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Abstract. In this paper, we investigate the existence and uniqueness of doubly weighted pseudo
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1 Introduction

The notion of almost automorphy was introduced by Bochner in [5] in relation to some aspects of
differential geometry, and is known as an important generalization of the classical almost periodicity
in the sense of Bohr. Since then, this concept has undergone various natural and useful generalizations.
For example, Xiao ef al. in [25] introduced the concept of pseudo almost automorphy. After
that, the concept of weighted pseudo almost automorphic functions was introduced by Blot et
al. [6]. Further, Chang et al. [10] introduced the notion of Stepanov-like weighted pseudo almost
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automorphic functions and established the existence of weighted pseudo almost automorphic solutions
with Stepanov-like weighted pseudo almost automorphic forcing term. The existence of almost
automorphic, pseudo almost automorphic and weighted pseudo almost automorphic solutions of
fractional differential equations is one of the most attractive topic in qualitative theory of differential
equations due to a lot of applications and significance in mechanical, physics, control theory, and
mathematical biology etc. Therefore, many authors have made important contributions to the theory
of pseudo almost automorphic and weighted pseudo almost automorphic solutions to some fractional
differential equations (see [1, 3, 6, 10, 12, 22, 26]).

Differential equations with iterated deviating arguments have many applications in automatic
control, the problems of long term planning in economics, the theory of self-oscillating systems, and
other areas of science. For an admirable introduction to differential equations involving deviating
arguments and iterated deviating arguments, we refer to [8, 14, 15, 17, 19]. On the other hand, it is
understood that integro-differential equations provide suitable models to many situations arising from
science and engineering such as electrical circuit analysis, the activity of interacting inhibitory and
excitatory neurons. Fractional integro-differential equations can also be used to model the dynamics
system which is slower and faster. The problems considered in this paper may be thought as abstract
formulations of general form of fractional relaxation/oscillation partial differential equations.

The fractional order differential equations provide a subject of increasing interest in different
context and areas of research (see [1, 3, 8,9, 12, 13,21, 22]). We are inspired to study double weighted
pseudo almost automorphic mild solutions to the systems (1.1) and (1.2) by recent investigations
on this topic. Indeed, in the paper [3], Pardo and Lizama established the existence of weighted
pseudo almost automorphic solutions in a special case when F'(¢,y(t)) = F(t,y(t), y(wi(t, y(t)))),
where w1 (t,y(t)) = bi(t,y(b2(t,- - ,y(bmy(t,y(t))) - --)), with a single weight function and in
[19] Kumar et al. obtained the existence results for piecewise continuous mild solutions with iterated
deviating arguments. In [12], Diagana introduced the concept of double weighted pseudo almost
periodic functions.

In this paper, we will use the concept of double weights introduced by Diagana to establish the
existence and uniqueness of weighted pseudo almost automorphic mild solutions for the following
classes of two-term time-fractional differential equations with iterated deviating arguments and
integral forcing terms

DY y(t) + BDy(t) =Ay(t) + DF(ty(t), y(wit, (1)) a.D

and

Dy hy(t) + BDYy(t) =Ay(t) + DY Fy (tvy(t)v /t K(t = s)h(s,y(s)) d3>, (1.2)

where 0 < p < v <1,82>0,t >0, wi(t,y(t)) = bi(t,y(ba(t, -, y(bmy(t,y(t)))---))), and
A: D(A) € X — X is a sectorial operator of angle v7/2. The forcing terms F, F1, h and b;, 1 =
1,2,3,...,mo are suitable functions satisfying some appropriate conditions in their arguments
mentioned later in assumptions. Here, D} represents Weyl fractional derivative of order n and
K € LY(R) with |IC(t)| < Cxe?, where b, Cx. > 0.

The rest of this paper is organized as follows. In Section 2, we recall some fundamental results
about the notion of weighted pseudo almost automorphic functions. Section 3 is devoted to the
main results ensuring the existence and uniqueness of mild solutions for two-term time-fractional
differential equations. At last, we will provide an example to show the feasibility of the theory
discussed in this paper.
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2 Preliminaries

In this section, we recall some definitions and basic results which are used throughout the paper. Let
X be a Banach space. Suppose that B(R, X), C(R, X) and BC(RR, X) symbolize the collections of
bounded functions, continuous and continuous and bounded functions from R to X, respectively.

