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Abstract. In this paper, we prove the existence of mild solutions for a class of fractional order
impulsive stochastic integro-differential equations with infinite delay. The existence results are
proved by using the fixed point techniques in a Hilbert space. We also provide an example to
illustrate the existence results.
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1 Introduction

During the last two decades fractional differential equations have received a great deal of interest due
to their numerous applications in various fields of engineering and science such as viscoelasticity,
porous media, electrochemistry, control theory, physics and so on. Fractional differential equations
are also used to describe the memory and hereditary properties of various materials and processes.
For significant developments in fractional differential equations one can see the monographs of
Kilbas et al. [16], Podlubny [24] and the papers [9, 10, 11, 18, 20] and references therein.

On the other hand, stochastic differential equations (SDEs) have been widely applied to model
problems in various fields such as engineering, physics, biology, finance and economics, etc. in
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which systems fluctuate due to noise and other disturbances. In many areas of engineering and
science the future state of many dynamical systems does not depend only on the present state but also
on their past history. This leads to stochastic functional differential equations. SDEs have played a
very important role in many fields of real life such as forecast of population growth, optimal pricing,
etc.; for more details on SDEs one can see the monographs [21, 22, 25] and references therein. To
include time in memory we use the integro-differential equations.

SDEs with infinite delay have become an area of emerging research as they have played an
important role in the last few years to translate various problems from physical and social sciences
into mathematical models. Sometimes we observe an abrupt change in a dynamical system. To
model such type of problems we consider the impulsive effects. For more details one can see the
cited papers [4, 5, 7, 14, 19, 23, 26, 29].

In the case of fractional order deterministic models, Chauhan and Dabas [8] considered a
fractional integro-differential equation with impulsive conditions and discussed the existence of mild
solutions using the single base point technique as in [12]. Gautam et al. [13] addressed the existence
and uniqueness of mild solutions to a class of fractional impulsive integro-differential equations with
state dependent delay and establihed the results by using fixed point technique and following the
concept as in [12]. Recently, in the case of fractional stochastic equations, Sakthivel ez al. [29] have
considered a class of fractional order impulsive SDEs with infinite delay and have established the
existence of mild solutions using the technique of multi-base point as in article [2] by means of the
Banach, Krasnoselskii’s and Schaefer’s fixed point theorems. In [7] the authors used a technique
similar to that used in [29] to define solutions and discuss the existence of mild solutions to a class of
stochastic fractional impulsive neutral integro-differential equation with infinite delay.

Motivated by the above-mentioned works [7, 8, 13, 29], in this article we consider the following
fractional order functional SDE in the following form:

t
‘Dex(t) = Az(t) + /0 q(t — s)b(s, xs) ds + J = f(t,xt)+g(t,xt)dZ§t) , 0
teJ=10,T], t #tg,
z(t) = ¢(1), t € (—o0,0], (1.2)
Az(ty) = I(z(t,)), k=1,2,...,m, (1.3)

where ¢Df* denotes the fractional derivative of order o € (0,1) of Caputo’s type, A: D(A) C
H — H is a closed linear sectorial operator defined on a Hilbert space (H, | - ||), J'~ is the
Riemann-Liouville fractional integral of order 1 — o > 0 and ¢: J — H is a continuous function.
The functions b, f, g are given and satisfy some assumptions which will be specified later. Infinite
delay is given in the equation (1.2). We assume that x;: (—o0, 0] — H, defined as x(0) = z(t + 0)
for 6 < 0, belongs to an abstract phase space By. Here 0 < fy < t1 < -+ < typy1 < T, and
fork = 1,2,...,m, Iy € C(H, H) are bounded functions and Axz(t;) = z(t;) — z(t; ), where
x(t; ) = limp_,o 2(tx — h) and m(t;) = limy,_0 z(tx + h) are the left-hand and right-hand limits
of 2(t) at t = ty, respectively; also we take z(t, ) = x(ty).

