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1 Introduction

For many control systems in real life impulses are intrinsic properties that do not modify their
controllability. So we conjecture that under certain conditions the abrupt changes as perturbations of
a system do not modify certain properties such as controllability. In other words, the controllability is
robust by looking the impulses as perturbations. In this regard, here we prove the exact controllability
and the approximate controllability of semilinear difference equations with impulses.

One of the main sources for applications of discrete control systems methods are continuous
control systems; that is to say, those models described by differential equations instead of difference
equations. The reason for this is that while physical systems are modelled by differential equations,
control laws are implemented often in a digital computer, whose inputs and outputs are sequences.
A common approach to design controls in this case is to obtain a difference equation model that
approximates the continuous system that will be controlled.

Considering this observation and using some ideas presented in [1, 2, 3, 4, 5, 6] we will give
sufficient conditions for the exact controllability and the approximate controllability of the following
semilinear impulsive difference equation

z(n+1) = A(n)z(n) + B(n)u(n) + f(n,z(n),u(n)), n>meN*,
z(m) = 2o, (1.1)
z(my) = z(my — 0) + I (mu, 2(mu), w(me)), k=1,2,...,p,
where N* = NU{0},m <mi <ma <---<m,<n,m e N={1,2,3,--- , },k=1,...,p,
z(n) € Z, u(n) € U, Z and U are Hilbert spaces, A € [*°(N,L(Z)), B € [*(N,L(U, 2)),
u € I2(N,U), L(U,Z) denotes the space of all bounded linear operators from U to Z,
L(Z,Z) = L(Z)and f,I;: Nx Z x U — Z are nonlinear perturbations; [?(N,U) = {s: N = U :
0o 2 0o
2n=1 I8l < oo} and I*(N, L(U, 2)) = {D: N = L(U, Z) : suppen [[D(n)|] .z, < 20}

In (1.1), z(my, — 0) represents the value of z(my) determined by the first equation of (1.1), which
is used to find the new value z(my) in the third equation of (1.1) and with this value we calculate
z(my + 1) in the first equation of (1.1).

Consider the set A = {(n,m) € N x N :n > m} andlet ® = {®(n,m)}(, m)eca be the
evolution operator associated to A4, i.e.,

An—1)---A(m), n>m,
Id> n=m,

where I is the identity operator in the space of bounded and linear operators L(Z). Then, for zg € Z
the equation (1.1) has a unique solution given by

zu(n) = ®(n,m)zo + Y ®(n, k) [B(k — Du(k — 1) + f(k — 1, 2(k — 1), u(k — 1))]

) k=m+1 (1.2)
+ ) @(n,mi)Ii(mi, 2(mg), u(my)), n>m €N
i=1
Corresponding to the nonlinear system (1.1) we consider also the linear system:
z(n+1) = A(n)z(n) + B(n)u(n), n>m e N*, (13)
z(m) = zo. '
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We will use the following notation [m, ng]n = [m, ng] N N* with 0 < m < nyg.

Definition 1 (Exact controllability of system (1.1)) The system (1.1) is said to be exactly
controllable on [m,ng|y if for every 2y, z1 € Z there exists u € 12(N,U) such that the corre-
sponding solution of (1.1) satisfies z(m) = zg and z(ng) = z1.

Definition 2 (Approximate controllability of system (1.1)) The system (1.1) is said to be
approximately controllable on [m, noy if for every zy, z1 € Z and € > 0 there exists u € I>(N,U)
such that the corresponding solution of (1.1) satisfies ||z(ng) — z1|| < e.

Definition 3 (Approximate controllability on free time of (1.1)) The system (1.1) is said to be
approximately controllable on free time if for every zy, z1 € Z and ¢ > 0 there exists u € I>(N,U)
and no € N such that the corresponding solution of (1.1) satisfies ||z(ng) — 21| < e.

