi, [P@®) dz dt> = 0 for every k > 0.
7N n J{h<|un—g|<h+k}

Moreover, there exists a measurable function u such that uw — go belong to L™ (O, T Ll(Q)) N
761’p(') (Q) and, up to a subsequence, for any k > 0:

Uy —> U a.e. in Q,

1.0) (3.10)
T (un — g5) = Ti(u — g2) weakly in LP= (0, T; Wy"*/ () a.e. in Q.
Finally, for every k > 0 we have
lim IVuP®) dzdt = 0. (3.11)

h=00 J{h<|un—gp|<h+k}
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Proof of Proposition 3.5. We take T} (u,) as a test function in (3.6) and we integrate over (0, t) to
obtain

/Q O (un) (t) dz + /0 t /Q a(z, Vin) VT (un) dz ds

t
://,unTk(un)dxds—F/@k(u()n)dqr.
0Ja )

Now, we use the hypothesis (2.5) and the properties of O to get

(3.12)

1 t
/Q@k(un)<t)d$+c/()/Q’VTk(un)]p(x) dzds = k(|lunllLig) + luonllzrg).  (3.13)
Since O (s) > 0and |s| — 1 < |O1(s)| < Ok(s), we have

1 t
ntd+//v:r (@) dzx d
[tunlas+ & [ [ 197G asas -
= k(”ﬂnHLl(Q) + HUOnHLl(Q)) + meas(Q).

Finally, taking the supremum over [0, 7] and using the fact that ||z, | £1(), [[@onll£1(@) and €2 are
bounded we deduce that

T
|wn g 0,501 (0)) < C(k+1) and /0 VT (up) P~ dt < C(k+1). (3.15)

Combining (3.15) with Proposition 2.1 and the Holder inequality type, we deduce that

T
p_
| 19T

: -
< / max{ / VT ()P dr, ( / VT (1) ) d:n) *}dt
0 Q Q (3.16)

T T z—;
< / / VT () [P daz At + T P-/P+ < / / VT () [P dxdt)
0 JQ 0 JQ

p_

<Clk+1)+ Tl_p*/er(C(k: +1))P+.
For the estimates on u,, — gy, we take T} (u, — ¢g4) as a test function in (3.8) and we use the

integration by parts formula, while having in mind that u,,(0) — ¢%(0) = u,(0) = ug,. Because g§
has compact support, this gives

t
/Q@k(un—gg)(t)dx—i—//Qa(:c,Vun)Vunx{un_gg<k}dxds
0
t
S/@k(u()n)d:r—l—//fnTk(un—gS)dxds
@ 0 (3.17)
+/O/Qa(%vun)vggX{lun—g;Kk} dzds

t t
+/O/QG?VU,LX{Wn_gSKk}dde—/O/QG?vggX{un_ggKk}dde.
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Therefore, using the hypothesis (2.3), (2.5) and the Young inequality, we obtain

/ @k: )dl’ —I— — / |VUn| X{\un —gn|<k} dzds
< k(”UOnHLl(Q) + anHLl @) (3.18)

T
+Cl/ / (7 +GE ) 4 [l ) Vg5 1),
0 JQ

As G is bounded in (LP'O(Q))", Vg2 is bounded in (LPO(Q))™, f, is bounded in L!(Q) and
oy, is bounded in L'(Q), we deduce that

/@k )dx+//]Vun]p X{|un— gg|<k}d$d5<0(k+1) 3.19)

This implies that

/ lun, — g5 ](t )dx—i—/ / |V, [P X{\un _gpl<kydzds < C(k +1) + meas(£2). (3.20)
Q

Consequently, we have

[un — 931l 0,101 () < C(k +2) (3.21)
and
/Ot/Q |Vt PO X (g 1<y dzds < Ck +2), (3.22)
which implies that
/Ot/Q VT (un — g2)[P™ dards < C(k + 2). (3.23)