However, to the best of our knowledge, the existence results for impulsive stochastic fractional
order integro-differential equations in the form (1.1)—(1.3) is an untreated topic yet. This fact
is the motivation of the present work. The existence results are shown by using the Banach and
Krasnoselskii’s fixed point theorems. We closely follows the approach of [29]. The paper is organized
as follows. In Section 2, we recall some preliminaries and cite the appropriate references. Section
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3 is devoted to stating and proving the main results. In the last section an example is presented to
illustrate our approach.

2 Preliminaries

Let H, K be two separable Hilbert spaces with the corresponding norm || - ||. The symbol £(K, H)
stands for the space of bounded linear operators from K into H. We use (-, -) to denote the inner
product of H and K, since no confusion should arise. To avoid repetition, we refer the readers to the
papers [27, 28, 29] for more details regarding complete filtered spaces and properties of QQ-Wiener
processes. Further, for basic definitions and properties of Caputo’s derivative, Riemann—Liouville
fractional integral operator and Mittag-Lefller function we refer to the book [24]. The details
concerning the solution and sectorial operators can be found in [1] and [15]. For the notion of the
a-resolvent family one can see the paper [3].

Now, we introduce the abstract phase space ‘B required in this work and

introduced in the papers [27, 28]. Assume that h: (—o00,0] —  (0,00) with
I = ono h(t)dt < oo is a continuous function. The abstract phase space ‘B, is defined
by

% {¢ ( 0 - H (E|¢(0)[*)'/? is a bounded and measurable function on [—a, O],}
h=19 ¢: (—00,0] = H :

where a > 0, and f_ooo h(s) supsgego(ﬂ(ﬁ(@)]z)lﬂ ds < o0

If B}, is endowed with the norm

0
I6lls, = / h(s) sup (E|6(0))"?ds, ¢ € By,

—00 $<0<0

then (B, || - ||, ) is a Banach space [27, 28].

Now, we consider the space

- {x: (—00.T] = H : x|y, € C(Jy, H) and there exist z(t}) and z(t;) }’

Cwithz(ty) =2ty ), 20 =¢ € Bp, k=1,2,...,m

where |5, is the restriction of @ to Ji, = (k, tk+1], k = 0,1,2, ..., m. The function || - ||, defined
by

lzlls; = I6llw, + sup (El|z(s)[)"/?, e B,
s€[0,T

is a semi-norm in B .
Lemma 1 ([28]) Suppose that v € SB;L. Then, vy € By, fort € J. Furthermore,

UE o)) <U([loel*)? <1 St[lopt](Ellv(S)||2)1/2 + [lvollss,
se|0,

where | = ffoo h(s)ds < oc.
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Definition 1 A measurable Fi-adapted stochastic process x: (—oo, T — His called a mild solution
of the system (1.1)—(1.3) if xg = ¢ € By, Ax|i—y, = Ii(x(t;)), k = 1,2,...,m, the restriction
of x(+) to each connected component of [0,T) \ {t1,...,tm} is continuous and x(t) satisfies the
following integral equation

(

5a(0000) + [ 7ute =) [ ats — bt ) anas

+/0 Sa(t—s)f(s,xs)ds—i—/o Su(t — s)g(s, zs) dw(s), te (0,41],

Sa()6(0) + Salt — )11 (a(£)
s [ Ta-9 [ [ ats = i) dn] s

o(t) = +/0 Sa(t—s)f(s,xs)ds+/0 St — $)g(s,zs) dw(s), te (tits], (1)

Sa(t)p(0) + > Sa(t — ti) i(x(t;))
=1
v [ a9 [ [ ats = o) dn] s

+/0 Sa(t—s)f(s,xs)ds+/0 Sa(t — 8)g(s,zs)dw(s), t € (tm,T],

where
1
Sy (t) = — [ eMATIA\CT — A)7hd)
()= 5 [ Noer— 4y an
1
T, (t) = — | eM\T — A)~Ld
(1) =57 [ OT =47

are called analytic solutions operator and o.—resolvent family, respectively, and I is a suitable path
lyingin 3y .

