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Abstract. In this article, we study the existence and uniqueness of solutions for nonlinear elliptic
problems with non-local boundary conditions. In order to get the unique solution, we study first
an auxiliary problem, for which we deduce useful a priori estimates. The study of the auxiliary
problem gives us the equivalence between this kind of problem and a nonlinear problem with very
large diffusion around the boundary.
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1 Introduction and assumptions

Let 2 be an open bounded domain in RN (N > 2) such that 0 is Lipschitz and 992 = I'p U T ne
with T'p N T'ye = (0. Our aim is to study the following problem

B(u) =V -a(zx,Vu) = f in £,

u=0 onl'p,
P d
(ﬁv[%f? ) p(u)+/ a(x,Vu)n:d on FNea
1—‘Ne
u = constant on I' e,
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where 7 is the unit outward normal vector on 0f2, 5 and p are two continuous and non-decreasing
functions on R such that

D(B) = D(p) =R, Im(f) = Im(p) =R and 5(0) = p(0) = 0,
a is a Leray—Lions type operator, f is a function in L>°(€2) and d € R.

Recall that a Leray—Lions type operator is a Carathéodory function a(z,£): Q@ x RV — RN
(i.e., a(x, &) is continuous in £ for a.e. = € {2 and measurable in x for every £ € R™) and there exists
p € (1,400) such that

e there exists a positive constant C' with
la(z,€)] < C(j(x) + €"™) (1.1)
for almost every = € ) and for every £ € RY, where j is a non-negative function in L” , (Q)
with 1 + L = 1;
p P
o the following inequalities hold

(a(z,&) — a(x,m)).(6 —n) >0 (1.2)

for almost every = € 2 and for every £, € RY with £ # 7, and there exists C’ > 0 such that

1
5|€\p < a(z,§).§ (1.3)
for almost every 2 € (2 and for every ¢ € RV,

Boundary value problems involving PDEs arise in physical sciences and applied mathematics. In
some of these problems, subsidiary conditions are imposed locally. In some other cases, non-local
conditions are imposed. It is sometimes better to impose non-local conditions since the measurements
needed by a non-local condition may be more precise than the measurement given by a local condition.
Indeed, in the problem P(f, p, f,d), in contrast to the standard case where the condition on the
boundary is given on the local values of the flux, non-local boundary conditions act on the average of
the flux on the boundary. More precisely, in addition to the Dirichlet boundary condition on I'p, i.e.,

u=0onIp, (1.4)

u is asked to satisfy the following non-local condition
p(u) + / a(x,Vu).n=donT ye. (1.5)
FNe

It is well-known that under only conditions (1.4) and (1.5), the problem P(S3, p, f,d) is ill-posed. To
make the problem P(/3, p, f, d) well-posed, we ask the unknown function u to be constant on I' .
Beside the mathematical interest of non-local conditions, it seems that this type of boundary condition
appears in petroleum engineering model for well modelling in a 3D stratified petroleum reservoir
with arbitrary geometry; this kind of boundary condition also arises in petroleum engineering, in the
simulation of wells performance, since a nonlinear relation exists between the performance pressure
tangential gradient and the fluid velocity along the well (see [1, 2] and [4] for details).
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In the sequel, we consider the following spaces:
Wzly’p(Q) ={peW'(Q):p=00nTp}

and
W#g(m ={pe WEP(Q) : ¢ = constant on I' e }.

For any v € WxP(2), we set vy, := v|py, .
The concept of a solution for P(/3, p, f, d) is given as follow.
Definition 1 A measurable function u: Q@ — R is a solution of P(B, p, f,d) if
u € W;S(Q), B(u) € L' (Q) and for every ¢ € WJ#S(Q) N L>(£2),

1.6
/a(x,Vu).Vgpdx—l—/B(u)gpdx:/fgodx—i—(d—p(u)Ne)cpNe. (1.0
Q Q Q

Our main result in this paper is the following
Theorem 1 For any f € L°°(Q)) the problem P (0, p, f,d) admits a unique solution .

Before proving Theorem 1, we study an auxiliary problem, from which we deduce useful a priori
estimates.