Similarly as in (3.16), we obtain

p_

T
/ VT (up, — gg)”i() dt < C(k +2) + T 7P-/P+(C(k 4 2)) 7+ . (3.24)
0

For the condition (v), we consider the function v (s) = Ti(s — Tj(s)) since

/0 ((ttn — 5)1, (1 — gB)) s
— [ W = 5~ Tin — 95))e. O — g5 — Talun — g5) d
° (3.25)
+ /0 (T (utn — g5))1, O (1t — g8 — T (1t — g8))) ds

t
- /O (i — g — T (tn — g8}t O (1t — g — Tt — g§))) ds.
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Then, taking ¥ (u, — g5) as a test function in (3.9) we get

t
/ﬂ@k(un — g3 — Th(un — g2))(t) dz + /0 /Qa(% V) Vun X {h<lun —gp|<k+n} Az ds

t
< / O (tn — Th (o)) dar + / / Futb(un — g8) dads
Q 0JQ (3.26)

t
+/0/Qa(%vun)V9§X{h<|ung§‘|<k+h} dxds

t t
+/O/QG?-VUnX{h<ungg<k+h} dxds—/o/QG?-VQSX{hﬂung§"|<h+k}dxd3~

Using the Young inequality and the assumptions (2.3)—(2.5), we deduce that
1 t
[ Ot = g5 = Tutuwn ~ )@ o+ 50 [ [ 190l i, gpicany dods
Q 1Jo Jo

< k/ |uon | dz + k/ | frn| dz dt (3.27)
{luon|>h} {lun—g3|>h}

+C (57 + 1G4 | Vg5 ) daat.
{lun—g%|>h}

We know that the sequence u,, — g is bounded in L>° (0, T’; L*(£2)). Then,

hlim sup meas{|u, — g5| > h} = 0. (3.28)
—00 n

Consequently, as the sequences f,,, 77'(), |GZ|P'()| |V g5 [P() and wg,, are equi-integrable, from (3.27)
we deduce that

lim (Sup / |V, |P®) da dt) =0. (3.29)
h=oo\ n J{h<|un—gh|<k+h}

For the proof of the last part of Proposition 3.5, we will show that u,, converges (up to subse-
quences) almost everywhere in () to a measurable function u. We take a non-decreasing function
71, in C2(R) such that 75,(s) = s for |s| < £ and 74(s) = sign(s)k for |s| > k. If we multiply
pointwise equation (3.6) by 7/ (u, — g4) or if we take 7/ (u, — g4) as a test function in (3.9) with
¥ € 0°(Q), we get

(Th(tn = g3))¢ — div(a(z, Vun)) 77, (un — g5) + a2, Vun)V (un — g5)77 (tn — g5) (330)

= 71.(un — g3) fn — div(GI Tt (un — g3)) + 7% (un — 93)GT.V (un — g3). '
Since 73, has compact support and |Vun|p(')X{\un—gg|gk} is bounded in L' (Q), we can use the hy-
pothesis (2.4) to prove that the sequence a(x, Vuy,)V (un, — g5) 77 (u, — g5 ) is bounded in L!(Q) and
s0is 7 (un —g5) (G V (1, —g) (since G is bounded in LP ()(Q)). By the same arguments we can
prove that the sequences (a(x, Vuy,)),.(un — g5 ) and G{7}, (u,, — g4) are bounded in (Lpl(') (Q))N.
Hence, by (3.27) it follows that (75, (u,, — g3))¢ is bounded in L= (0, T7; W0 (Q)) + LY(Q).
Since we have just proven that 75 (u,, — g5) is bounded in L~ (0, T’; I/VO1 #() (2)). a classical com-
pactness result (see [17]) allows us to deduce that 7, (u,, — g&) is compact in L!(Q). Thus, up to
a subsequence, it also converges in measure. Let then o > 0, and given ¢ > 0 let us fix h such
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that meas{|u,, — g5| < %} < ¢ for every n. Since 7, (u,, — ¢g4) converges in measure, for n and m
sufficiently large we have

meas{ |7, (un — g5) — Th(um — g5")| > 0} <.
This implies that

meas{|(un —g3) — (um — g5")| > U}
< meas{|u, — g5| < %

+meas{ [um — 95| < %} + meas{|7p(un — g5) — Ti(um — g5")] > o}
Hence, the choice of h implies for n and m sufficiently large that

meas{|(un — g5) — (um — g5")| > 0} < 3¢,

which proves that the sequence u,, —g5 is a Cauchy sequence in measure and thus, up to a subsequence,
converges almost everywhere to some measurable function in (). Moreover, we know that g4 strongly

converges to go in LP~ (0, T’ Wy (')(Q)). Therefore, u, = (u, — g&) + g5 almost everywhere
converges to some function u in ). Consequently, the sequence T} (u, — g5) weakly converges
to Ty (u — go) in L~ (0, T; Wy P)()). Thanks to (3.14) u € L*°(0,T; L'(9)) (indeed, apply
Fatou’s lemma to the first term on the left-hand side of (3.14)), and T} (u, ) weakly converges to
Ty (u) in LP- (0, T; Wy P ().

