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imate controllability of evolution equations with deformable fractional derivative. The results are
obtained with the help of semigroup theory, Banach fixed point theorem, and Schauder fixed point
theorem.

Keywords: Deformable fractional derivative, Banach fixed point theorem, Schauder fixed point
theorem, semigroup theory, approximate controllability.

2010 Mathematics Subject Classification: 93B05, 34A08, 34A12, 34K30.

1 Introduction

In this article, we study the existence and uniqueness of mild solution for the following initial value
problem

D%x(t) = Ax(t) + f(t,xz(t)), ted,
z(0) = o . (1.1)
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Next, we establish the sufficient condition for the approximate controllability of the following ab-
stract fractional evolution equation

D%x(t) = Ax(t) + f(t,z(t)) + Bu(t), teJ,
z(0) = zo, (1.2)

where D® is the deformable fractional derivative of order o € (0, 1) which is introduced by Zulfe-
garr et. al. [I]. A: D(A) C X — X is an infinitesimal generator of a Cyp-semigroup 7'(¢)(¢ > 0)
on a suitable space X , zg € X, and J = [0,b], b > 0 is a constant. v € L?(J,U), U is a Hilbert
space, B : U — X is a bounded linear operator. f : J x X — X is a given function satisfying
certain assumptions.

The rest of the paper is organized as follows. In section 2, we will give some basic definitions,
notations and theorems. Section 3 is further subdivided into two subsections. In first part, we will
obtain the expression for mild solutions for the system (I.T)) and discuss the sufficient conditions for
the existence and uniqueness of mild solution. In second part, we will study the existence of mild
solutions for the system (I.2)), then we show that the control system (I.2) is approximately control-
lable on J provided that the corresponding linear system is approximately controllable. Finally, in
section 4, we will present some examples to illustrate our results.

2 Preliminaries

In this section we will introduce some basic definitions, notations, preliminaries theorems.

Definition 2.1 (/1]]) For a function f : (a,b) — R, the deformable fractional derivative of order
a € [0,1] is defined as
Daf(t) = lim (1 + éﬁ) f(t+€a) — f(t) ,

e—0 €

where a + 3 = 1.
Remark 2.2 Ifa =0, DOf(t) = f(t), and ifa = 1, Df(t) = f'(t).

Definition 2.3 (/[I]]) The a-fractional integral of a continuous function defined on [a, b] is defined
by

1 - t
Ig“f(t):aeaﬁt/eisf(s)ds, where a+pf=1, aec(0,1].

Theorem 2.4 ([1]) A differentiable function f at a point t € (a,b) is always «-differentiable at
that point for any . Moreover, in this case we have

Df(t) = Bf(t) + aDf(t)
where D f = % f

Theorem 2.5 ([1]]) Let f be defined in (a,b). For any «, f is a-differentiable if and only if it is
differentiable.
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Theorem 2.6 (/1|]) The operators D™ and I* possess the following properties:

(i) D(af + bg) = a D*f + b D%. (Linearity)
(ii) D* D*? = D*2 D%, (Commutativity)
(iii) D*k = Bk, when k is a constant.
(iv) D*(f-g) = (D*f)-g + a f-Dg.

(v) I13(bf +cg) =bISf + cIlg. (Linearity)
(vi) I3 I5? = 132 I8, (Commutativity)

Theorem 2.7 (Inverse Property) (/ll]) Let f be a continuous function defined on [a, b|, then I f
is a-differentiable in (a,b). In fact, we have

DG f@) = f(1).

Conversely, suppose g is a continuous anti-a-derivative of f over (a,b), that is g = D* f, then

B

IZ(Df() = I3 (g9(1) = f(1) — e« f(a).

Theorem 2.8 (Schauder fixed point theorem) (/4]) If ) is a closed bounded and convex subset
of a Banach space X, and F : Q) — ) is completely continuous, then F' has a fixed point in €.

3 Main Results

In this section, first we will discuss the existence and uniqueness of mild solution for the system
(1.1), then we state and prove conditions for the approximate controllability for system (1.2)).