The paper is organized as follow. In Section 2, we study the auxiliary problem and in Section 3,
we prove the existence and uniqueness of solutions to the problem P(3, p, f, d).

2 The approximated problem corresponding to P(53, p, f, d)

We define a new bounded domain Qin BN as follow. We fix § > 0 and we set Q=QuU {r e RN :
dist(z,T'ne) < 0}. Then, 9Q = T'p U 'y, is Lipschitz with Tp N Ty = 0.

Figure 1: Domains representation

Let us consider a Leray—Lions type operator a(x,§): Q xRNV — RV satisfying (1.1), (1.2)
and (1.3). We consider the problem

B(x,u) =V -a(z,Vu) = f inQ,
P(Eaﬁ?f?(j) u=20 OHFD,

p(u) +a(x, Vu).n=d on I'ye,
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where the functions E s Ps fand d are defined as follow:

o B(z,5) = B(s)xa(z) forall (z,s) € Q x R;

e p(s) = T ‘p( s) for all s € R, where |I" .| denotes the Hausdorff measure of T ye;

) ]?(x) = (fxq)(z) forall z € Q;

e dis a function in L°°(T y.) such that

/~ ddo = d. @2.1)
FNe

Obviously, we have f € L>(€).

The following definition gives the notion of a solution for the problem P (E s P f, c?)
Definition 2 A measurable function u: Q — R is a solution for P (B ) 0, ]?, g) if
u € Wl’p(ﬁ) B(u) € LY(Q) and for every & € Wl’p(ﬁ) N L>°(Q),
/ a(x,Vu).Vodz —I—/ B(u)pdx = / fode +/ (J— p(u))@do.
Q

Ine

2.2)

We have the following existence result for the problem P( B 3 P f, J)

Theorem 2 Assume the functions E 3 0 fand d are as above. Then, the problem P( E 3 0 f, c?) admits
at least one solution in the sense of Definition 2.

Before proving Theorem 2, we study an existence result to the following problem. For any k& > 0

we consider _ _ _
Ty (B(x, uk)) —V-a(zx,Vug) = f in§,

Py(B,p, frd)  uk =0 onI'p,

Ty (p(uk)) + alz, Vug).n = d on I'ye,

where the truncation function 73 : R — R is defined as

—k, ifs < —Fk,
Ti(s) =1 s, if |s| <k,
k, if s > k.

We next prove the following theorem.

Theorem 3 Assume the functions B 0, f and d are as above. Then, for any k > 0 the problem
Pi( 6 3 0 f d) admits at least one solution uy, in the sense

u, € WiP(Q2) and for all € WP (Q),
[t Vi) 95+ [ 1o pas = [ s5des [ (@~ 1) o

I'ne

(2.3)
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Furthermore, for any k large enough

1B(ui)| < 01 = max{ | e, (80 pg ) (Pwelldllo) } ae. in €

" " 2.4)
)] < b2 = max{ |, (70 55 (| flloc) } a@e. in Fve.

Proof. For any k > 0 let us introduce the operator Ay : Wé’p ((NZ) — (Wé’p (§~2))’ such that for any
(u,v) € WEP() x WP (),

(Ax(u), v) = /ﬁ (e, Vu). Vo da + /

Q

Ti (B(w)) vdx + /~ Tk (p(w)) vdo. (2.5)

I'ne

We need to prove that for any & > 0 the operator Aj is bounded, coercive, of type M and hence,
surjective.

(i) Boundedness of Aj. For every (u,v) € W5P(9) x W5P(Q) we have

‘<Ak( /|aw Vu)|Vv]dx+k:/ ]v|dx+k/ lv| do
FNe
S/QW(CU,VUHVv|d:v—|—kC1(meas(Q),p)||v||Lp(Q)_|_k02(|fNe|7p)HvHLp(fNe)

< /ﬁC(j(a:)%— ]Vu|p*1)\Vv] dz + kC1(meas(Q), p)||v|l zr (o)
+ kCo(|ITnel, p) HUHLP(T“Ne) thanks to assumption (1.1)