Now, we prove the last part of Proposition 3.5. For that we use the function ¢ (s) = T (s—Th(s))
to obtain the following estimate

/ Vep(aun — g§)P e dt = / Vib(un — g dedt
{k<|un—g¥|k+h}

/ IV T (un — g5)[P®) da dt < C,

which implies that (¢)(u, — g5))n is bounded in VVO1 P() (Q). Then, up to a subsequence, we infer

that (¢(u, — g4))n weakly converges to vy in I/VO1 P() (@) and, by compact embedding it converges
strongly to vy, in LP~(()) and a.e. in Q. Using the continuity of + and the fact that u,, — g5 — u— g2
a.e. in (), we deduce that ¢)(u, — g3) — ¥(u — g2) a.e. in Q, and v, = P (u — g2) a.e. in Q.

In Proposition 2.1, we replace €2 by @ to obtain

170t = 0P e < 190G 9l g, + 10— 92
(3.31)

< Ol =000 g+ 10 = 21000 )

@
Since (¢ (un — g5 ))n Weakly converges to vy in Wol’p(')(Q), we have

va(U—QQ)H 1P(>(Q) < hmmeVq/;( )HWOI,P(J(Q)' (332)
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From (3.31)—(3.32) and Proposition 2.1, we have
[ It - g az e
Q
< Climinf (| (u, - g@np*&,pm e = )00 )

0

< Cl%lniiolgf(HVz/J(un g))Ibs @) T IV (un — g3)] i_p«)(Q))

Pi
SCIirginf(max{ / IVab(u — g)|P@ da dt, < / Ve (u )|P<w>dxdt> p‘}
o (3.33)
+max{ / |V (un — g5) [P dadt, ( / Ve (un — g3) P dxdt) })
Q Q

pi
< Clirginf( / (Vb (upn — g5)|[P@® da dt + < / IVep(up — g5)[P@) da dt) ”
p;
([ 9t - g dxdt)”).
Also, we have
/ Ve (un — g2)P@ dzdt < C (|vun|p<w> + |vg§|p<w>) dedt.  (3.34)
{h<|un—g3 |<h+k}
Combining (3.29) and (3.33)—(3.34), we obtain
lim IV (up, — g3)|P®) da dt = 0. (3.35)
h=00 J{h<|un—g5|<h+k}
This ends the proof of Proposition 3.5. O

In order to prove the strong convergence of Ty, (u, — g4) in LP~ (0, T; WO1 #() (Q)) we follow
the method introduced in [16]. So, need to recall the following definition of a time-regularization of
T} (u), which was first introduced in [11]. Let z,, be a sequence of functions such that:

o 2, € Wy (Q) N L®(Q) and |12, [| o (o) < ks
e 2, — Ti(up) a.e. in 2 as v tends to infinity,

e WErO () —0asv — .

For k > 0 fixed and v > 0, (T} (u)), is the unique solution of the problem

aTk‘(u)V . . ’
5 = V(Te(uw) = Ti(u)y) inDI(Q), (3.36)
T (u),(0) = 2, in Q.
Then, (T;(u)), € LP-(0,T; Wol’p(')(Q)) N L*°(Q) and following [11] we can prove that
OTy(u), ‘ .
W0 b 0wy @) NLQ), 1T limi <k (3D

Moreover, Ty (), — Ti(u) and a.e. in @, weak* in L>°(Q) and strongly in LP- (0, T}; Wol’p(')(Q)).
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Proposition 3.6 Let u,, be the solution of (3.6), where ., is given by Proposition 2.10, and let u be
given by Proposition 3.5. Then, there exists a subsequence not relabelled such that

Ti(un — g5) = Ti(u — go) strongly in LP~ (0, T; Wol’p(')(Q))for any k > 0. (3.38)

Proof. We consider a subsequence u,, such that u,, converges almost everywhere to u in (), where
u is given by Proposition 3.5. We set v, = u, — g5 and v = u — go. Thanks to Proposition 3.5

v € L>(0,T; L*(2)) and it is almost everywhere finite. Moreover, Ty, (v) € LP~ (0, T’ Wol’p(‘)(Q))
for every k > 0 and

Tk (vn) = Ti(v) weakly in LP~ (0, T; Wy P () ae. in Q. (3.39)
Let (T (v)), be the approximation of T (v) given by (3.36). We define the function w,, by
wy, = Top(vy, — Th(vy) + Ti(vy) — Tk (v),) with b > 2k.