Define g,,(t) for 1 > 0 by

=L ift > 0,
g#(t) =< T(w)
0, ift <0,

where I' denotes the gamma function. The function g, has the property: g, * g, = ga+u; here
« denotes the convolution defined by (f * g)(t) = fg f(t — s)g(s) ds for appropriate functions f
and g.

Definition 1 Weyl fractional integral of an appropriate function f: R — X of order p > 0 is
defined by

Jt"f(t):/_t gt =7)f(r)dr, t>0,teR,

when the integral is convergent.

Definition 2 Weyl fractional derivative of an appropriate function function f: R — X of order
w > 0 is defined by

dm t
Dif(t) = dtm/ Gm—p(t —7)f(T)dr, t>0,t€ER,

where m = ] + 1. It is known that D} J!' f (t) = f(t) for any u > 0. For more details see Miller
and Ross [21].

Definition 3 A densely defined closed linear operator A is said to be sectorial of type w and angle 0
if there exist § € [0, g), M > 0, w € R such that its resolvent exists in the sector

Wt Ty = {w+>\:)\6@, \arg()\)\<g+0}\{w}

and

M
A —wl’

(A=A < A€ w+ . 2.1

These operators are generators of analytic semigroups. We can say that A is a sectorial of angle
5 + 0 in the case of w = 0. It is not necessary that (2.1) holds in a sector of angle 7 in the general
theory of sectorial operators. So, we have to make some restrictions that correspond to the class of
operators used in this paper. For more details see [16].
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Definition 4 ([18]) Let 5 > 0 and 0 < u,v < 1. Let A be a closed linear operator on a Banach
space X with the domain D(A). Then, A is said to be the generator of a (i, v)g-regularized

family if there exist w > 0 and a strongly continuous function S,,,,: Rt — B(X) such that
{4 BAY : Re X > w} C o(A) (the resolvent set of A) and

H\y = N 48 — A)~ 1y = / e MS,,(ydt, Rel>w, yeX.
0

By the uniqueness theorem for the Laplace transform, if 5 = 0 and p = 0 this corresponds to the
case of a Cy-semigroup, whereas 5 = 0 and p = 1 corresponds to the concept of cosine family. We
refer to the monograph [4] for more information about Laplace approach to semigroups and cosine
families.

Lemma 1 ([18]) Let f > 0 and 0 < p,v < 1. There exist Laplace transformable functions

auy € CHR™) and ky,,, € CHR™) such that_aw,(/\) = and k., (\) = ﬁ

1
A1 +B8Av

From the above result we note that a,, = g, * k,,. Moreover, k, ,(0) = 1 and k,, is a
differential function (see [18] for an explicit representation).

Proposition 1 ([18]) Let 3 > 0and 0 < p,v < 1. Let S, ,(t) be a (u,v)g-regularized family
generated by A on X. Then, the following conditions hold true.

(i) Su.u(t) is strongly continuous and S, ,,(0) = I.
(i) Suu(t)y € D(A)and AS,,,(t)y = Su(t)Ay forally € D(A) and t > 0.

(iii) Lety € Xandt > 0. Then, [} a,,(t — 5)S,.(s)yds € D(A) and
t
et = s+ 4 [ (05 by )0 = 9 s) . 2
(iv) We have S, (t)y € C1(RT,X) for some y € D(A).

Theorem 1 ([18]) Let 5 > 0, w < 0and 0 < u < v < 1. If A is an w-sectorial operator of angle
“F, then A generates a (i, v)g-regularized family S, ., (t) satisfying the estimate

M
< =J v t,
=< 1+ |w|(trtl + Btv) ()

| S, (t) t>0, (2.3)

where M is a constant depending solely on p, v.

Let U be the collection of all positive and locally integrable functions p: R — (0, c0). For a
given r and for each p € U, we set w(r, p) = [ p(t) dt. The spaces of weights are given by

Uy := {peU : TIL%Ow(T,p) :oo}

and
Up := {,0 € Uy : pis bounded and gnﬂgp(t) > O}.
€

We can observe that Ug C U, C U.
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Definition 5 Let p1, po € Uo. Then, p1 and pa are said to be equivalent, i.e. p1 ~ pa, if Z—; € Up.

It is clear that “~” is a binary equivalence relation on U,,. For a given weight p € Uy
let CL(p) be the equivalence class of p, that is, CL(p) := {p* € U : p ~ p*}. Moreover,
Uy = Upero CL(p). Further, for p; € Uy, we define

PAA, (R, X) = {f € BC(R,X) : lim

r—00 w(r, Pl)

[ 150lerar=o;

Particularly, for p1, p2 € Uy, we define

PAA,, (R, X) := {f € BO(R,X) : lim 1/7« £ (®)llpa(t) dt = o}.

w5 wirpr) -

Similarly,

PAA, (R x X, X)

= {f € BC(R x X,X) : Tlggo Wi 1) /_r Ilf(t,y)|lp2(t) dt = Ouniformly in y € X}.