S/ﬁCj(m)\VU\ dx—i—/ﬁC|Vu]p_1\Vv\ dx + kC1(meas(Q), p)||v|| zr (o)
KTl Il o

< G35, )Vl 1oy +C4HVUHP_~ IVl Lo @) + kC1(meas(€2), p)[[v]l Lr (o)

+ ijQ(|FNe|ap)”/UHLp(fNE)'

Thanks to Theorem 1 in [3], we have ||v < Cllv

”Lp (Tne) le’P(ﬁ)'

Taking into account the fact that [|@]| ,, @ < [zt et 105y and HV(,OHLP(Q < H<p|]W1p & for any
P e WhHP(Q), we get
[(Ak(w), 0)] < C3(,p)lIollyy o) + Callully, 2
+ kc2(|FNe|ap)||v||W1’P(§)

< (CalGp) + Callullt s

) H”HWBP(Q) + kCl(meaS(Q),p)||1)HWBP@)

|+ kC1(meas(©),p) + kCa(|Tvel p)) [0y 1 -

From this inequality one sees that A; maps bounded subsets of Wll)’p (Q) into bounded subsets of
(W5P(€))". Therefore, Ay, is bounded on W5 (Q2).

(ii) Coerciveness of A;. We have to show that for any £ > 0 we have % — +00 as
()

||UHW1P( §) = oo
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For any u € Wllj’p (Q) we have

(Ag(u),w) :/ﬁa(x,Vu).Vudx-l-/

Q

T (B(u)) udzx + /~ Tk (p(u)) udo. (2.6)

FNe
The last two terms on the right-hand side of (2.6) are non-negative. Using the assumption (1.3), we
deduce that
/~a(:):,Vu) Vudr > — HVqu
Q

Therefore, from (2.6) we get

(Ap(u),u) = Hvu”m(ﬂ

Since u € Wl]'j’p(Q) by the Poincaré inequality, we have ||u|? < C’HVUHip@). Then,

L (§)
||uHW1 p(&y — oo implies HVuHLp ) = +oc. Hence, Ay, is coercive.

(iii) The operator Ay is of type M. For the proof of (iii), we need the following lemma.

Lemma 1 (cf. [5]) Let A and B be two operators. If A is of type M and B is monotone and weakly
continuous, then A + B is of type M.

Now we set (Au,v) = [sa(z,Vu).Vodr and (Byu,v) = [T (B(u))vdz +
fF )vdo. Then, for every & > 0 we have Ay, = A + ;.. We now have to show that for
every k > O the operator B;, is monotone and weakly continuous, because it is well-known that the
operator A is of type M. For the monotonicity of By, we have to show that (Bru — Bv,u — v) > 0
for all (u,v) € WEP(Q) x WAP(€). We have

(Bru — Brv,u — v)
= /Q(Tk (B(w) = Tir (B(v))) (u — v) dz + /~ (T (P(w) = Tre (p(v))) (u — v) do.

I'ne

From the monotonicity of 3, p and the map 7}, we conclude that
(Bru — Brv,u — v) > 0. 2.7

We need now to prove that for each £ > 0 the operator By is weakly continuous, that is, for all
sequences (un)neN C W P(2) such that u,, — w in W P(€2), we have Bju, — Byu as n — +o0.
For all ¢ € W7(€) we have

(Bittn, 6) = /Q Ty (B(un)) ddz + /F Ty, (3(un)) ¢ dor 2.8)

Passing to the limit in (2.8) as n goes to +o0o and using the Lebesgue dominated convergence theorem,
for the first term on the right-hand side of (2.8), we obtain

im | T (B(un)) ¢ dx = /Q Ty (B(u)) 6 da- 2.9)

n—-+4o0o Q

Furthermore, since u,, — u in W})’p (€2), up to a subsequence, we have u,, — w in L(9€2) and a.e.
on 0f2, and we deduce using again the Lebesgue dominated convergence theorem that

lim Ty (p(un)) pdo = /f Ty, (5(u)) ¢ do. (2.10)

n—-+oo fNe
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From (2.9) and (2.10) we conclude that for every k > 0, lim,, s 1 oo (Bitn, @) = (Bru, ¢), which
means that Byu, — Biu.