3.1 Existence and uniqueness of mild solution

Let X be a Banach space with norm || - ||, and C(J, X) be the Banach space of all contin-

uous functions from J into X endowed with supremum norm ||z| = sup|/z(¢)|. Denote
teJ

M = supye; [|IT(t)|lz(x), where £(X) stands for the Banach space of all linear and bounded

operators on X, note that M > 1.

Lemma 3.1 Let A be an infinitesimal generator of a Cy-semigroup T'(t) (t > 0) on X. Then for
x € D(A),

DT(t)x = (BI+aA)T(t)z .

Proof. By [2]], we know that for x € D(A) we have T'(t)x € D(A) and

d
G IWe=ATt)z=T() Az
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Now using Theorem [2.4] we get

DT(t)z = BT(t)z +a % T(t)

=pTt)r+aAT(t)x
=BI+aA)T(t)x.

O

Let A be a linear operator from D(A) C X into X and zp € X. Consider the following linear
deformable fractional abstract Cauchy problem

z(0) =z . (3.1)

Definition 3.2 A function x is called a solution to the problem ([3.1), if the following hold:

(i) v € C(J,X)and x(t) € D(A) forallt € J.
(ii) D%x exists and is continuous on J.

(iii) x satisfies (3.1).

Theorem 3.3 Let A be an infinitesimal generator of a Cy-semigroup T'(t)(t > 0). If zg € D(A),

-8
then e ' T'( L) is a solution to the problem }

Proof. Letx(t) = et T(L) . Since zg € D(A), z(t) is differentiable. Now using Lemma
Theorem [2.4] and Theorem [2.6] we get

- B t -8 t
=[BT e T e AT(D) |20
—aeZtr(ly gy
= Ax(t)
O
Now we consider the inhomogeneous initial value problem
D%x(t) = Ax(t)+ f(t), telJ,
z(0) = x¢, (3.2)

where A is an infinitesimal generator of a Cyp-semigroup, 29 € X, and f : J — X is a suitable
function.
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Theorem 3.4 Let x be a solution of the problem and f € LY(J, X), then x satisfies

x(t) = e%ﬁtT(t Jxo + 1e_aﬁt/te§5T(t — S)f(s) ds.
0

a (6] «

Proof. Since z is a solution of the problem (3.2)), we have

Dx(t) = Ax(t) + f(1). (3.3)
Also by Theorem (2.4) we know

DYx(t) = Bx(t) + ax'(t). (3.4)
From (3.3) and (3.4), we can easily conclude that
V() = (A~ BI)a(t) + 1(1)]. (35)

Let h(s) = T(=2) x(s), 0 < s < ¢, since x(s) € D(A), therefore h is differentiable and hence
a-differentiable by Theorem @ Now using Theorem (2.6), Lemma (3.1)), and (3.5), we get

D®h(s) = (Dmt - S)) () +aT(“ =)' (s

— d —
= [T a0 G el + TSN - B D) a(0) + £00)
= [ = AT et + AT 0(0) - 5T ) + 7 10
=T H)f( ). (3.6
By Theorem (2.7)), we obtain
I9(Dh(t)) = h(t) — e th(0)
—a(t)—eatT(L)ap . 3.7)
Since f € L'(J, X), then T(=2) fs) is integrable. Integrating (3.6), we have
1 t —
I*(D*h(t)) = ~ ¢ St /0 easp(t - %y f(s)ds . (3.8)
From and (3-8)), we obtain
_ t _
2(t) = eTﬁtT(;)xo + ée ft/o 2t %) 7(s)ds
0

Theorem 3.5 Let A be the infinitesimal generator of a Cy-semigroup and f € C(J, X). If f(s) €
D(A) for 0 < s < tand Af(s) € L'(J, X) then for every xg € D(A) the function v : J — X
defined by

t —
2(t) = e%ﬁtT(;)xo + ée 2 /0 easp(t - %y f(s) ds (3.9)

is a solution to the initial value problem (3.2).
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Proof. Letu(t) = e 1tT( )z and v(t) = ée%ﬁt fg egsT(thS) f(s) ds, therefore x(t) given
in (3.9) can be rewritten as x(t) = u(t) + v(t). Since zy € D(A), u(t) is differentiable and by
Theorem (3.3, we know D®u(t) = Au(t). From the assumptions, it is easy to conclude that v(t)
is differentiable, and