For given p € Uy, and 7 € R define p” by p" (t) = p(7 + t) for t € R. Set

Voo ={p € Uy : p~ p” foreacht € R}.

Remark 1 It is trivial to see that PAA,, ,,(R,X) = PAA,, , (R, X) = PAA, (R, X), when
“p1 ~ p2”. The space PAA,, ,,(R,X) is more general and richer than PAA,, (R, X) and gives rise
to an enlarged space of weighted pseudo almost automorphic functions.

Definition 6 A function f € C(R, X) is almost automorphic (in Bochner’s sense) if for each sequence
of real numbers {1} }, there exists a subsequence {7, } such that g(t) = lim, oo f(t + 75,) is well-
defined for each t € R, and f(t) = limy—00 g(t — 7).

The set of all such functions, denoted by AA(RR, X), constitutes a Banach space when equipped
with the supremum norm.

Definition 7 A function f € C(R x X, X) is called almost automorphic if f(t,y) is almost automor-
phic for each t € R uniformly in y € K for a bounded subset K of X. The set of all such functions is
denoted by AA(R x X, X).

Definition 8 ([11]) The Bochner transform f°(t,s), s € [0,1], t € R, of a function f: R — X is
defined by fb(t,s) = f(t + s).

Definition 9 The space of all Stepanov bounded functions with exponent p € [1,00), denoted by
BSP(R,X), consists of all measurable functions f: R — X such that f* € L>*(R, L?([0,1],X)). It
constitutes a Banach space with the norm

t+1 >
Il = 1 la.20) = 500 ( / Hf(ﬁ)de£> .
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Definition 10 ([23]) The space of Stepanov-like almost automorphic functions, denoted by
SPAA(R,X), consists of all f € BSP(R,X) such that f* € AAR,LP([0,1],X)). In other
words, a function f € Lf (R, X) is a Stepanov-like almost automorphic if its Bochner transform
o R — LP([0,1],X) is almost automorphic in the sense that for every sequence {1’} of real

numbers there exist a subsequence {1,,} and a function g € L} (R,X) such that

3=

r t+1 7
lim /t (s +7) — g(s)|Pds|” =0

n—o0

and

3=

. _
lim / lg(s — ) — F(s)|Pds| " =0

n—oo

forallt € Rasn — oo.

Definition 11 ([23]) A function f: R x X — X with f(.,y) € LP(R,X) for each y € X is said
to be Stepanov-like almost automorphic function in t € R, uniformly for y € X, if t — f(t,y) is
Stepanov-like almost automorphic for each y € X; in other words, if for every sequence {7} of real
numbers there exist a subsequence {1, } and g(.,y) € L? (R,X) such that

loc

1
p

. _
lim / 17(s + Tury) — g(s, )P ds| =0
t i

n—oo

and

S

r t+1 b
lim / lg(s = Tmey) — F(ssy)|Pds|” =0
t i

n—oo

forallt € Randy € Xasn — oo. The collection of all such functions, denoted by SP AA(R x X, X),
is a Banach space with the norm ||.|| s».

Remark 2 ([7]) It can be observed that if f is almost automorphic, then f is Stepanov-like almost
automorphic, ie., AAR,X) C SPAA(R,X) (see [2]). Moreover, let 1 < p < q < oo. If
f e SIAAR, X), then f € SPAA(R, X).

Definition 12 A function f € BC(R, X) (respectively, BC(R x X, X)) is said to be weighted pseudo
almost automorphic if it has a decomposition of the form f = ¢ + 1, where ¢ € AA(R, X) (respec-
tively, p € AAR x X, X)) and ) € PAA,, (R, X) (respectively, 1 € PAA,, (R x X, X)).
The collection of all such functions, denoted by WPAA,, ,,(R,X) (respectively, WPAA,, ,, (R x
X, X)), is a Banach space.