The operator A is type M and as By, is monotone and weakly continuous, thanks to Lemma 1,
we conclude that the operator Ay is of type M. Then, for any L € (W[l)’p (Q)),, there exists

uy, € W5P(Q) such that Ay (uy,) = L. We consider L € (W;P(Q))" defined by L(v) := [, fvdz+
Jz,,, dvdo for v € WP(€) and we obtain (2.3).

To end the proof of Theorem 3, we prove inequalities (2.4). For any € > 0 let us introduce the
function H.: R — R:

0, ifs<0,
He(s) =442, if0<s<e,
1, ifs>e.

In (2.3) we set p = Hc(uy, — M), e > 0, where M > 0 is to be fixed later. We get

/~Zi(x, Vug).VHe(up — M) dx + / Ty (B(ug)) He(ug, — M) dz
¢ “ 2.11)

:/fHe(uk—M)dx+/~ (d — Ty (F(ug))) He(ug — M) do.
Q

FNe
The first term in (2.11) is non-negative. Indeed,

1
/ a(x,Vug).VH(ur — M) dx = / a(z, Vug).Vug dz > 0.
Q € J{0<u—M<e}

From (2.11) we obtain
/ Ty (B(u)) H.(u, — M) dz < / FH.(uy, — M) da Jr/~ (d - T (F(un))) He(ug — M) dor
Q Q

I'ne

Then, one has

(0B = 11 (B0)) Bl = M)+ [ (T (0)) = Ti (GO Hi = M) o

Ine

S/(f_Tk(ﬂ(M)))He(uk_M)dx+/~ (d = Tp (B(M))) He(ug — M) do.
Q

I‘Ne

Letting € go to O in the above inequality, we get

/Q (Th (B(ur)) — Ty (B(M))) signg (ux — M) da
+ [ () = T (M) s (= M) do
< / (f — Te (B(M))) signg (uy — M) dz
Q
+ /F (d— Th (3(M))) signg (uy, — M) doy,

which is equivalent to say
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/Q (Ti (80) ~ Tic (B o+ [ (T () — Tie (01)) " o

I'ne

< / (f - T (B(M))) signg (ug, — M) dax + / (d— Ty (B(M))) sign (ug — M) do.
Q

FNe
AsTm(B) = Im(p) = R, we can fix M = My = max{ 35" (|| fllsc), g (T vellldl|oo) }-

From the above inequality we obtain

/Q (Tx (Bu)) — Tie (B(M))) " d + / (Tw (Pux)) — T (M) do

I'ne

< / (f — Ty (HfHoo)) signg(uk — My) dz + /~ (J— Tk(HJHOO)) signg(uk — My) do.
Q

Ine

For k > ko := max{|| f||oo, ||| }. it follows that

| (80 = 71 (3001 * o+ /fNe (T (3(ur)) — T (B(Mo))) " do < 0. (2.12)
Then, it yields

[ (@ Bun)) ~ Ti (500))* <o

[ ) = T 1) < 0.

So

2.13)
/f (T (3(ur)) = T (5(Mo))) " do = 0
From (2.13) we have
(Tk (B(ur)) — Tk (B(Mp))) " =0ae.inQ,
(Th, (p(ur)) — Tr (3(Mp))) " = 0 ae. on Tie.
This means that for any k > ko := max{]| f|s, ||CTHOO} we have
Ty, (B(ur)) < Ty (B(Mo)) ace. in Q, o1

T (B(ur)) < T (5(Mo)) a.e. on T .
From (2.14) we deduce that for every k > kq := max{|| f|oo, lld]|s0, B(Mo), p(Mp)} we have
B(uk) < B(Mo) a.e. in,
plur) < p(Mp) ae. on T ye.
Note that with the choice of My and the fact that D(3) = D(p) = R, for every k > k; :=
max{||fllo; lldlloc, B(Mo), f(Mo) } we have
Blur) < max{||Flloc; (80 p5 ") (Pl dlc) } 2. in €2,

_ o - (2.15)
plur) < max{||d]lco, (o By ") (I flloc) } a.€. on Tive.
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We need to show that for any & large enough

Bur) > — mac{||flloe: (3 0 5 (Fvelldlc) } a. in €,
plug) > —max{|[dllo, (50 B5 ) (I fllc) } ae. on Tye.