We have
Vwy, = V(vy — Th(vn) + Ti(vn) — Tr(v)0)XE, »
where E,, = {|vn, — Th(vn) + Ti(vn) — Ti(v)y| < 2k}. Notice that Vw, = 0 if |v,| > h + 2k.

From Proposition 3.5, wy, is bounded in L~ (0, T'; WP ) (2)), and since v,, converges almost every
where to v, we deduce that

Wy = To(vn — Th(vn) + Ti(vn) — Thv),) weakly in LP~ (0, T; Wy Y (9)) ace. in Q. (3.40)

In the following, we set M = h+ 4k and we denote by w (n, v, h) all quantities (possibility different)
such that

lim lim limsup |w(n,v, h)| = 0.
h—ooVv—00 nco

Similarly, we will write w(n) or w(n, ) to mean that the limits are taken only with respect to the
specified parameters. Taking w,, as a test function in (3.8), we obtain

T
/ ((Un)t,wn>dt+/a(x,Vun)andxdt:/ fnwndxdt+/ GY NVw,dzdt. (3.41)
0 Q Q Q

Therefore, from (3.40) we get

n—oo

mn/h%M&:/fm@—ﬂM+ﬂ@—ﬂm»M®
Q Q

Jim mw%ma_/cﬁnm—n@+n@—n@»ma
Q

n—oo Q

Moreover, since Tj(v), converges to Ty (v) strongly in LP- (0, T’ WO1 P (')(Q)) and almost every-
where in () as v tends to infinity, we have

n—oo

lim [ fhpw,dzdt= / fTog(v —Tp(v)) dz dt,
Q Q

lim / G?andxdt:/ G1V (T (v — Th(v))) dz dt.
Q Q

n—oo
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From the Lebesgue theorem we obtain lim,,_ f 0 frnwy, = 0. We have

/ GV (Ta(v — Th(v))) dz dt = /QVUX{h<|v|<h+2k} dz dt.
Q

For simplicity, let us also set

Jy = ( / Vo [P@) dxdt) s
{h<|v|<h+2k}
1
Jo = (/ |Vo|P®) dxdt) -,
{h<|v|<h+2k}
1
Jy = (/ IV (u— g)|P™) da dt) s
{h<|v|<h+2k}
1
n=(/ V- ) dodt)
{h<|v|<h-+2k}

Then, using the Holder inequality and Proposition 2.1 we obtain

/Q G1Vux(h<v|<k+ny dr dE

< 2||G1||(Lp’(->(Q))N||V”X{h§|v\§h+2k}||Lp(.)(Q)
< 2/Gull (o) )y max{Jy, J2}
< 2||G1||(LP'(-)(Q))N max{.J3, Ja}.

Therefore, by (3.42) we deduce that
lim G1V(T2k(U—Th( ))) dzdt = 0.

h—o00

Hence, we can write
/ frwy dzdt + / G1Vw, dzdt = w(n,v,h).
Q Q

For the second term in (3.41), we have

/a(w,Vun)andxdt:/a(a:,VunX{Un|<M})andxdt,
Q Q B

because Vw,, = 0if |v,| > M = h + 2k. Now, we use the fact that

Vwy, = V(vy, — Ty (vn) + Ti(vn) — T (v)y) xE, With b > 2k

3.42)

(3.43)
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to obtain

/ a(x, Vuy,)Vw, dz dt
Q

:/Qa(a:,VunX{vn|§k})V(vn—Tk(v)y)dxdt

(3.44)
+ / CL(JZ, VUNX{|vn\§M})V('Un - Th(vn))XEn dz dt
{lvn|>k}
- / a(x, VunX{jo,|<my) VTk(0)vXE, dzdt := I + I + I3.
{lvn|>k}
Let us estimate 5. Since v, — T}, (vy,) = 0 if |v,| < h, we have
/ a(@, Vunx{jp,|<my)V(vn = Th(vn))xE, da dt
{lvn|>k}
S / ’CL(Q?, VunX{wn‘SM})HV(Un - Th(vn))\ dx dt (3-45)
Q
< / la(z, Vup)||V (u, — gy)|dz dt.
{h<|vn|<h+2k}
From (2.3) and the Young inequality we deduce that
/ la(, V)|V (wn — g3)| derd
{h<|vn|<h+2k}
< C(/ |V, [P®) da: dt
h<|vn|<h+2k
{h<|vn|<h+2k} (3.46)