Definition 13 A function f € BSP(R,X) is called Stepanov-like weighted pseudo almost au-
tomorphic if it has a decomposition of the form f = ¢ + 1, where ¢ € SPAA(R,X) and
PP € PAA,, p(R, LP([0,1],X)), i,

lim

In other words, a function f € Lf ve(R, X) is Stepanov-like weighted pseudo almost automorphic if

its Bochner transform f°: R — LP([0,1],X) is weighted pseudo almost automorphic. We denote
the collection of all such functions by S'WPAA,, ,, (R, X).
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Definition 14 A function f € BSP(R x X,X) is called Stepanov-like weighted pseudo almost
automorphic if it has a decomposition of the form f = ¢ + 1, where ¢ € SPAAR x X, X)
and Y* € PAA,, ,,(R x X, LP([0,1],X)). We denote the collection of all such functions by
SPWPAA,, 5, (R x X, X).

Lemma 2 ([1]) Let p1, p2 € V. Then, the space PAA,, ,,(R, LP([0, 1], X)) is translation invari-
ant and the decomposition of a Stepanov-like almost automorphic function is unique. Moreover, the
space S'WPAA,, ,,(X) is a Banach space when endowed with the norm |.|| sp.

Lemma 3 Let p1,p2 € V. Then, we have WPAA,, ,,(R,X) C SPWPAA,, ,,(R,X) and
SIWPAA,, p,(R,X) C SPWPAA,, (R, X) for1 <p < g < oo.

Proof. The proof is similar to the proofs of Propositions 4.1 and 4.2 in [7]. So, the details are
omitted here. .

Lemma 4 ([9]) Ler {S(t)}+>0 C B(X) be a strongly continuous family of bounded and linear
operators such that ||S(t)|| < o(t), t € RY, where 0 € L*(R™") is non-decreasing. Then, for each
f e SPAA(R, X), we have

/ " St s)f(s)ds € AA(R.X).

Let us make the following assumptions.

(A1) Let f = ¢ + ¢ bein SPWPAA,, ,, (R x X x X,X) with ¢ € SPAAR x X x X, X)) and
Y € PAA,, ,, (R x X x X, LP([0,1],X)). Moreover, assume that there exist constants
Ly, Ly > 0 such that for each y;, 2; € X,7=1,2,¢ € R we have

1 @ y1,210) = f(t g2, 22)l] < Ly(llyr — 2l + [Jz1 — 22])

and

lp(t, y1,21) — d(t, y2, 22) || < Ly([lyr — w2l + |21 — 22[))-

(A2) The functions b; = ¢; + 1; contained in SPWPAA,, ,,(R x X,X) are such that ¢; €
SPAA(R x X, X) are uniformly continuous in a bounded set K C X for all ¢ € R and
PP € PAA,, », (R x X, LP([0, 1], X)). Moreover, there exist positive constants Ly, such that

16i(t,y) = bilt, 2) || < Liy[ly = ]|
forally,ze X,teRandi=1,2,3,...,mg.

(A3) Leth = ¢+ in SPWPAA,, ,, (R x X, X) be such that ¢ € SPAA(R x X, X) is uniformly
continuous in a bounded set K C X for all t € R and ¢° € PAA,, ,,(R x X, LP([0, 1], X)).
Moreover, assume that there exists a positive constant Ly, such that

1A (t,y) = h(t, 2)|| < Lnlly — 2|
forally,z € X,t € R.

Theorem 2 ([26]) Let p1,p2 € Voo. Assume that f satisfies (A1). Moreover, assume that G| =
g1+h1 and Gy = go+hg are contained in the set SPWPAA,, ,, (R, X) with g1, g2 € SPAA(R, X),
K8 hs € PAA,, ,, (R, LP([0,1],X)) and {g1(t) : t € R}, {ga(t) : t € R} are compact in X. Then,
F(,Gi(), Ga(r) € SPWPAA,, (R, X).
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3 Main results

We consider the two term time-fractional order linear differential equation (linear version of (1.1)
or (1.2))

Dy ly(t) + 8Dy y(t) = Ay(t) + DY (2). (3.1

The following theorem established in [3] guarantees the existence of mild solutions of equa-
tion (3.1).

Theorem 3 Let A be a generator of the (., v)g-regularized family {S,,,(t)}i>0. Then, equation
(3.1) admits a mild solution given by

t
y(t) = / Suv(t—s)f(s)ds, teR, (3.2)

provided that {S,, ,,(t) }+>0 exists and is integrable.

The following definition is inspired by the above representation of mild solutions for the prob-
lem (3.1) established by Alvarez-Pardo and Lizama in [3].