To establish our desired results we consider the following assumptions.
(Ho) If o € (0,1) and A € A%(6p,wp), then for any = € H and ¢ > 0 we have ||S,(t)|| < Me*t
and || T, (t)]| < Ce**(1 +t*1), w > wp. Thus, we have
[|Sa®)ll < Mg and | To ()] < #~ M,
where Mg = supo<t<7 [|Sa(t)| and My = supg< i< Ce (1 + 1) (for more details see
[15]).

(Hy) The functions f,b: J x B, — H are continuous and there exist non-negative constants L #> Ly
such that

2
H
]%I < LbHry - 1/}“2%}0

for v, € By and t € J.
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(H2) The function g: J x B;, — L(K, H) is continuous and there exists a non-negative constant
L4 such that
Ellg(t,) = 9(t, )2 m < Lollv — 0113,

(H3) The functions Ij: H — H are continuous and there exists a positive constant L; such that
E|ly(z) = I(y)|l& < LiBllz - yl§
forany z,y € H,t € Jandeachk =1,2,...,m.

3 Existence and uniqueness result

Our first result on the existence and uniqueness of solutions to the system (1.1)—(1.3) is proved by
using the Banach contraction principle.

Theorem 1 Let the assumptions (Hy)—(Hs3) hold and let us assume that
— 1 . —
A= {4mM§LI + 4l [z(q*LbM%Tza) + ME(Ly + Lg)] } <1,
o'

where q* = sup;¢(o 1 fg llg(t — s)||ds. Then the mild solution of the system (1.1)—(1.3) exists
uniquely on J.

Proof. We consider the operator P: B} — B defined as

((t) for t <0

5a0000) + [ 7ute =) [ ats — btz anas

+ /0 Sa(t —s)f(s,xs)ds + /Ot Sa(t —s)g(s,xs)dw(s), te(0,t1],

~+

Sa(t)(0) + Sa(t —t1) 1 (z(t]))

+ /Ot Ta(t —s) UO q(s —n)b(n, ) dn] ds

(P)(t) = —i—/OtSa(t—s)f(s,xs)ds—i—/OtSa(t—s)g(s,xs)dw(s), te (t, o],
Sa(t)$(0) + Y Salt — t:) Li(x(t;))
=1

+ /Ot Ta(t —s) [/0 q(s —n)b(n, ) dn] ds

t t
+/ Sa(t —8)f(s,xs)ds +/ Sa(t —s)g(s,xs)dw(s), t€ (tm,T).
0 0
Let the function y(-): (—oo, 7] — H be defined as

o-[o0 12




114 Mohd. Nadeem, Jaydev Dabas, J. Nonl. Evol. Equ. Appl. 2017 (2019) 109-121

Then, yo = ¢. Forevery z: J — Hwith z|;, € C(Ji,H), k =1,2,...,m, and 2(0) = 0 we define
Z by

ISy,
Il

{o, t e (—o0,0],

z(t), ted

If z(-) satisfies the system (2.1), then we can write x(-) as x(t) = y(t) + z(¢), which implies that
x¢ = y¢ + z¢ for t € J and that z(+) satisfies

t s
(0600 + [ e [ ats - 0+ 5 s
+ /0 Sa(t —5)f(s,ys + zs) ds + /0 Sa(t —5)g(s,ys +Zs)dw(s), t e (0,t1],
Sa(t)p(0) + Sa(t —t1) I (y(ty) +Z(t7))

-/ Tt —s) [ / Sq(s—n)b(n,ywzn)dn]ds

2(t) = —i—/o Sa(t — 8)f(s,ys +Zs) ds + /0 Sa(t —9)g(s,ys + Zs) dw(s), t € (t1,ta],
Sa()9(0) + D_ Salt = t)L(y(t7) +2(t7))