u@>=1<‘5n4”écﬁvnt‘%f<wl+ea/"aﬁTt‘Sf1>d

(0}

:—fwﬁAZ%TU‘%ﬂ>@+1eﬁ[ge%aTﬁ‘%ﬂ>dwwaﬂ{

o o ot o

::—5efﬂ/zi&mt_3»ﬂ@d&+16ftL/%§1AT&_S)ﬂ@dS+6&f“ﬂ
0 0

« o « «

__B =By ! B t—s 1 =By t Bg t—s 1
- Do [ nS0 g ast aed [t =0 s as+ L 1)

(0}

== (— Bu(t)+ Av(t) + f(t)) . (3.10)

Now by Theorem (2-4) and (3.10), we get
Y(t) = Bo(t) + av/(t)
= o)+ (= Bu(t)+ Avlt) + £0)
= Av(t) + f(t) . (3.11)
Hence

D%x(t) = D%u(t) + D%v(t)
= Au(t)+ Av(t) + f(t)
= Az(t) + f(t), (3.12)

also 2(0) = u(0) 4+ v(0) = x¢. Thus z(t) given by (3.9) is the solution of inhomogeneous initial
value problem (3.2). O

Now we will study the semilinear initial value problem (I.T).
Definition 3.6 A continuous solution x of the following integral equation
- t 1 -8, [* t—
x(t) = eTﬁtT( Jxo+ —e aﬂt/ eas T(—S) f(s,z(s)) ds, (3.13)
« « 0
is called a mild solution of the problem .

We need the following basic assumptions to prove the existence and uniqueness of mild solution to
the problem (L.T).

(HA) A is an infinitesimal generator of a Cy-semigroup of bounded linear operators 7'(¢)(t > 0)
on X.
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Hf) f:J x X — X is continuous and there exists a constant L > 0 such that

1t 2) = ftyll < Lz —yll, Vo,yeX.

Theorem 3.7 Let the hypotheses (HA) and (Hf) be satisfied, then for every xo € X the system
has a unique mild solution = € C(J, X) provided that MBL <L

Proof. For a given zp € X, we defineamap F : C(J, X) — C(J, X) by

- t 1 -8, [! t—
(Fz)(t) = ea tT(L)mo + —eat / et T(E=2) f(s,2(s))ds, teJ.
« a 0 «
Now we show that F is a contraction. Let x,y € C(J, X), it follows readily from the definition of
F that

I(Fa)(t) = (PO < e [ et T (s.05) = 5.9 ds

o
ML - t
< et </ e§5ds> lz — o
o 0
el
= —¢€ « ea” — xr — y
5 I |
ML -8
=—|1- eat} T—y
= =~ ]
< e -y
X - 4 Xr — y .
g
Hence F' is a contraction map, and therefore by Banach contraction principle F' has a unique fixed
point x € C(J, X) which is the mild solution of system (]1.1). O

3.2 Approximate controllability

Throughout this section we assume that X is a Hilbert space. In this section, we formulate and prove
conditions for the approximate controllability of semilinear fractional control differential system
(T.2). To do this, we first prove the existence of a fixed point of the operator F defined below by
using Schauder fixed point theorem. Next, we show that under certain assumptions the approximate
controllability of (I.2) is implied by the approximate controllability of the corresponding linear
system.

Definition 3.8 A function x € C(J, X) is said to be a mild solution of ifforanyu € L?(J, X),
the following integral equation is satisfied

o(t) = e (g 4~ /0 vt T(E=2)[f(s,(s)) + Bu(s)|ds, teJ.

(6 «

Let (20, u) be the state value of (1.2)) at terminal time b corresponding to the control u and
the initial value zo. We introduce the set R (b, z9) = {xp(z0,u) : u € L?(J,U)}, which is called
the reachable set of the system (1.2) at terminal time b, its closure in X is denoted by R(b, x¢).
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Definition 3.9 (/4]) The system is said to be approximately controllable on J, if R(b, z) =
X, that is, given any € > 0, it is possible to steer from the point xq to within a distance € from all
points in the state space X at time b.