Remark 1 7o avoid trivialities and contradictions, in order to analyse the controllability on [m, ng|n
of the semilinear system with impulses (1.1), we shall assume the following condition:

m<mp <mg <---<my<ng. (1.4)

Let us assume the following conditions for & € N, uy, us € lz(N, U),z1,20 € Z,

1f (K, 22, u2) — f(k, z1,u1) || < Li{ll22 — 21| + |luz — us||}, (1.5)
1 1i(k, 20, u2) — L;(k, z1,u1) || < Lo{llz2 — 21| + |luz — w1}, i=1,...,p, (1.6)

and forn € Nyu € ?(N,U), z € Z,

[®(n, k) f(k—1,2(k —1),u(k=1))|| < My, 1<k <n, (1.7)
ZMk < o0. (1.8)
k=1

We will prove the following statements:

(A) If conditions (1.5)—(1.6) hold and the linear system (1.3) is exactly controllable on [0, ng|y for
some ngy > My, then the semilinear system (1.1) is exactly controllable on [0, 10]x.

(B) If the conditions (1.7)—(1.8) hold and the linear system (1.3) is approximately controllable on
[m, ng]y for all 0 < m < ng with ng > 1, then the semilinear system (1.1) is approximately
controllable on free time.

We have already obtained some results on exact and approximate controllability for linear and
semilinear difference equations without impulses [13, 14, 15, 16].
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2 Controllability of the linear equation without impulses

In this section we will present some characterization of the exact controllability and the approximate
controllability for the linear difference equation (1.3), which appears in the foregoing references. To
this end, we note that the solution of (1.3) is given by the discrete variation of constants formula

n

z(n) = ®(n,m)zo + Z ®(n,k)B(k — Du(k—1), n>m. (2.1)
k=m+1

Definition 4 For the linear system (1.3) we define the following concepts:

(a) the controllability map B™ : 1>(N,U) — Z (for 0 < m < ng € N) is defined by

B™ou= " ®(ng,k)B(k — 1)u(k — 1); (22)
k=m+1

(b) the grammian map (for 0 < m < ng € N) is defined by Lmng = B0 BM"0*,
The proof of the following Proposition can be seen in [13].

Proposition 1 The adjoint B™"*: Z — 12(N, U) of the operator B™™ is given by

B*(k — 1)®*(ng, k)z, k<
(ano*z)(k . 1) _ ( ) (n07 )Zv = No, (2.3)
0, k > ng,
and
ng
Lgmnoz = Y ®(no,k)B(k —1)B*(k — 1)®*(ng, k)z, z€ Z. (2.4)
k=m+1

When (m = 0) in (1.3) instead of B0 we write 50 and instead of Lgmno we write Lpno.

The following Theorem holds in general for a linear bounded operator G: W — Z between
Hilbert spaces W and 7 (see [1, 2,7, 8, 14, 15]).

Theorem 1 (1) The equation (1.3) is exactly controllable on [0, no|x for some ng € N if and only
if one of the following statements holds:

(a) Range(B™) = Z,
(b) there exists v > 0 such that
(Lpnoz, z) > 7|zl

(c) there exists v > 0 such that
1B™* 2llizwv,y = Y2l 2 € Z.

(2) The linear system (1.3) is approximately controllable on [m,no|y if and only if one of the
following statements holds:
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(a) Range(B™™) = Z,

(b) Ker(B™"0*) = {0},

(c) (Lpmnoz,2) >0,z#0inZ,

(d) if B*(k — 1)®*(no, k)z = 0 for k < ng, then z = 0,

(e) lim,_,o+ a(ad 4+ Lgmng) "1z =0,

(f) forall z € Z we have B™"u, = z — a(ad + Lgmno) 'z, where

Uq = B™*(al + Lgmno) 'z, € (0,1];
so, lim,_,o B™ v, = z and the error Eyz of this approximation is given by
Eoz = alal + Lgmn) 'z, € (0,1].
Remark 2 The foregoing theorem implies that the family of operators Uomny: Z — 12(N,U)

defined by
Comngz = B™* (ol + Lgmno) 'z, a € (0,1],

is an approximate right inverse of the operator B™™, i.e.,

3 mn
g B, =

in the strong topology.
The following Lemma can be found in [13].