It is casy to see that if uy, is a solution of Py (3, 5, f,d), then (—uy,) is a solution of
Tk‘(g(xa u)) — V-a(z, Vu) = f inQ,
(B f d ) u=20 on FD,
Ty (p(w)) +a(z, Vu).np =d on I ye,

(2.16)

where
a(xag) = _a(x7 _§)7 B(.TJ,S) = —g(.%',—S), ﬁ(S) = _ﬁ(_8)7 ,]/t\: _f and C/l\: _CFiV'
Then, for every k > ko := max{||f|]oo, ||£lv\\oo, —B(—My), —ﬁ(—MO)} we have
~Blur) < max{ | fllse: (80 o5 ") (IFxellldlloc) } ae. in 2
~B(ur) < max{||dlloc. (70 B3 1) (1 floc)} ac. on e,
which implies (2.16).
From the relations (2.15) and (2.16), we deduce (2.4). ]

Since uy, is a solution of Pk(ﬁ s P f d) thanks to (2.4) and the fact that 2 is bounded, we have
B(ug) € L'(). For k = 1 + max{#;,6,} fixed, by (2.4), one sees that the problem P(3, 5, f, d)
admits at least one solution .

Remark 1 Using the relations (2.4) and the fact that the functions 3 and p are non-decreasing, one
sees that for k large enough the solution u of the problem ]Z(ﬁ, o f, d) belongs to L>°(Q)NL>® (FNe)
and |u| < C(B,61) a.e. inQand |u| < C(p,02) a.e. onT ye.

Now, we set

1 ~
a(w,€) = a(@, Oxa(@) + S| Exg o (@) forall (z,€) € Q@ x RY

and we consider the following problem

1 _ Lo~

L B(x,ue) — V.(a(:z:,Vue) + g)‘VUGVO QVUGXQ\Q(I’)> =f inQ,
P€(/37p7f7d) UEZO Ol'l].—‘D7
plue) + (a(z, Vu))m =d on I'ye.

Thanks to Theorem 2, PE(B s P f, J) has at least one solution. So, there exists at least one measurable
function u.: {2 — R such that

ue € W5P(Q), Bluc) € Ll(Q) and for every g € W5P(Q) N L®(Q),
/ a(z, Vue). Vgpd:n—l—/ |Vu€\p V. Vgpdx—l—/ B(ue)pdx 2.17)
o\ € )
/f(pdm—i—/ (d—p(ue))goda.

Thanks to Remark 1, we have u. € L%(9) N L (T ne).
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Remark 2 If u. is a solution of P.(B,7, f,d), then using test functions § € WJ{,S(Q) N L>®(9)
such that ¢ = constant on Q \ ), we see that the second term in the equality in (2.17) is equal to
zero and the last term is equal to (d — fl:N plue) dU) ©Ne, SO that one has

/Qa(x,Vue).Vgo dzx —1—/96(115)@ dz = /Qfgo dz + (d— /ch P(ue) da) ONe- (2.18)

The next result gives us a priori estimates on the solution u, of the problem P, ( E 3 0 f, J)
Proposition 1 Let u, be a solution of PE(E 3 0 f, cj) Then, the following statements hold true:

@ fo IVl dz + fﬁ\Q L|VuPde < C x (HCle(fNP) + ”fHLl(Q)), where C is a positive
constant independent of ¢; 4

(i) Jo |B(uo)| dz + [ 1(ue)|do < |d]l i gy + 11l

Proof. We set ¢ = u, in (2.17) to get

1
/a(a;Vue).Vuedx—k/ |Vu6|p_2Vu€.Vu5dx—l-/ﬂ(ue)uedx
Q a\o €

8 @ (2.19)
= / fue d:g—f—/~ (d — plue))ue do.
Q Ine

(i) Obviously, we have [, 5(ue)uedz > 0, fﬁ\ﬂ }p\VuGV’_QVue.VuE dz > 0and [, fucdz <
C(8,61)fll 1 (- For the last term in (2.19), we have

/~ (- 5(u6))uedo—=/~ givugda—/~ Hud)ue do

I'nve T'ne I'ne

g/ c?ugdo'
fI\’e

< [ o
T'ne

< C(p, 92)\@&1(?1%)'