Consider the following linear fractional differential system corresponding to (1.2))

D%x(t) = Az(t) + Bu(t), teJ,
z(0) = o . (3.14)

Definition 3.10 (a) A controllability map for the system on J is a bounded linear map B
L%3(J,U) — X which is defined as

(0%

1 —s, [° b—
Bby = — etfb/ e T( S) Bu(s)ds . (3.15)
0 (6]
(b) The system is called approximately controllable on J, if
ranBb = X .
(¢) The controllability gramian of on J is defined by
rb = Bb(Bb)* . (3.16)
Lemma 3.11 The controllability map and controllability gramian satisfy the following:

@) (B)*x(s) = B*T*(b?Ts)x, forse J zeX.

(b) Fg € L(X), is symmetric, and has the representation

1 -5, [° b— b—
rb:efb/ et T(C— BB 7" (*— %) ds, (3.17)
0

o (67 (0

and T} > 0, where B* and T*(t) denote the adjoint of B and T (t) respectively.

Proof. (a) : The way of proof is based on [3] (Lemma 4.1.4, page 144). For z € X and u €
L*(J.U),

(6 (6]
1 -8, [* s b—s

= —ea a® B*T* d
o€ /08 (u(s), (—)z)ds,

and this proves (a).

(b) : From (3.16), it is easy to see Fg is symmetric, and Fg > 0. Equation 1' follows easily
from (3.13), (3.16) and (a). O
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Theorem 3.12 (/3]) The system (13.14)) is approximately controllable on J if and only if any one of
the following conditions hold:

(i) T is a positive operator; that is (T{z,x) > 0 forall 0 # x € X.
(i) ker(B%)* = {0}.
(i) B*T*(E)z=00nJ = z=0.

Theorem 3.13 ([4]) Let Z be a separable reflexive Banach space and let Z* stand for its dual
space. Assume that I : Z* — Z is a symmetric map, then the following are equivalent:

() I': Z* — Z is positive.

(ii) Forall z € Z, N\(\I +I'J)~!(2) strongly converges to zero as A — 0%. Here J is the duality
map from Z — Z*.

Lemma 3.14 The linear fractional control system (3.14)) is approximately controllable on J if and
only if \R(\,T8) — 0as A — 0% in strong operator topology, where R(\,T4) = (A +T')~L.

Proof. The lemma is straightforward consequence of Theorem [3.12]and Theorem [3.13] O

To investigate the approximate controllability of (1.2)), we impose the following assumptions:

(H1) A is an infinitesimal generator of a Cj-semigroup of bounded linear operators 7'(t) (¢t > 0)
on X, and T'(¢) (¢t > 0) is compact.

(H2) For each t € J, the function f(¢,-) : X — X is continuous, and for all z € X, the function
f(,z) : J — X is Lebesgue measurable.

1
(H3) There exists a constant o1 € (0, «) and a function ¢ € L1 (J,R™) such that
[t o) <o), VeeX;teld.
(H4) The linear control system (3.14) is approximately controllable on J.

For convenience we use the following notations:

Q. ={zeC(J,X): ||z|| <r}, foreach finite constant 7 > 0,

1
1 1/ a\«

e — 1Bl M. — _ N=—-(—) M.

B = || B, ¢ ||¢||L$1(J,R+)’ 4 1—ag’ a(Qﬁ) i

For an arbitrary function z € C(J, X), considering the form of a mild solution as defined in
Definition[3.8] as well as the controllability gramian and resolvent operator, we choose the feedback
control function associated with the nonlinear system (I.2)) as follows:

u(t) = us(t,2) = B* T*(%) ROLTY) p(a), (3.18)



94 Arshi Meraj, Dwijendra N Pandey, J. Nonl. Evol. Equ. Appl. 2018 (2019) 85100

where

b _
p(a) = oy — e%ﬂbT(Z)xo - ie‘fb/o e2s - ®Y f(s,z(s)) ds. (3.19)

For any A > 0, we define the operator F) : C(J, X) — C(J, X) as follows:

(@ (6]

(Fxz)(t) = e tT( ) xo + 1e_aﬁt/0 eas T(t — S)[f(s,m(s)) + Buy(s,x)]ds.  (3.20)

Lemma 3.15 If the assumptions (H1) — (H3) hold, then for any t € J we have

() et [y en* |T(52) f(s,2(5))]| ds < MN.