Lemma 1 The equation (1.3) is exactly controllable on [0, no|y for nog € N if and only if Lgno
is invertible. Moreover, in this case S = B”O*Lgio is a right inverse of B and the control

u € I12(N,U) steering an initial state zy to a final state 2, is given by:
u = B"* Ly (21 — ®(ng, 0)zp). (2.5)
Lemma 2 [fthe linear system (1.3) is approximately controllable on [m, ng|n, a sequence of controls
steering the initial state 2 to a e-neighbourhood of a final state z, in time ng is given by
U = BT ( + Lgmng )~ (21 — ®(ng, m)z0),

with corresponding solutions y(n) = y(n,m, yo, ua) of the initial value problem

{y(n +1) = A(n)y(n) + B(n)ua(n), n>m € N* 2.6)
y(m) = o,
satisfying
ahjf)h y(n,m,yo, ua) = 21, 2.7)
ie., .
limy(n) = lim, {@(n, m)z(m) + k%l ®(n, k)Bu™(k — 1)} = 21. (2.8)
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3 Exact controllability of the nonlinear difference equation with im-
pulse

In this section we shall study the exact controllability of the nonlinear difference equation with
impulses (1.1) on [0, no|y with ng > m,,.

The technique applied in the main result of this section can be used in a more general problem
since it is based on the following Theorem used to characterize center manifolds in dynamical system
theory.

Theorem 2 Let Z be a Banach space and K : Z — Z a Lipschitz function with a Lipschitz constant
k < 1 and consider G(z) = z + Kz. Then G is a homeomorphism whose inverse is a Lipschitz
function with a Lipschitz constant (1 — k)1

Corresponding to the nonlinear system (1.1) we consider also the linear system (1.3) with m = 0:

z(n+1) = A(n)z(n) + B(n)u(n), n € N* 3.1
z(0) = zp. '
Then, the solution of (3.1) is given by the discrete variation of constants formula:
z2(n) = @(n,0)2(0) + Y _ ®(n, k)B(k — Lu(k — 1), n € N. 3.2)
k=1
Consider the following nonlinear operator B : I2(N,U) — Z defined by
no no
Biu=> ®(no,k)B(k — Du(k — 1)+ Y _ ®(no,k)f(k —1,2(k — 1), u(k — 1))
k=1 , k=1 (3.3)
+ Z D (ng, m;)I;i(mg, z(m;), u(m;)).
i=1

Then, the following proposition is a characterization of the exact controllability of the nonlinear
system (1.1) on [0, ng]n:.

Proposition 2 The system (1.1) is exactly controllable on [0,no|n for some ng if and only if
R(B}”’I) =7

Proof. Assume that (1.1) is exactly controllable on [0, ng]x for some ng € N. Given z € Z, we can
find 2g, z1 € Z such that
z1 = ®(ng,0)z9 + 2. (3.4)

Then, there exists a control u € [?(N, U) such that z,(0) = 2 and z,(ng) = z1. So,
no

21 = 2u(ng) = ®(ng,0)z0 + Y ®(no, k)B(k — u(k — 1)

k=1
» (3.5)

+ 3 (no k) f(k — 1, zu(k — 1), u(k — 1)) + > ®(ng, m)Li(mi, 2(m;), u(m;)).
k=1 =1
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By substituting (3.4) in (3.5), we obtain

ng

®(ng,0)z0 + z = D(ng, 0)zo + kzl ®(ng, k)B(k — 1)u(k — 1)
+ i ®(ng, k) f(k — 1, zg(k — 1), u(k — 1)) + Zp;@(nmmz‘)li(mia z(m;), u(m;)).
Then, 7 )
2= :01 ®(no, k)B(k — )u(k — 1) + i@(no, ) f(k =1, 2y (k — 1), u(k — 1))
+ zp: (o, mi)Ii (mi, =(my), u(my)) = Byu.

So, Range(B}9) = Z
Assume now that Range(B}7) = Z. Consider z € Z such that
z =z — ®(ng,0)zo, (3.6)
with 29, z; € Z. Then there exists a control u € [2(N, U) such that
B?‘}u =z. 3.7

Then, by substituting (3.6) in (3.7), we obtain

z =2z — P(ng,0)zp = 20: ®(ng, k)B(k — 1)u(k — 1)
k=1

+ " ®(no, k) f(k— 1 zu(k — 1), u(k — 1)) + > ®(ng, mi) Ii(my, 2(m;), u(my)).
k=1 i