# [ e [ ats— bt + ) anas

t t
+/ Sa(t—S)f(S,ys—Ffs) d3+/ Ta(t_s)g(says +ES) dw(s)a tG (tmaT]'
0 0

Set B = {z € B, : 20 = 0}. For any z € B}, we have
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Hence, (B}, || - [lss/) is a Banach space. Consider the operator N : B — B} defined by
t s
Sa(00(0)+ [ Tate =) [ ats = bt + ) an]as
t t
+ / Sa(t - s)f(s, Ys +§s) ds + / Sa(t - S)g(says + Es) dw(8)> te (0, tl]a
0 0
Sal016(0) + Salt ~ ) (u(t7) + 7(17)
t s
# [ gute= )| [Cats = bt + 2 an)as

(N2)(t) = +/O Sa(t—s)f(s,ys+zs)ds—l—/0 St — 5)g(s5, ys + Z2) dw(s), ¢ € (t1,1a],

Sa(t)d(0) + Y Sa(t — t)Li(y(t;) + 2(t;))

=1

o [ 2ae— 9] [ ats — bn, o +2,) dn)as
[ o] |

t t
+/ Sa(t —8)f(s,ys +Z5)ds +/ To(t —9)g(s,ys + zs) dw(s), t € (tm,T].
0 0

To prove the existence result it is enough to show that NV has a unique fixed point. For this, let
z,z* € B Then, for any t € [0, 1] we have

E[|(N2)(t) = (N=")(®) |l

/Ot T.(t—s) UO q(s —m{b(n, yy + Zn) — b(n,yy +Z)} dn} ds

2
<31]

H
2

+3E /Ot Sa(t — 9)[f(s,ys +Zs) — f(s,ys +Z5)] ds

H

¢ 2
/0 Salt = )[g(5,ys + 5) — g(sys + 2] des(s)

+35]

H
Lo s 27272 72 %2
< (31 [QQ(q LyMFT?*) + Mg(Ly + Lg)D Iz — 2"l
Moreover, in view of the assumptions, for any ¢ € (tx, tx+1], K = 1,...,m, we obtain
E[|(N2)(t) — (N2") ()]
o, T
< 4EHSa(t - tk)[Ik(y(tk ) + Z(tk ) — Ik(y(tk ) + Z*(tk ))HH

¢ 2
1 4E /0 To(t — s)[f(s,ys + Zs) — f(s,ys +Z5)] ds

H
2

w4z [ 2= )| [ ats =m0+ 7)o+ 7)) s

H
2

+4F /0 To(t — 8)[g(s,ys + Zs) — g(s,ys + Z3)] dw(s)

H
72 1 xT A72720 72 ® (|2
< (4mMgL; + 4l E(q LyMZT**) + M5(Ly+ Lg) | ||z — 2 55
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Hence, for all ¢ € [0, T] we have
I(N2)(t) = (N2) ()l < Allz = 2" 13-

Since A < 1, N is a contraction map. This implies that the operator N has a unique fixed point
z € B}, which is the mild solution of the system (1.1)—(1.3) on J. This completes the proof of the
theorern (]

In our second result, we discuss the existence of mild solutions to (1.1)—(1.3) by using Krasnosel-
skii’s fixed point theorem [17]. To prove the required result we consider the following assumptions.

(H4) The functions f,b: J x B, — Hand g: J x B, — L(K, H) are continuous and there exist
continuous functions pi1, p2, u3: J — (0, 00) such that

Bb(t, ¢l < 01613,
E|f(t, )& < n2(t)ll9ll5,
Ellg(t, &2 ) < ps(®)16l15,
where ¢ € B, and t € J.

(Hs) The functions [}, : H — H are continuous and there exists a constant V > 0 such that

= E|I 2
V= |opnax p{ 113 () |71}

where B, is the closed ball of radius p centered at zero, that is, B, = {z € B} : lzl12, < p},
h
with radius p defined in the Proof of Theorem 2 below.