+ / Vg5 P dz dt
{h<|vn|<h+2k}

+ / 17 (2)|P®) da dt).
{h<|vn |<h+2k}

Hence, from (3.46) and the fact that |V g%|P() is integrable and meas{h < |v,| < h + 2k} converges
to zero as h tends to infinity uniformly with respect to n, we obtain

lim lim sup
h—o0 n—co

:O7

/ a(z, vUnX{|vn|§M})v(vn — Th(vn))xE, dodt
{lon[>k}
which means that Iy = w(n, h). To estimate the third term we rewrite I3 as

I3 =— / a(x, VunX{jo,|<my)V(Tk(v)y — Ti(v)) X B, do dt
{lvn|>k}
- / a(x, VupX{jo,|<my) VIk (V)X E, dz dt.
{|vn|>k}

Using (2.3) and the fact that Vu,X{,, <y is bounded in (Lp(')(Q))N, we infer that
la(x, Vi X{jv,|<ary)| is bounded in L”()(Q). Since v, converges to v almost everywhere,
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IV ()X {|vn|>k} Strongly converges to zero in LP0)(Q). Consequently,

lim a(x, VupX{jv,|<m}) VT (v)xE, dzdt = 0.
00 S {Jun >k}

Using the fact that |a(z, VX {|v,|<n})| is bounded in L¥'0) (@) and thanks to (3.38), we can apply
the Lebesgue dominated convergence theorem to obtain

/ a(x, VurX{jo,|<my)V(Tk(v)y — T (v))XxE, dov dt = w(n,v),
{lon[>k}
which is equivalent to saying
I3 = — /{ | }a(ﬂc, VunX{jo,<mp) V(Tk(0)y = Ti(v))xE, dz dt = w(n, v).
on|>k
Since I and I3 converge to zero, by (3.40) we deduce that
/ a(x, Vu,)Vw, dzdt = / a(x, VupX{jo,|<k})V(0n — T (v)y) dz dt + w(n, v, h).  (3.47)
Q Q

Combining (3.41), (3.43) and (3.47), we can write

T
/ ((vp)e, wy) dt + / a(zx, VUnX{\vn\gk})V(Un —Ti(v)y) dedt = w(n,v, h). (3.48)
0 Q

As far as the first term is concerned, that is

T
A<mmﬁm%—ﬂmm+nwm—n@»mu

we can apply [16, Lemma 2.1] to the function v,,, using the fact that uq,, and z, strongly converge in
LY () to ug and T}, (u), respectively. The above-mentioned lemma, together with the monotonicity
properties of the time-regularization T}, (v),,, gives

T
/0 ((vn)t, wp) dt > w(n, v, h).

Hence, (3.48) becomes
/ a(x, VunX{jv,|<k})V(n — Tk (vp)y) dz dt < w(n,v, h). (3.49)
Q

Since (v, |<k} almost everywhere converges to x{|,|<x} (see [4, Lemma 3.2] ), from the strong
convergence of g in LP~ (0, T’; Wol’p(')(Q)) we deduce that a(z, V(g5 + Ti(v) X{|v,|<k})) strongly
converges to a(x, V(g2 + Ti(v)X{jv|<k})) in (Lp(')(Q))N. Hence, since T} (v,,) weakly converges
to Ti(v) in LP- (0,T; W, ") (2)) we obtain

lim [ a(2, V(g5 + To(0)X{jun 1<)V (o — T(v)) da dt

n—o0 Q

= lim [ a(z, V(g3 + Tk (v)X{jv,|<k}))V (Tk(vn) — Tie(v)) dz dt = 0.

n—oo
Q
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We know that (Tj(v)), strongly converges to Ty (v) in LP- (0, T} Wol’p(')(Q)). Then, from (3.49)
we deduce that

lim a(x, VunX{jv, —a(z, V(gy + Ti(v)X{v, X
Jim. Q[( X{lonl<k}) — a(2, V(g5 + Te(v)X{jon1<k}))] (3.50)

x (Vu, — V(g5 —Ti(v)))dzdt = 0.

Using the fact that x{|,,,|<x} almost everywhere converges to x(|,|<x} and that gy strongly converges
to g2 in LP- (0, T T/VO1 PC) (Q)), by the standard monotonicity argument which relies on (2.4) (see [5,
Lemma 5]), from (3.50) we can deduce that

VunX{jon|<kt = V(95 + Te(V))X{jon|<k} = VUX{jo|<k} 2-€. 0 Q,
and then that a(x, Vun X (|, |<k}) Vin strongly converges to a(x, Vux{jy<x}) Ve in L'(Q). Finally,
together with (2.3), this proves that the sequence \Vun\p(')x{‘v‘g k) 1s equi-integrable in ), which, as

a consequence of Vitali’s theorem and since g4 strongly converges in LP- (0, T, WO1 P() (Q)), yields
Ti(un — g5) — Ti(u — go) strongly in LP~ (0, T; WOLP(')(Q)).