Having in mind the relation a(z, £).£ > 2 |£|P, we get
1 p
a(x, Vue).Vuedr > Yol |Vue|” dz.
Q Q
Using the inequalities above, one gets

[ 1vul ds < € (CB.00 ey + Clo I, )

< O x (|ldll gy, + I1F 1 21)

(2.20)

with C' > max {C"C(8,61), C'C(p, 62)}.
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In (2.19), the terms [, a(x, Vue).Vue de and [, 5(ue)ue dz are non-negative so that we obtain

1 ~
| SVl de <0 x (1l g,y + 13): 221)

a\q €
Adding (2.20) and (2.21), we obtain (i).

(il) We set ¢ = Tj(uc), k > 0,1in (2.17) to get

/Q a(w, Vi) VT (ue) dr + /~

1
p]Vue\p2Vue.VTk(uE)dx+/ Bue) Ty (ue) dz
Q€ Q

(2.22)
+ /F pludTiu) do = [ [Tfu)do+ [ i) o

Iye

The first two terms in (2.22) are non-negative. For the terms on the right-hand side of (2.22), we have

/ka(ue)dx+/~ JTk(ue)dagkU f|d:c+/~ c'ida>
Q FNe Q FNe
= k(1] 1 .y + 1 2@ )

Then, from (2.22), it yields
[ stuomiwy s+ [ fuTitu do < k(1] + Il
Ne

We divide the above inequality by k and let k£ go to zero to get

[ suosintuy o+ [ ptusisnu)do = [ (oo + [l do

FNe 1_‘Ne

< (1l 1y + 1 11210e) 0
The following result states useful convergences results.

Proposition 2 As ¢ — 0, we have

(i) ue = uae inQanda.e. onT ne;

(i) B(ue) — B(u) in L'(Q);
(i) Vue — Vuin (L2(Q\ Q)" and Vu = 0in O\ ©;
(iv) pluc) = plu) in LML ne);

(v) a(x,Vue) — a(x, Vu) in (LPI(Q))N.

Proof. (i) Forany 0 < € < 1 we have

1
/|Vue|p dﬂf:/ |Vuel? d:E-l—/ |Vu5]pd9:§/ |Vue|? dg;-|—/ —|Vu| dz.
Q Q O\Q Q oo €
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Then, thanks to Proposition 1 (i), the sequence (|Vue|)eso is bounded in LP(€2). Since u, € Wé’p (Q),
the sequence (u¢)e>o is bounded in W]%’p (€2). Up to a subsequence, we get as € — 0 that

Ue — U in Wllj’p(Q), ue — uw a.e. in Q and a.e. on I'pe.

We conclude (i) using the fact that Q2 C Q.

(ii)) Asu. — wa.e. in Q and 3 is continuous, we deduce that 5(u.) — 5(u) a.e. in Q. Using Fatou’s
lemma and Proposition 1 (ii), we obtain 3(u) € L'(Q). Having in mind that |3(u.)| < 6 a.e. in Q,
by using Lebesgue dominated convergence theorem (since €2 is bounded), we see that 5(u.) — 5(u)
in L1(Q).

(iii) The fact that uc — win Wé’p (€2) implies that Vu, — Vu in (LP (ﬁ))N and then Vu, — Vu
in (LP(Q\ Q))N By Proposition 1 (i) we can assert that (|Vuc[?) _ is bounded in LY(Q\ Q).

Then, (%vuf)oo is bounded in (Lp(ﬁ \ Q))N Therefore, there exists © € (Lp(ﬁ \ Q))N such
that )

—Vue — Oin (Lp(ﬁ \ Q))N ase — 0.