@mewH<M%@mewwm+Nﬂ

Proof. (i): By using Holder inequality and (H3), we have

a

1 t — M - t
e [ et fsats) ) as <wﬂ/e%mwm
0 & 0

/AN
° |5
o
Q ‘u‘}
=
h
‘m
\/
s
—
2
<
]
=

1
1/ a\e -8 aBT
< —[—= ) ext(fea —1])a M M,
(&) e e - i,
1
1/ a\e =8, 84
< —|— ) ea’ea" MM,
a((lﬁ) ¢
1/ o\«
< “|—) MMy = MN
a(fm’) ¢

(ii): Using (3.18)), (3.19), and (4), we obtain

Jus(t, )l < 1B*T* (1 RO, TE)p(a) |

< 22 (e

1 -8 bﬁ
@mu+mwmn+eaﬂ/eaWT<
« 0

b—s

< MMp
A
MMB
< @mwwﬂmw+Nﬂ

) [ (s,2(s))| ds

O

Theorem 3.16 If the assumptions (H1)-(H3) hold, then the fractional semilinear control system
(7.2) has a mild solution.
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Proof. To prove the fractional semilinear control system (I.2)) has a mild solution, we need to prove
F, has a fixed point. For convenience we divide the proof into the following steps:

Step I: For any A > 0, there exists a constant R = R(\) > 0, such that F\(2r) C Qg. For
any positive constant  and x € §2,., if ¢ € J, then by using Lemma [3.15] we have

I(Ee)o < F T Iroll + o e R T Gl + Bustssl s

s, [* By t—s
Muxou+eat/0 et () (s, (o)) ds
+1ex ﬁt/t 2o (L5 Buy (s, )| ds
(6 0 « A

1 B, B
< Miaol| + MN + ZMMpe s fes’ 1]

MQ(MB)Q
AB

This implies that for large enough R > 0, F\(Q2g) C Qg holds.

M(Jzoll + V) + [uxbu T M(Jeoll + V)]

Step II: For any ¢t € J, the set {(F)z)(t) : = € Qg} is relatively compact in X. In the case
t =0, clearly {(FA\x)(0) : x € Qr} = {0} is compactin X. Let 0 < ¢ < b be fixed and let € be a
real number satisfying 0 < € < t. For x € Qr, we define

(Fiz)(t) = e= tT(é)xo 4 ;eft/o et —)[f(s,2()) + Bua(s,2)] ds
=TT a0+ e 1) [ R TS (a6 + Bus(s )l ds
=TTy o e Tyt o),

since T'(t) is compact for ¢t > 0 and y(t, ) is bounded on Qr, we obtain that the set {(F5x)(t) :
x € Qpr} is relatively compact in X . On the other hand

I(F)(®) — ()@ = 12 e [, €20 T(2) [£(5,2(5)) + Bur(s, ) s
< I+ I, (3.21)

where

1 s, (" s, t—s
=1 e [ et () fsats) dsl,

S) Buy (s, z)ds||.

Now, proceeding in the same way as Lemma [3.15]yields

I < MN[e3t — 5 t=9))q, (3.22)
M?(Mpg)? 8
< 2Pl ol + )| 5 - €502, (6.23)
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Therefore, by (3.21)), (3.22) and (3.23)), we conclude that
|(Faz)(t) — (F5z)(t)]] =0 as e—0.

This implies that the set {(Fyz)(t) : = € Qr}, t € (0, ] is relatively compact in X.

Step III: The family of functions {Fh\x : = € Qpg} is bounded and equicontinuous on .J.
Boundedness is obvious. For any € (0, and 0 < t1 < to < b, we have

(Fa)(t2) — ()] < | (2 = 7D
+ifngZ%T&;%fmu@m8

1 - f2 ty —
+ 6aﬁt2/ egsT( 2 S)Bu,\(s,x)ds
a

| Femn [Tt m ) T s a() ds

(0] (67

1 - t ty — t —
+ eftl/ eos [T( 2 S)—T( ! 8)] Buy(s,x)ds
0 (0% (0%

=Ji++J35+Jds+J5.