Since we have proved it for almost every k, the result holds true for any & as well. g

Now, we have at our disposal all the necessary tools for the proof of the existence of renormalized
solutions for the problem (FP,).

Theorem 3.7 Assume that (2.3), (2.4), (2.5) hold true, and let 1 € My(Q), ugp € L' (). Then,
there exists a renormalized solution u of the problem (P,,) in the sense of Definition 3.2. Moreover, u

belongs to L*°(0,T; L' (Q)) and Ty,(u) € LP- (0, T; Wol’p(')(Q)) for every k > 0.

Proof. 'We consider the sequence u,, of solutions of (3.6) and the function u € L*(0,T’; L*())
given by Proposition 3.5. Let us recall that from Proposition 3.5 and Proposition 3.6 we know that
Uy — wa.e. in @,

3.51)
Ty (un — g5) — Ti(u — go) strongly in LP~ (0, T; W'P(Q)) for any k > 0 and a.e. in Q.

We consider ¢ € C°(Q) and S € W2>°(R) such that S’ has compact support. Taking S’ (u,, — g5 )¢
as a test function in (3.9), we get

—/ oS (un — g4) da:dt—i—/ a(z, Vu,) VoS (u, — ¢3) de dt
Q Q

+ [ S (up — g8)a(z, Vu,)V(u, — g5)Vedrdt
Q

= [ fuS'(uy, — g5)pdadt +/ GV S (uy, — g5) dx dt
Q Q

+ / S" (un — g3)GYV (uy, — g5)p da dt.
Q

(3.52)

Using the compactness of supp(.S), we can write

a(z, Vun)S (un — g5) = alx, VT (un — g5) + Vg8)S' (un — g,



88 Stanislas Ouaro, Urbain Traore, J. Nonl. Evol. Equ. Appl. 2020 (2020) 65-93

where M > 0. And, as g% converges strongly in LP~ (0, T} whe() (Q)), from hypothesis (2.3) we
deduce that

a(x, Vun)S (un — gi) — alz, Vu)S' (u — g2) strongly in (L7 O(Q))".

Similarly, we have that

8" (un — g3)a(@, Vun)V (upn — g3)
— 8" (u — g2)a(z, Vu)V(u — g) strongly in L'(Q)

and
S" (up, — g5)V (up — g3) — S"(u — g2)V(u — go) strongly in (Lp(')(Q))N.

Consequently, using (3.51) and the Lebesgue dominated convergence theorem, we can pass to the
limit in (3.52) as n tends to infinity and obtain

—/ gptS(u—gg)de’dt+/ a(z, Vu)VpS'(u — go) da dt
Q Q

+ / S"(u — g2)a(z, Vu)VeV (u — go) Vi dz dt
¢ (3.53)
= / S (u — go)pda dt —|—/ G1VpS'(u — go) da dt
Q Q

+ / S"(u — g2)G1V(u — g2)p dx dt,
Q

which is equivalent to saying that v satisfies (3.3). As regards (3.2) it suffices to take £ = 1in (3.11)
given by Proposition 3.5. Finally, passing to the limit written in distributional sense (thanks to (3.51),
(3.52)) we have

(S(un — gi))¢ is strongly convergent in L(*-)" (0,T; Wﬁl’p/(‘)(Q)) + LY(Q).
Since S(uy, — g4) strongly converges in LP~ (0, T; Wy ) (Q)), we deduce that

S(un — g5) = S(u — go) strongly in C(0, T} Ll(Q))

(see [16, Theorem 1.1]). In particular, we have S(u,, — ¢%)(0) = S(uoy,). This concludes the proof
that u is a renormalized solution of the problem (P,). O

Now, we prove the uniqueness of the renormalized solution of the problem (FP,).

Theorem 3.8 Assume that (2.3), (2.4), (2.5) hold true. Let ;i € M(Q). Then, there exists a unique
renormalized solution of (P,,).