€

For any v € (Lp/(ﬁ \ Q))N we have

- Vuevdr = /~ € <1Vu6> wvdr = /~ (1Vu€ — @) (ev)dz+e€ [ Ouwdx. (2.23)
O\Q o\ \€ a\Q \ € AR’

As (ev)es( converges strongly to zero in (Lp/ (Q\Q)) N passing to the limit in (2.23) as e — 0, we get
Vue — 0in (L2(Q2\ )",
Hence, one has Vu, — Vu = 0in (Lp(fvl \ Q))N

(iv) Asu. — u a.e. on fNe and p is continuous, we get p(u.) — p(u) a.e. on f‘Ne. Using Fatou’s
lemma and Proposition 1 (ii), we obtain p(u) € L'(I'n.). By the estimate |p(uc)| < 02 a.e. in Ty
and the Lebesgue dominated convergence theorem, we get (iv).

(v) The sequence (a(z, Vu)),- is bounded in (LPI(Q))N according to (1.1). We can extract a

subsequence such that a(z, Vu,) — ® in (Lp'(Q))N. We have to show that ® = a(z, Vu) a.e. in
). The proof consists of two steps.

Step 1: We prove that

lim sup/ a(x,Vue).V (ue —u) de < 0. (2.24)
e—0 Q
Let us take » = u — u as a test function in (2.17). We get
1
/a(x, Vue).V(ue — u) dz +/ — | Vue|P2Vue. V(ue — u)de + | B(ue)(ue — u) dz
Q o\ €’ Q

A do= [ s wts s [ ooy 229

FNe FNe

Note that

/Q B(ute) (te — ) dz = /Q (Blute) — B(uw)) (e — ) dz + /Q B(us) (e — ) da.
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Since [, (B(ue) — B(u)) (ue —u) da > 0, we get

/Qﬁ(ue)(u6 —u)dx > /Qﬁ(u)(u6 —u)dx.

Using the Lebesgue dominated convergence theorem we deduce that lim. o [, 3(u)(uec —u) da = 0,
and then

lim Sup/ B(ue)(ue —u)dz > 0. (2.26)
Q

e—0

As Vu = 0in 2\ €, we obtain

1
lim sup/ — VU 2Vue. V(ue —u) dz

e—0 Q\Q €epP

. (2.27)
= lim sup/ —|Vue P2 Vu,. Vue dz > 0.

e—0 ﬁ\ﬂ €epP

‘We also have

[ ptu = wdo = [ (5 pw) (e~ wydo+ [ pu)(uc — w)do

1—‘Ne I_‘Ne

As u. — u a.e. on r Ne» by the Lebesgue dominated convergence theorem, we get

lim p(u)(ue — u)do = 0.

e—0 fNe
Hence,
lim sup/~ plue)(ue —u)do > 0. (2.28)
e—0 T'ne
Applying the Lebesgue dominated convergence theorem again, we obtain
lim/ flue—u)dz =0 (2.29)
e—0 QO
and
lim d(ue — u)do = 0. (2.30)
e—0 fNe

Letting € go to zero in (2.25) and using (2.26)—(2.30), we get (2.24).
Step 2: By standard monotonicity arguments we prove that ® = a(z, Vu) a.e. in Q.
Let ¢ € D(Q2) and A € R*. Using (2.24) and (1.2), we get
AMim [ a(z,Vue).Vedz > lim sup/ a(z, Vue).V(ue — u+ Ap) dz
Q

e—0 [¢) e—0

> lim sup/ a(z,V(u—Xp)).V(ue — u+ Ap) da.
Q

e—0

Hence,

AMim [ a(z,Vue).Veodr > )\/ a(z,V(u— Ap)).Vede. (2.31)
e—0 O O
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Dividing (2.31) by A > 0 and by A < 0 respectively, and passing to the limit with A — 0 we obtain

lim a(w,VuE).Vgoda::/a(az,Vu).Vgod:z.
e—0 9] Q

This means that [, ®.Vodr = [,a(z, Vu).Vedz and so div(®) = diva(z, Vu) in D'(Q).
Hence, ® = a(x, Vu) a.e. in Q and we have a(x, Vu,) — a(x, Vu) in (LPI(Q))N ase — 0.

O

3 Existence and uniqueness of solutions to P ([, p, f,d)

We are now able to prove Theorem 1.

Proof. The fact that Vu = 0 in LP(2\ Q) ensure that u = constant on €\ €2, so that u € W]{,S(Q)
Moreover, in the proof of Proposition 2 (ii) we have already seen that 3(u) € L'(€).