Now, using Lemma [3.15| we get

to t1
5o< Ty -7 ,
I Rt [

1

Jr < MMy <a>q[e€ft2—eiqt1]é,

o \fq

M?*(Mp)? 8 s

gy < AP i+ Ml + e - b

For t; = 0, it is easy to see that J; = 0. For £; > 0 and ¢ > 0 small enough, we obtain

1 - t1—€ to — t —
o e [T ) () () ds
o 0 o o
1 5t1/t1 B, ty—s t—s
—_ a o T —T s d
T ¢ tl_ee [T'( 5 ) —T( 5 )] f(s,2(s))ds
1 - t1—e ty — t —
< efn/ exsd(s)ds sup || T(2—2) - (2 3)‘
Q 0 s€[0,t1 —¢€] « «
oM - t
+eaﬁt1/ egsqﬁ(s) ds
« t1—e
ty — t — 1
< New® swp |T(2—2) - 1™ S))-FQMN[e?tl—ei?(tle)]é
sE[O,tlfe] @ (e}
Similarly
Mp -8 -8, to — s t1—s
Js < ——[ee—ea|lupl| sup ||T( ) =T )
'8 [ SG[O,tl—E} « o
oM Mpg

et — ea =] fluy |l .
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Using (H1), itis clear that J; — 0 (i = 1,2,3,4,5) as to — t1, € — 0. As aresult, ||(Fhz)(t2) —
(Fxz)(t1)|| — O independently of x € Qg as ta — t;, which means that F) : Qr — Qg is
equicontinuous.

Thus, combining Step II and Step III, we conclude that F is compact on {2 by Arzela-Ascoli
theorem.

Step IV: F), is continuous in Qp. Let {x,,} be a sequence in 2 such that lim,,_, x, = = in
Q. By the continuity of nonlinear term f with respect to the second variable, for each s € J, we
have

nlg]élo f(s,zn(s)) = f(s,z(s)) . (3.24)
So, we can conclude that
sup || f(s,zn(s)) — f(s,2(s))]| =0 as n — 0. (3.25)

sedJ

From (3.19) and (3.25)), we obtain

Iple) ~p@l = |ces [ B (U0 (s, mnls) — Fs0s))] ds
M -5 b s
< Mo ( [Ceras) suplf(e.a(s) - foa(o)]
< G- T s f(s,2.(9) - Flsa9)]
< s an(s) = f(sa()]
—~ 0 as n— oo, (3.26)
therefore, (3.18) and (3.26) imply
llua(s, xn) — ur(s,z)|| =0 as n— oo, (3.27)

and (3.25)), (3.27) yield
(Bxan)(®) = (B < e [ 5 17(s,an(s)) = Fls,als))] ds

0
MMp -5, [*
2 [ funs,u(9) — (s, (s) ] ds
M
< gsupl\f(s,wn(é’))—f(svﬂc(S))H
seJ
+ M;WB sup [lux(s, zn(s)) — ux(s, z(s))||
seJ
— 0 as n— o0, (3.28)

which means that I\ is continuous in € g.

Hence by Theorem [2.8] F)y has a fixed point, which is a mild solution of (I.2). O

Theorem 3.17 Assume that the hypotheses (H1)-(H4) hold. Moreover, assume that the function
f is uniformly bounded by a positive constant K, then the semilinear fractional system is
approximately controllable on J.
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Proof. Let x) be a fixed point of F in 2. Any fixed point of F) is a mild solution of the problem

(T.2)) under the control
® vk b—t
unltan) = BT () ROTE) pla)

where

-8 b 1 -5, [° By b—s
plan) = — e P T(Dao = e [T fs,ma(5) ds.
0

and satisfies the following equality

- b 1 -5, [° b—
2a(b) = ebe(a)xo+aefb/0 e T(2) [f(s,20(5) + Bua(s, )] ds
1 -5, [° b— b—
_ xb—p(:vk)-l-(aeaﬂb/o ens T aS)BB*T*(as)ds) ROLTE) p(z)
= ap — p(ax) + TG RN TG) play)
=z, — AR\ TG) p(xy) - (3.29)