Remark 3.9 One can remark that in the proof of this theorem we do not use the fact that u — gs €
L*> (0, T; L (Q)) but only the fact that the renormalized solution is almost everywhere finite.
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Proof of Theorem 3.8. Assume on the contrary that there are two renormalized solutions w1, ug of
problem (P,). Let (f, G, g2) be a decomposition of 1, so that u; and uy both satisfy (3.3).

We consider the sequence .S,, given by Definition 3.4. Then, we have that S, (u; — g2) and
Sn(uz — g2) belong to LP~ (0, T; Wl’p(')(Q)). We take Tj (S, (ur — g2) — Sn(u2 — g2)) as a test
function in both the equations solved by u; and us; subtracting the equations we then have

T
/0 ((Sn(v1) = Sn(v2))s, Te(Sn(v1) = Sn(v2))) dt

+ /Q[S;L(vl)a(x, Vuy) — S)(v2)a(z, Vua) VT (Sn(v1) — Sp(ve)) do dt

— / F(SL(01) = 81, (0)) T (Su(1) — Su(v2)) dar dlt
@ (3.54)
+ /Q Gl(S;L(Ul) — S;L(Uz))VTk(Sn(Ul) — Sn(vg)) da: dt

+ /Q(SZ(Ul)levl — SZ(UQ)G1VU2)Tk(Sn(U1) — Sn(vg)) dx dt
+ /Q(SZ(UQ)CL(:E, Vug) Vg — Sh(vy)a(z, Vuy)Vor) Tk (Sn(v1) — Sp(ve)) dz dt,

where v1 = u; — g2 and vo = ug — go2. We set (A)—(F') for the integrals above. We will study the
limit of each of those integrals as n tends to infinity. Since S,,(s) converges to 1 for every s in R,
then using the Lebesgue theorem we obtain

lim (C) = 0.

n—0o0

For the study of the limit of (F), we set (E) = (F1) + (Es), where
(B1) = / S (v1)G1VU1Ti(Sn(v1) — Sp(v2)) dee dt.
Q

Recalling that S} (s) = — sign(s)Xy<|s|<n+1, We have

(B < k/ G| Vo | der .
{n<|v1|<n+1}

So, using Holder’s inequality and Proposition 2.1 we get

(B < HIG o max{ / Vs — VP de

n<lur—gz|<n+1}

1
+ (/ Vo — VgolP@ da dt) L
{n<lu1—g2|<n+1}

Thus, by (3.2) written for u;, we get that (E7) converges to zero as n tends to infinity. The same is
true for (Es), hence we deduce that lim,, o, (E) = 0. Similarly, for (F') we write (F') = (F})+ (F>)
with

(Fl) = /QSZ(UQ)(Z((L‘, VUQ)V’UQTk(Sn('Ul) - Sn(vg)) dx dt.
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Because of the symmetry between (F} ) and (F%), it is enough to prove that (F7) tends to zero. Using
again the properties of S/ and (2.3) we have

\(F)] =clk/

Veal (1) + Vsl e,
{n<Jv2|<n+1}

which by Young’s inequality yields

<l [ (13)P ) 4992 v
{n<Juz—ga|<n+1}

/ [Vua[P®) da dt | .
{n<uz—g2|<n+1}

Since uz — go is almost everywhere finite and thanks to (3.2) written for ug, we conclude that (F7) —
and (F) as well — converges to zero. So,

lim (F) = 0.

n—o0

Now we focus our attention on (D). Since SJ,(v1) — S),(v2) = 0in {|v1| < n, |va| < n} U{|us| >
n, |va] > n + 1}, we split the integral (D) as follows

/ G1(Sy,(v1) = S5,(v2))V (S5, (v1) = 7, (V2)) X (o1 |<n} X{Jva}|>n A
{ISn(v1)—=Sn (v2)|<k}

+/ G1(S,,(v1) = 8, (v2))V(Sy,(v1) = 1, (v2)) X fn< oy |<nt13 dzdt  (3.55)
{ISn(v1)—=Sn(v2)|<k}

+/ G1(S,,(v1) = 5, (v2)) V(S (v1) = 1, (v2)) X{Jva| <1} X{|or [sn+1} d dE.
{ISn(v1)=Sn(v2)|<k}

By (D1)—(Ds3) we denote the three terms of (3.55). Using the properties of .S,, and !, (recall that
Sn(t) = |t]if |t| < n, S, is non-decreasing and supp(S),) C [-n — 1,n + 1]) we have

(Dy) < / GV (s — go)| dar dit
{n—k<|u1—g2|<n}
+ / |G1|V(U2 - gg) dx dt.
{n<|ug—g2|<n+1}