Definition 15 Let A be a generator of the (i, v)g-regularized family {S,, ,(t)}+>0. A function
y: R — X defined by

WF/&wﬂmewmwwmtw, (3.3)

is called a mild solution of (1.1).

Definition 16 Let A be a generator of the (u,v)g-regularized family {S,, ,(t)}i>0. A function
y: R — X defined by

wzﬂgwﬂm@mijwmmwgmtm,om

is called a mild solution of (1.2).

3.1 Results for linear systems

The following theorem is the main result for the linear case.

Theorem 4 Let p1,ps € Voo Let f = ¢ + ) be in SPWPAA,, (R, X) with ¢ € SPAA(R, X)
and V* € PAA,, », (R, LP([0,1],X)). Then, equation (3.1) admits a weighted pseudo almost
automorphic mild solution.
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Proof. Define a map
t
t) :/ Suu(t—s)f(s)ds. (3.5)

From Theorem 3 we know that Af(¢) is a mild solution of (3.1). Next, we show that Af(¢) €
WPAA,, (R, X). Since f = ¢+ € SPWPAA,, ,,(R,X), we have

t t
/ Suv(t—s)f(s)ds = /_ Sup(t—s)p(s)ds + /_ St —s)Y(s)ds

=Ag(t) + Ay(t),

where

:/_toosw(t_s)gb(s)ds and  Aw(t) / Suw(t — 5)¥(s) ds.

By Theorem 1, we have

M
< t>0. 3.6
= 1+ |w|(thtt 4+ gtv)” (3-6)

1S ()

For 0 < p < v <1 we note that o(t) := Wﬂilﬁb’t”) € LY(RT) is non-decreasing. Then, we

conclude by Lemma 4 that A¢ € AA(R, X). Next, we show that Ay € PAA,, ,, (R, X). We define

Ai(t) = / St - s)(s) ds,

—n—1

where n = 0,1,2,.... Then,

n+1
’|An¢(t)|| S/ ||Su7,j(s)|”|¢(t _ S)H ds
n+1 M
S/n 1+ |w‘(3#+1 —|—63V)||,¢}(t_s)||d8

M n+1 %
Sl + |w|(nH+L + Bnv) </n [9(t = s)| d3> :

Therefore, we have

s [ I8l ar

M 1 T n+1 1
ST el (T + B w(r pi) / (/n (¢ =) d8> pa(t) dt.

By the translation invariance property of PAA,, ,,(R,X), it follows that ¥* € PAA,, ,, (R,
LP(]0,1],X)). Moreover, the above inequality leads to the conclusion that A, € PAA,, ,,(R,X)
forn =0,1,2,.... Further, the last estimation implies that

I < M
1+ |w|(n#tl 4 BnY)

[Ant(t) 11l 52
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Since 0 < p,v < 1, wehave 1 < u+ 1 < 2, and therefore

o0 1
1,,: = ds < 0. 3.7
b /0 T+ Wl 1 8s) < (3.7
Then,
> M
M d
§1+Iw!(n“+l+ﬁn” _< +Z/ 1 1+ Jwl( S”“+Bs”) S>

M
§M—|—/ ds
o 14 [wl(stth+ Bs¥)

<M(141,,) < .

We conclude by the Weierstrass M-test that the series >~ ; A, (t) converges uniformly on R.
Moreover,

ZAM;} / Sp(t — $)(s) ds = Aw(L).

‘We note that

IAG@)I < D 1A @)l < M+ L)l s

n=0

Now, for a fixed ng € N (the set of natural numbers) we have

1 r
w(r, p1) /_r‘|A¢(t)|!p2(t) dt
1 ng o X )
ey I A oy / Akt () | pa(t) dt

Since the series Y-, Agt)(t) converges uniformly to A (t) and Agyp(t) € PAA,, ,,(R,X), we

conclude that
1 T
Ayt t)dt = 0.
s [ IOl

It implies that Ay (t) = > 7 Ay (t) € PAA,, ,, (R, X). This completes the proof. O

3.2 Results for nonlinear systems

Now, we establish the existence and uniqueness of weighted pseudo almost automorphic mild
solutions for (1.1) and (1.2) when the forcing terms F|, F', h and b;, where ¢« = 1,2,3,...,mg,
satisfy Lipschitz type conditions.