Therefore,

no

Zu(no) = ®(ng,0)z0 + Y _ ®(no, k)B(k — Du(k — 1)
k=1

+ Z D(ng, k) f(k—1,zy(k—1),u(k—1))+ Z D (ng, m;)Ii(mg, z(my;), u(my)).
k=1 i=1

So, we have found a solution z,(-) of (1.1) such that z,(ng) = z1 and 2,(0) = 2o, i.e., (1.1) is

exactly controllable on [0, ng]y for some ng € N. O

Lemma 3 Let uq, ug € ZZ(N, U) and let z1, zo be the corresponding solutions of (1.1). Then, the
following inequality holds:

121(7) = 220)ll, < [M(| Bl + L1) + Lo]y/moe™E 2™ luy —uslon gy, (3.8)

where j < ng and M = suplgj’kSnO{H(I)(j, E)||}-
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Proof. Let z1, 29 be solutions of (1.1) corresponding to u1, ug, respectively. Then

121(7) = z2()I1 < D 1@, R)B lfur (k = 1) = ua(k — 1))
k=1

i
+ > 2GRk =121k = 1),ua(k = 1)) = f(k = 1,22(k — 1), ua(k — 1))]|
k=1

) NG ma) I Ti(k — 1, 21 (mi), ua(miq)) = Ti(mi, z2(my), up(my)) |
i=1

J P
< MBI+ La) > lur(k = 1) —ug(k = D)l + Lo > lur (ms) — ua(my)|
k=1 i=1

+ MLy |lz1(k = 1) = z2(k = V)] + Lo Y [|z1(mi) — z2(my)|
k=1 =1

< IM(|BI| + L1) + La]y/nollur — ual| + [MLy + Lo] ) [|z1(k — 1) = z2(k = 1)].
k=1

Using the Discrete Gronwall Inequality (see [11, Corollary 1.6.2]), we obtain
I121(5) = 22()1l, < [M(||BIl + L) + La]y/moe™ 2200y — ws 2y 17),

for 5 < nyg. ]
Now, we are ready to formulate and prove the main result of this section.

Theorem 3 Under conditions (1.5) and (1.6), if the system (3.1) is exactly controllable and the
following estimate holds

Ly = M(Ly + L) (T + 1)[|B"*|||| Lgt, [|vro < 1, (3.9)

where I' = [M (|| B|| 4+ L1) 4 La]/noe™E1+L2)m0  then the system (1.1) is exactly controllable on
[0, o]

Proof. 'We want to prove that
B??I(F(N; U)) = Range(B}%) = Z

But, from the exact controllability of the linear system (1.3) we know due to Lemma 1 that the
operator S = B”O*Lgio is a right inverse of B™. Then, it is enough to prove that the operator

g}lof = B}“’I o S is surjective. From the equation (2.2) we obtain the following expression for this
operator:

g?,olf =¢{+ Z‘P(no,k)f(k —1,2(k—1),S(&)(k —1))
k=1

+ ) ®(no, mi) Li(mi, z(m), u(my)).
=1

(3.10)
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Now, if we define the operator K: Z — Z by

K¢ = ®(no, k) f(k—1,2(k —1),5(¢)(k — 1))
k=1

P

+ Z ®(ng, m;)Li(mg, z(m;), u(m;)),
=1

3.11)

where z = z¢ is the solution of (1.1) corresponding to the control v = S(¢), then the equation (3.10)
takes the form B
B?OI =1+ K. (3.12)

The function K is globally Lipschitz. In fact, let z1, 22 be solutions of (1.1) corresponding to the
controls S&;, S&, respectively. Then

[ K& —K§2H

<Z||<I) no, K)[II1f(k =1, z1(k = 1), 5(&)(k = 1)) = f(k = 1, za(k = 1), 5(&)(k = 1))

k=1

+ ) 1@(no, ma) [T (ma, 21 (ma), S(€1) (mi) — Ti(mi, 22(mi), S(2)(ma)) |

=1

<D MLi{[lz1(k = 1) = zo(k = DIl + [(S&) (k = 1) = (S&)(k — 1)1}

k=1

+ ) MLy{||z1(mi) — z2(ma) || + [[(S&1) (ma) — (S&2)(ma) |}
i=1

<D M(Ly+ L) (T + 1)[|(S&) (k = 1) = (S&)(k — 1)

k=1
< M(Ly + L2)(T + 1)y/nol|S&1 — S&allizm,)
< M(Ly + Lo) (T + 1)|B™*[[[| Lgn, V10161 — &2]I-