Applying Holder’s inequality, Proposition 2.1 and using property (3.2) we get that (D7) converges to
zero as n tends to infinity. As |S,(t)| > n — k implies |t| > n — k, we have

(Dy) < / G|V (1 — go) da dt
{n<Jur—g2|<n+1}

+/ ‘GHV(UQ - gg) dx dt.
{n—k<|ug—g2|<n+1}

Then, as in the case of (D), we deduce that (D3) converges to zero as well. Using the same method
(recall that S/, (t) = 0if [t| > n + 1), one can show that (D3) also tends to zero. Consequently,

lim (D) = 0.

n—oo
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As regards the term (B), we decompose it as follows
(B) = /B [a(z, Vuy) — a(x, Vuz)]|(Vu; — Vug) da dt
1
+ /B [S) (v1)a(z, Vuy) — S, (ve)a(x, Vug)|V (S, (v1) — S (vg))dx dt
2
+ /B [S! (v1)a(z, Vur) — S, (ve)a(x, Vug)|V (S, (v1) — S (v9)) da dt,
3

where

By = {|v1 —v2| <k, [v1] < n, v <n},
By = {|Sn(v1) — Sn(v2)| <k, |v1] < n, Jva| > n},
83 = {|Sn(’01) — Sn(’t)g)| < k‘, |’U1| > n}

By (Bi)-(B3) we denote the three integrals above. Since {|Sy(v1) — Sy (v2)| < k, [v1] > n} C
{lvi| > n, |va| > n — k}, using the fact that S}, (¢) = 0, if [¢| > n + 1, we have

|(B3)|§/ la(z, Vi) | (Vs — V)| da dt
{n<lur—g2|<n+1}

+ e, V)|V = V) bzl do
{n<lur—g2|<n+1} (3.56)

+ / la(z, Vu2)||[(Vur — Vg2 ) X n—k<|ug—go|<n+1} do dt
{n<ur—g2|<n+1}

+ / la(x, Vug)||(Vua — Vgo)| dx dt.
{n—k<|uz—ga|<n+1}

Using assumption (2.3), Young’s inequality and the condition (3.2) for renormalized solutions, we
can conclude, as we did before, that all the four terms on the right-hand side of (3.56) converge to
zero. Thus we get that (Bs3) converges to zero. Changing the roles of w1 and us, the same arguments
prove that (B3) also converges to zero as n tends to infinity. Thus, using Fatou’s lemma in (B;), we
conclude that

liminf(B) > / [a(x, Vuy) — a(z, Vuz)|(Vur — Vug) dz dt.
Jur —u2|<k

n—oo

Since Sy (v1), Sn(v2) € C([0,T]; L'(2)) and Sy, (v1)(0) = Sy (v2)(0) = Sp(vo), we can integrate
the term (A) to obtain

(4) = [ O1(Su(01) = Sule2))(T)
Q
where Oy (s) = [ Ti(t) dt. Since O, is non-negative, we conclude that (A) > 0.

Using the above estimates concerning the integrals (A)—(F') and passing to the limit in (3.54),
we get

/ la(x, Vu1) — a(z, Vu2)](Vur — Vug)dzdt < 0.
{lur—u2|<k}
Then, letting k tend to infinity (recall that u; and us are finite a.e. on () we obtain

/Q[G(CL“, Vui) — a(z, Vug)]|(Vus — Vug) da dt < 0.



92 Stanislas Ouaro, Urbain Traore, J. Nonl. Evol. Equ. Appl. 2020 (2020) 65-93

The strict monotonicity assumption (2.4) then implies that Vu; = Vug almost everywhere in ().
Let &, = Ty (Tyy1(v1) — Toi1(va)). We have &, € LP- (0, T; Wy" () and, since Vv, = Vo
almost everywhere,

0 on{|vi] <n+1, |vo] <n+1},
§n = vle{|U1—Tn+1(v2)|§1} on {"1)1’ <n-+1, "U2’ >mn+ 1}’
VOIX (T, i1 () —va<1}  O0 {[01] > 141, Jva <41},

so that
/ 1€, [P dz dt < / (Vo1 [P@) da dt + / Vo [P®) dz dt.
Q {n<vi<n+1} {n<ve<n+1}
Thanks to (3.2), we deduce that &, tends to 0 in LP- (O,T; Wol’p(')(Q)) and, since &, tends to
T (v1 — v2) almost everywhere, T3 (u; — ug) = T1(v1 — v2) = 0. Hence, u; = uo. O
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