Theorem 2 Let the assumptions (Ho)—(Hz), (H4) and (Hs) be satisfied with

Q= <3z[ (¢* LyMET*) + M3(Ly + L )D <1 3.1)

Then the system (1.1)—(1.3) has at least one mild solution on J.

Proof. Choose
1 .
p>4 [ (MET*w,) +M§[mv+w2+w3}],
where wy = 4piq* (6115, + I°p). wa = 45815, + 1%p). ws = 4u5(lllF, + °p) and pf =

SUPgefo, 141(8)s 115 = SUPgeoq H2(8), 13 = Supgepo g p3(s). Clearly, By, is a bounded, closed and
convex subset of 2B} . Let us consider the operators 11 : B, — B, and 1)2: B, — B, defined as

0, t e (O,tl],

Sa(t —t) I (y(ty) +2(t7)), t € (t1,ta],
(P12)(E) = & weovemeeen e

Z Sa(t - tz)Ii(y<tz_) + Z(tl_)), t (tlm tk+1]

i=1
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and
([ 2= [ ats = mbta + 2 an] s
+/0t5a(t —8)f(8,ys + %) ds +/0tSa(t — 8)g(s,ys + Zs) dw(s), te(0,t],
(ho2)(B) =4+ v v e
/Ot To(t = s) [/0 (s —n)b(n, yn + Zn) dn} ds

t t
—i—/ Sa(t —3s)f(s,ys +Zs)ds +/ Sa(t — 8)g(s,ys + Zs) dw(s), t€ (tg,tgr1]-
0 0

We show that the operator ; is compact and continuous, and ), is a contraction. We divide the
proof into the following five steps.

Step 1. First, we show that 1)1z + 122" € By, for any z, 2* € B,. Fort € (0,;], we have
B0 + (002" O < 3] 3 (RT21) + W3l + ] .
Similarly, for t € (t;,t;41],7=1,2,...,m, we have
E||(¢12)(8) + (22" (1) | < 4 {;(M%T%) + M3[mV +ws + wg]} <p.

This implies that || (¢12)(¢) + (¢22%)(¢)[lsy < p, which means that (¢12)(¢) + (¥22")(t) € By.

Step 2. We will show that the mapping /1 is continuous on B,,. For this we consider a convergent
sequence {2"}2°, in B, with lim 2™ — z € B,,. Then, fort € (t;,t;41], ¢ = 1,...,m, we have

Bl (#12")(t) — (Y12) ()l < ml|Sa(t — t)1* [l Li(y(t;) +2"(67)) — Lily(t;) +=2(t)1E]-
Since the functions I;, ¢ = 1,2, ..., m, are continuous, this implies that

lim El|jy12" — 12| = 0.

n—oo

Therefore, the mapping 1 is continuous on B,,.

Step 3. We will show that 1)1 maps bounded sets into bounded sets in B,,. For this purpose we prove
that there exists 4 > 0 such that for each z € B, we have E||(v12)(t)||% < @ for t € (ti,tis1],
1 =20,1,...,m. Now, we have

El(r2)O)E < B 1Salt — t) Li(y(t;) + 2(¢) I
i=1
< mﬂgv = .

Step 4. In this step we show that the map v, is equicontinuous. Let 71,70 € (t;,tiy1], t; < 71 <
T2 <tit1,9=0,1,2,...,m. Then, for z € B, we have

B|[(12)(2) = (r2)(r)lfr < ml|Salr2 — i) = Sal(r — t) P EllLi(y(t;) + 2(t7)) |-
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As 19 — 71, and as S, is strongly continuous, we obtain

lim B|(¢12)(r2) — (¢¥12)(10) [l = 0,

T1—T2

which implies that v, is equicontinuous. On combining Step 2 to Step 4 together with Ascoli’s
theorem, we conclude that the operator v; is compact.