Lemma 5 Let p1, p2 € V. Assume that h € SPWPAA,, ,,(R x X, X) satisfies (A3). Then, for
y(t) € SPWPAA,, »,(R,X), we have

t
U (t) == / K(t —s)h(s,y(s))ds € S'TWPAA,, , R, X). (3.8)
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Proof. Since y € SPWPAA,, ,,(R,X), by Theorem 2.18 in [3], we conclude that g(-) =
h(-,y(-)) € SPWPAA,, »,(R,X). Further,

/ K(t—s)g s)ds—/ K(t—s)gl(s)ds+/ K(t — s)g2(s)ds
Wy, (8) + W, (1),

where g1 € SPAA(R,X) and ¢ € PAA,, (R, LP([0,1],X)). We show that ¥, (t) €
SPAA(R,X) and W, (t) € PAA, ., (R,LP([0,1],X)). It easy to check that ¥, is bounded
and continuous.

For a sequence {7/} chose a subsequence {7,,} and g] € L}

1oc(R, X). Using Fubini’s theorem,
we have

r+1
/ 1@ g0 (t 4 7) — Wy (D17l

/7“+1
r

:/ / K(t —5)[g1(s + 1) — g1(s)] ds
/Hl/ 8)Pllgr(t + 1 — s) — gy (t — 8)|[Pds dt

< / lon(e+ 7 = 5) = gite = )17 [ KPas)

P

CIC r+1 , »
Sw lg1(t + 70 —8) — g1 (t — s)||P dt — 0.

p

t+7n t
/ Kt + 7 —s)g1(s) ds—/ Kt —s)gi(s)ds|| dt

—0o0

P
dt

Similarly, we can verify that f:“ [y (t = 7n) — W, (t)[|Pdt — 0. This implies that Vg, (t) €
SPAA(R, X). Next, we show that

1 r t4+1 o b % )
| t)dt = 0.
r—o0 w(r, p1) /r (/t [y, (s)]l 3> p2(t) 0

lim

Note that

t+1 t+1
/ 100 ()17 ds</ / K(r — )Pllga(s)[[? ds dr
t

t+1

/ / Pllga(r — 5)|P ds dr.

Since K € L(0,00) and g2 € PAA,, ,,(R, LP([0,1],X)), by Fubini’s theorem, we get

[ eneras < [t - apar( [T ikeras)
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Now, we conclude that

1 r t+1 N
; P
Thm w0 ) /r (/t Wy, (s)]| ds> pa(t) dt
| 1 r t+1 e 2 . .
< lim - t) dt
_Tl UJ(T, Pl) /—T’ </t ||g2(T S)H (b ) T> p2( )

C 1 T t+1 %
_(b I)Cl Tll{go w(r Pl) / (/tv ”92(7— - S)Hp dT) PQ(t) dt — 07
p)?

as g2 € PAA,, (R, LP([0, 1], X)). O

Let L > 0 be a constant. We define

WPAAL

L n(RX) == {y € WPAA,, ,,(R,X) : |ly(t) — y(s)| < LIt — s| forall t, s € R}.

L
Itis clear that WPAA,;,

(R, X) is a non-empty closed subspace of WPAA,, ,,(R,X).

Lemma 6 Let pi,p2 € V. Suppose F' € SPWPAA, (R x X x X,X) and b; €

SPWPAA,, p,(R x X,X),i = 1,2,3,...,mo, satisfy (A1) and (A3), respectively. Then, for
y(t) € e SPWPAAL (R, X), we have

P1,02

F(tay(t)ay(wl(tay(t)))) € SpW,P‘A'APlv[& (R7X)7

where wy (t,y(t)) = bi(t,y(ba(t, -, y(bmg (t,y(t)))---))) forallt € R.

Proof. Using the fact that y(t) € SPWPAAﬁl 0, (R, X) and applying Theorem 2.18 in [3] and
the condition (As), we conclude that wy € SPWPAA,, ,, (R, X). Further, by Theorem 2 and the

condition (A1) imposed on F', we obtain the assertion. ]

Theorem 5 Let py1, po € V. Let A be a generator of the (u, v)g-regularized family {S,, (1) }1>o0.
Suppose F' € SPWPAA, (R x X x X,X) and b; € SPWPAA, ,, (R x X, X),i =
1,2,3,...,mq, satisfy the conditions (A1) and (A2), respectively. Then, the problem (1.1) admits a
unique wezghted pseudo almost automorphic mild solution in the Banach space WPAAL (R, X)

if

p1, pz(

Lp(2+ LLy) 1, M <1, (3.9)

where Ly = [L™0 1L, - Ly,,, + LM0=2Ly - Ly,
defined in (3.7).