By the assumption that f is uniformly bounded, we have

/b 1f(s,zx(s))]*ds < K*b.
0

Hence the sequence f(-,x(+)) is bounded in L?(J, X). Then there exists a subsequence of
{f(-,zx(-)) : X > 0}, still denoted by it, converges weakly to some f(-) € L?(J, X). Define

— — b —_—
w:xb—eaﬁbT(b):po—leaﬁb/ egsT(b S)f(s)ds.
@ 0

« (&%
It follows that
_ b —
Ipfea) —wll = || 37 [ e T (s ma(s) — f(5)as
— t J—
< sup e [ el T () — ()] ds

As in the proof of Theorem [3.16|using Arzela-Ascoli theorem one can show that the operator

L2, X) = LX) 0() o L0 /AegsT(._S)f(s)ds
a 0 a

is compact, consequently
Ip(zy) —w| =0 as A — 07, (3.30)

Then, from (3.29), (3.30), and Lemma [3.14] we obtain

A (D) — @] INR(A,TG) ()|

<
< AR Tw| + A RN TH Ip(2a) — w|
< H/\R(/\,Fg)wH + |lp(xy) —w| — 0as A— 0" .

This proves the approximate controllability of (1.2). O
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4 Examples

Example 1: Consider the following deformable fractional partial differential equation,

I\J\)—l

Dzz(t, 2) = 25a(t, )+%1nt elt2)_ e (0,1), te (0,1);

9:2% 1+|z(t,2)]’
z(t,0) =xz(t,1) = telo,1]; 4.1)
2(0,2) = wo(2) ,

z €[0,1],
where X = L%[0,1], zo(2) € X. Define Az = 2", with

D(A) = {x € X : x,2' are absolutely continuous and z” € X, x(0) = z(1) =0} .

Then
o
Z (x,en) en, € D(A), 4.2)
where e,(2) = y/Zsin(nz), 0 < 2 < 1, n = 1,2,.... Itis well known that A generates a
Co-semigroup T'(t) (t > 0), on X and is given by
oo
Ze (z,en) en, zE€X, (4.3)
n=1

with || T(t)]] < 1, forany ¢ > 0. Put z(t) = z(¢,-), that is, z(t)(z) = (¢, ), t,z € [0, 1], and

|z (t, )]
L fa(t, )|

Then the system (4.1)) can be rewritten into the abstract form of (I.1).

£t 2(t)) = %sint

. 1 |z -yl
&2 =F&nl < T ena+ 1D

< Yz-y
< Sz -yl
1 Yy

Therefore L = %, also we have o = 8 = % and M = 1. So % = % < 1. Hence all the required
assumptions for Theorem [3.7) are satisfied, and the system (4.1) has a unique mild solution.
Example (2): Consider the following control system governed by a deformable fractional partial

differential equation

Dia(t,z) = Laalt,2) +ult,2) + & G 22820 2 € (0,1), te (0,0

Oz 1+|z(t,2)| ?
2(t,0) = x(t,1) =0, t e [0,b]; 4.4)
JI(O,Z) = xo(Z) ) z € [07 1] )

where X = U = L?[0,1], z0(2) € X, J = [0,b]. Define Az = 2 with
D(A) = {x € X : x,2' are absolutely continuous and z” € X, z(0) = z(1) =0} .

A generates a compact semigroup 7'(¢) (¢ > 0) given by expression (4.3), clearly assumption (H1)
holds.
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Put z(t) = z(t,-), thatis, x(t)(z) = z(t,2), t € J, z € [0,1] and u(t) = u(t, ) is continuous.
Let the bounded linear operator B : U — X be defined as Bu(t) = u(t, -), then the system (4.4)
can be rewritten into the abstract form of . It is easy to verify that the assumptions (H2) and
(FI3) hold with ¢(t) = £ and K = 1.

By Theorem [3.12] the linear system corresponding to (4.4) is approximately controllable on .J

if and only if
b—t
B*T*(——)z=0,teJ = z=0. (4.5)
o

Using (.3), we observe that

b—t

b—t 2
B*T*"(— )z = 3 (2, en) en, X, teJ.
( " )z nZ::le (x,en) en, T € €

Therefore the condition (4.5) holds, and hence the assumption (H4) holds. Thus by Theorem
the system (4.4) is approximately controllable on J.
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