Step 5. Now, we prove that the mapping 17 is a contraction. For this purpose, let z, 2* € B, and let
t € (ti,tiy1], where i = 0,1, ..., m. Then, we have

Bl[(s22)(t) — (22" ®)&

¢ t 2
< 3E’ /0 Ta(t —s) {/O (s —m{b(n, yy + Zn) = b(n, yy +7)} dn} ds )
¢ 2
+3F / Sa(t—s)[f(s,ys +2zs) — f(s,ys +Z5)]ds
0 H
¢ 2
N 3E‘ [ Sult = 9)lgts.m+2) — gl + 2] dus)
0 H

1 — —
< <3l [062 (¢"LyMFT?*) + MZ(Ly + Lg)] ) [EE Y

and
1(w22)(t) — (L22) ()3 < Qllz = 2" 15

As §2 < 1 by the formula (3.1), we conclude that the mapping 12 is of a contraction type. Therefore,
by Krasnoselskii’s fixed point theorem we deduce that the problem (1.1)—(1.3) admits at least one
solution on J. Hence, the proof of the theorem is complete. O

4 Example

We consider the following impulsive partial differential equation of fractional order of the form:

ou(t,r)  dult, t 1
o = g+ [ =0 [ Bl - iute.a ao)a

1 t S -
—i—F(l_a)/O(t—S) [36/ F(s,z,7 — s)Qa2(u(r,x))dr 4.1)

+ <419 /SOO G(s,z, 7 — 8)Qs(u(r,x)) d7> dw(s)} ds, t#t,
ti
Bu(t)w) = [ difti = s)uls,a)ds, x € 0,7 (42)
u(t,0) =u(t,7) =0, t=>0, 4.3)
U(t,l’ = ¢(ta ZL‘), le (—OO, 0]7 (44)

where % is Caputo’s derivative of fractional order between O and 1,0 < t; <t < -+ - < t,, < T
are prefixed numbers, ¢ € B,. Let H = L2[0, 7] and define the operator A: D(A) C H — H by
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Aw = w". According to Theorem 3.1 in [6] the operator A is the infinitesimal generator of a solution
operator {S(t)}+>0. Since S, (t) is strongly continuous on [0, co), by the uniform boundedness
principle, there exists a constant M > 0 such that || S, (t)|| @y < M for ¢ € [0,T]. Here equation
(4.2) denotes the impulsive condition, while (4.3) denotes the boundary conditions. Let h(s) = e2s
for s < 0. Thenl = fi)oo h(s)ds = %, and define

0
¢l —/ h(s) sup |¢(6)]|pz2 ds.

—o0o 0e(s,0]

Given a function h: [0, 7] x [0,7] — R such that for each t € [0, T, h(-,t): [0,7] — H, we may
identify it with the function h: [0, 7] — H given by h(t)(z) = h(z,t). Set u(t)(z) = u(t, z) and

1 0
bt 6)(w) = 55 [ Blt.x.0)Qu(6(6,0)(2) 0

—00

f(t.6)(@ / F(t,2,0)Qa(6(6, 1) () 6,

ot, d)(a / G(t, 2.0)Qs(6(6, 1) (x)) A6,

Then, with these settings equations (4.1)—(4.4) can be written in the abstract form (1.1)—(1.3).
Furthermore, we have

162, @) () = b(t, ) ()| 2

T 1 0 ) %
< [/O {25/_OOB(t,x,0)!\Q1(¢(9,t)(x))—Ql(go(e,t)(x))\de} dx]

I 2 13
25[/0 {/OOB(t,x,G)dH} dx] ¢ — @l

le

IN

and so

16(t, @) (x) = b(t, ) (@) 12 <
Similarly, we can find that L; = Cé‘ﬁf, L, C‘“f . Now, if we choose m = 1,l = a = % =1,

T:1With]/\\4/5:%,]\7T:Cl—C’Q—C’g—l,wehave

16— &l

A= {4mMSL1 +4z[ (¢*LoMFT*) + M2(Ly + L )H =041 < 1.

Therefore, the problem (4.1)—(4.4) has a unique mild solution u on [0, 1].
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