+ oo LLy, Ly, + Lo, ] > 0 and 1, is

mo—1

Proof. Consider the operator Ap: WP AAL

oo (B X) = WPAA,, ,, (R, X) defined by

0= [ Suult = 5)Fls. (). w5, 9(51)) .

where w1 (t,y(t)) = bi(t,y(ba(t, - y(bm(y(t),t))---))). Lety € WPAA/EMZ(R,X). Now,
using Lemma 3 and Lemma 6 we have that F'(¢,y(t), y(w1(t,y(t)))) € SPWPAA,, , (R, X).
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X)) c WPAA,, ,, (R, X). Now, for

Further, it follows from Theorem 4 that A F(WP.AA";I o (R,
t,s € Rsuch thatt > s, we have

AR (y) () — s </ 1S (= ONIE(E, y(E), y(wils, y(£))))] A€

t
<My / Tt — €)de
<MoM; |t — s,

where Mo = supeeg yex [ F/($5 y(£), y(wi(s,y(£))))| and

M
M= o T el -+ Bl — &)

This implies that A F(WPAAgl po

(R, X)) c WPAAL

L (R,X) for L = MyM.

Fory,z € WP.AAgl po

1A (y)(#) = Ar(2) D)
<sup/ 1Sy, (8 = OIS, (&), y(wi (€, y(£)))) = F (&, 2(8), z(wi (€, 2(£)))) [ E.

(R, X), we have

(3.10)

Also, we have

1E (€, (&) w(wi(€,5(£)))) — F(E, 2(6), 2(wi(, 2(£))))]

<Lp{lly(€) — (&) + ly(wi(& y(€))) — z(w1(&, 2(€)I}

<Lp{lly(€) — (I + ly(wi(€, 2(£))) — z(w1(&, 2())
+ lly(wi(€y(€))) — y(wi (€, 2()II}

<Lr{2[ly(€) — ()] + lly(wi (&, y(€))) — y(wi(&, 2}

<Lp{2lly — zlleo + Li(wi(§, y(€))) — (wi(§, 2(£)))[}-

Now, let

w; (& y(€)) = b (&, y (b1 (&~ y(&,bmg (§,5(€))) --+))), 4 =12, ,mq,

with Wy,y+1(€, u(€)) = & (for more details we refer the reader to [24, p. 2183]). Thus, we obtain

[w1 (&, y(§)) — wi(&, 2(§))] =[b1 (&, y(wa(&, y(£)))) — b1 (&, w(wa(§, w(€))))]
<Ly, [[y(wa(&,y(£))) — 2(w2(&, w(§)))l
<Ly, [[[y(w2(& y(€))) — y(wa(&, 2(£)))l
+ [ly(wa (&, 2(£))) — 2z(wa(&, 2(£)))|]]
<Ly, [L|b2(&, y(w3(€,y(£))) — ba(&, 2(ws(€, 2(£)))|
+ Iy — 2]
<[L™ Ly, - Ly, + L2 Lyy - Ly +

+ LLy, L, + Ly Jlly = 2] co-
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Therefore, we get

1E(€ y(8), y(wi(§,y(£)))) — F(&, 2(8), 2(wi(§, 2(§)))lloo SLF(24 LLy)|ly — 2[loe, (3.11)

where L, = [L™ L, - - Ly, + Lmo=2Ly - Ly
from (3.10) and (3.11), we have

+ -+ LLy Ly, + Lbl] > 0. Now,

mp—1

M
gntt + BgY)

|AP () = Ap(2) oo <Lp(2+ LLy)|ly — wllso / T+ [l h

<Lp(2+ LLy)1, M|y — 2| cc-

This implies that A is a contraction mapping, so by the Banach contraction principle the equation
(1.1) admits a unique weighted pseudo almost automorphic mild solution. ([l

Theorem 6 Let p1, po € Voo. Let A be a generator of the (u, v)g-regularized family {S,, , (1) }+>o0.
Suppose that Iy € SPWPAA,, (R x X x X,X)and h € SPWPAA,, ,,(R x X, X) satisfy the
conditions (A1) and (As), respectively. Then, the problem (1.2) admits a unique weighted pseudo
almost automorphic mild solution if