To show that u is a solution of P(/3, p, f, d), we only have to prove the equality in (1.6). For
any ¢ € Wi,f (©) N L>°(Q2), we consider the function ¢ € W[l)’p (Q) N L>(9) such that § =
pxa -+ e NeXgn o Then, ¢ = constant on Q \ . Such function ¢ in the equality in (2.17) gives us,
thanks to Remark 2,

/Qa(x,Vue).chdx—&—/Qﬁ(ue)godx:/chpd:c—&— (d_/fNe ﬁ(ue)da> ONe- (3.1)

Passing to the limit in (3.1) as e — 0 and using the convergences in Proposition 2, one has

lim/ plue) da) ONe
e—0 fNe

[ o) .

/a(x,Vu).Vgod$+/B(u)godx:/fgodx+d<pNe—
Q ) Q

which means that u is a solution of P(3, p, f, d).

Let us prove now the uniqueness part of Theorem 1. This proof is a straightforward consequence
of the following lemma.

Lemma 2 Assume that w, and uy are two solutions for the problems P(B,p, f1,d1) and
P(B, p, f2,d2), respectively. Then,

(plur)ve = pluz)ve) ™+ [ (8(un) = Blaz)) do < i = flley + ey =l 32)

Q
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Proof. Forany ¢ € WyP(Q) N L(Q) we have

/a(m,Vul).chdx+/ﬁ(ul)godx:/f1<pd$+(d1—p(U1)Ne)90Ne
Q Q Q

and

/ a(x,Vug).Vedzx +/ Buz)pdr = / feodr + (d2 - ,O(U2)Ne)<PNe-
Q Q Q

Subtracting (3.4) from (3.3), one has
/Q (a(z, V) — ale, Vug)). Vo da + /Q (B(ur) — Blus))
+ (p(u1)ne — p(uz) Ne) PNe = /Q (fi = f2) pdz + (di — d2) pNe-
In (3.5) we take ¢ = Hc(u; — ug) to get
/Q(a(x, Vuy) — a(z, Vug)).VH:(u1 — ug) dz

+ / (B(ur) — Bus)) He(uy — us) da
Q
+ (p(ul)Ne — p(u2)Ne) (Ha(ul - UQ))Ne

— /Q (Fr — f2) Holur — ug) da + (dy — do) (H.(u1 — 1))y, .

Since |H(r)| < 1 for all € R, it follows that

(3.3)

34

(3.5)

(3.6)

/Q (1 — fo) He(ur — uz) dee + (dy — do) (He(ur — u2)) e < 11 — Follrey + da — da.

Thanks to (1.2), the first term in (3.6) is non-negative. Indeed, we have

/Q(a(ac,Vul) —a(x, Vug)).VHe(ul — ug) dx

1

= 6/{ }(a(fc,Vul) —a(z,Vu)). (Vur — Vaug) dz > 0.
0<ui—ug<e

Hence, from (3.6) we obtain

| (3600) = Bu)) Hefus = )+ (o) = plaa)oe) (HL s = ),
< |Ifr = follzr() + d1 — daf.

Letting € go to zero in (3.7), we deduce (3.2).

Inequality (3.2) allows us to write

(p(ur) e — pluz)ne) ™ < I = fallproy + |1 — dal,
/Q(ﬁ(uﬂ — B(u2))" dz < || f1 = fallpi) + |d1 — dal -

3.7

0

(3.8)
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For f; = f5 and d; = do, by (3.8) one has

(p(ur)ve — plug)ne) " =0,
/Q (B(u1) — B(uz))™ dz = 0.

Therefore,

(p(u1)ne — pluz)ne) =0 and (B(wr) — B(ug))™ = Oae. in Q.

This means that
p(ur)ne < p(u)ne and B(uy) < B(usg) ace. in €.

Since 3 and p are non-decreasing continuous functions on R, we have
(u1)Ne < (u2)Ne and uy < ug a.e. in .
By changing the roles of u; and u9, we obtain
(u2)Ne < (u1)Ne and ug < up a.e. in Q.

Hence, we get
(u1)ve = (u2)ne and uj = up a.e. in Q2

and the uniqueness part is proved. ([l
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