L
MLp1I,, [1 T C’Cb "} < 1. (3.12)
Proof. Consider the operator A, : WPAA,, ,,(R,X) = WPAA,, ., (R,X) defined by
AR @O = [ Suult = Fi(5.3(6). Via() ds,
where Wpy(s) = [° K(s — h(&y(€))dE. Lety € WPAA, ,, (R,X). Then, we get

y € 37’1/\777./4.,4,)17,)2 (R,X). By Lemma 5 and Theorem 2 we see that F(t,y(¢ f Kt —
s)h(s,y(s))ds) € SPWPAA, ,,(R,X).  Further, it follows from Theorem 4 that
Ap, WPAA,, (R, X)) C WPAA,, ,,(R,X). Fory,z € WPAA,, ,,(R,X), we have

ARy () = Ar 2(E) ]

< Sup/ 18 (t = $) [ F1 (s, y(s), Wny(s)) — Fi(s, 2(s), Ynz(s))]| ds
teR J—oco

<supLp / 1Syt = )[1(s) — 2()]| + [Wny(s)) — Cnz(s)[] ds

teR
CxLp,

<supLF1/_ IS ,u(t—S)H[IIy(S)—Z(S)IH ly(s) — z(s)Il| ds

teR

Cx L o
< i |1+ D Iy sl [T 1S9 05)
CxL
Syl

<MLp1,, [1 + 5

This implies that A, is a contraction mapping, so by the Banach contraction principle the equa-
tion (1.2) admits a unique weighted pseudo almost automorphic mild solution. O
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4 Applications

Let 2 C R" be a bounded domain with sufficiently smooth boundary 0. Let the operator

= D bily) dy; 0y,

ij=1

satisfy the condition szzl bij(y)&i&; > c|é|? forall € € R", y € Q, where ¢ > 0and 0 < p <
v <1, by > 0. We consider the following problem

DYzt y(t)) + BDY (¢, y() ~Tz(t y (1) + boz(t, y(t))

o “4.1)
=Dy [t y(t), 2(t,y(1)), 2(wr (L, (8, y(1))))),

subject to the boundary condition z|sn = 0.
For convenience, we take Q = [0, 7] C R}, X = L2([0,7]). Let u(t) = z(t,-). Then, (4.1) can
be represented in the form (1.1) as

Dy tu(t) + BDYu(t) — Ault) = Di £ (¢, ut), u(wn (¢, u(1)))), (4.2)

where A := L — by with the domain D(A) = {u € L?[0,7] : " € L?[0,7],u(0) = u(r) = 0}.
It is known that A = L — by is a sectorial operator of angle 7 (and hence for 57). Thus, A is
w = —bg < 0 sectorial operator of angle .

Case 1: Now, we take

[t]

f(t,u(s),v(s)) =[aa(t)(cosu(s) + cosv(s))] + [awe™ 2 sin(cosu(s) + cosv(s))]
=o(t, u(s),v(s)) + ¢ (t, u(s), v(s))

and

v(s) == v(wi(t,u(s))) = H4UHCOS (2 + sint:-SiH \/5t>’

where for some € € (0, 3)

1 —
a(t) — COS(m) fort € (n+€,n E),n S Z,
0, otherwise;

here u(s),v(s) € L*[0,7],t > 0,s € [0,7] and @ € R. We note that a(t) € SZAA(R,R)
(see Example 2.3 in [23]). Moreover, if u € WP.AA%(R, X), then by the composition theorem
B(t,u,v) € SZAA(R,X) and ¢°(t, u,v) € PAA,(R, L*([0,1],X)) for py = p2 = p = "', n >
1. Consequently, f € SPWPAA,(R,X) with p = €. Then, f and w; satisfy (A1) and (As),
respectively, and || f(t,u1,v1) — f(t,u2,v2)|lec < (2 + %)Hul — u2||co. Assume that @ <

m. Then, by Theorem 5, equation (4.2) has a unique weighted pseudo almost automorphic
2 ny

mild solution in the Banach space WP.AAg (R, X).
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Case 2: Let us consider the nonlinear function

jia]

f(tu(s),v(s)) = [fa(t)(cosu(s) + cosv(s))] + [fe™ 2 sin(cos u(s) + cosv(s))],

v(s) = Hg” sin (/_; e (™) cos(s, u(s)) d8>;

here u(s),v(s) € L*[0,n],t > 0, s € [0,7] and # € R. As in Case 1, we can show that
f e SPWPAA,R,X) with p = e”t Further, f and v satisfy (A1) and (Ao), respectively, and
|\ f(t, ur,v1) — f(t U2, 2) |0 < Llur — uzl|c. Assume that 6 < 9[ . Then, by Theorem 6,
equation (4.2) has a unique welghted pseudo almost automorphic mild solutlon in the Banach space

WPAA(R,X).

where
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