Therefore, the operator K satisfies Lipschitz’ condition with the Lipschitz constant
L = M(Ly + Lo)(T' + 1)HB”0*HHLE,{O |\/0, and the assumption (3.9) implies that Lx < 1.
Hence, from Theorem 2 we get that B}‘O[ = I; + K is a homeomorphism and consequently the
operator B?OI is surjective; that is to say,

B}, (1*(N; U)) = Range(B}}) = Z. O

4 Approximate controllability of the nonlinear impulsive equations

In this section we shall study the approximate controllability on free time of the nonlinear difference
equation with impulse (1.1).

Theorem 4 Under conditions (1.7) and (1.8), if the system (1.3) is approximately controllable on
[m, no|n for all 0 < m < ng and ng > 1, then the system (1.1) is approximately controllable on free
time.
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Proof. Given an initial state 2o, a final state z; and £ > 0, we want to find a control ul, € I?(N, U)
steering the system from zg to an e-neighbourhood of z; on time ng. Specifically, the corresponding

solution 2! (n) = z(n, 0, 2, u.,) of initial value problem (1.1) at time ng satisfies

2 (n0) — 21l <e.

4.1

Consider any u € [?(N, U) and the corresponding solution z(n) = z(n, 0, zo, u) of initial value

problem (1.1). For a € (0, 1], we define the control u!, € [?(N, U) as follows:

L (n) u(n), if0<n<lneN,
n)=
ug(n), ifl <n<ngnéeN,

where
e = B (aly 4 Liging) " (21 — ®(no,1)20).

Now, assume that m,, < [ < ng. Then the corresponding solution z!,(n)
initial value problem (1.1) at time ng can be written as follows:

0

z,(no) = ®(ng,0)z0 + > _ (no, k) Bul,(k — 1)
k=1

' §:<I>(no,k)f(k 1,2 = 1),k — 1)

+ZQ) no, m;)L;(m;, z é(ml) l o(mi))
l
= ®(no, 1) {@(z, 0)z0 + Y _ ®(1,k)Bu,(k — 1)

k=1

k) f(k =1, 2z (k = 1), ug (k — 1))

z ml7zé(ml> ul (ml)>}
no, (k — 1)

l
+) @,
k=1
i a(l.
=1
Z
=l+1

+ @(no,k)f(k — 1,25 (k= 1), 4l (k—1))

kade’

k=I+1
=(ng,)z(l) + Y ®(ng, k)Bul(k—1)
k=l+1
+ Z (no, k) f(k — 1,24 (k — 1), 4!, (k — 1)).

k=l+1

4.2)

4.3)

= 2(n,0, 20, ul,) of
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l

Therefore, the solution z,

written as follows:

(n) = 2(n,0,20,ul) of initial value problem (1.1) at time ng can be

2L (ng) = ®(ng, )z(1) + zo: ®(ng, k)Bug(k — 1)
k=1+1
+ i d(no, k) f(k—1, 2L (k — 1), uq(k — 1)).

k=I+1

The corresponding solution y.,(n) = y(n, [, (1), us) of initial value problem (2.6) at time ng is
given by

no

y(no) = ®(no,m)z(l) + > ®(no, k)Bug(k —1). (4.4)
k=141

Hence, for [, ng € N big enough, with m,, <1 < ng, we obtain that

26(n0) = ya(no)| < > 1@(no, )1 f (k =1, 24 (k = 1), ua(k — 1))
k=Il+1

no
9
< E M, < -.
< kS
k=1+1

On the other hand, from Lemma 2, there exists o« > 0 such that

9
Ik (o) = 21]) < 5.

Therefore, from the above two inequalities we get the following estimate

9 9
b (mo) — 211l < 12k (mo) — (o) + gk (mo) — 1]l < £ + 5 =+,

which completes the proof of the theorem. ([l

S Applications

Now, as an application of the main results of this paper we shall consider two important examples,
a flow-discretization of the controlled nonlinear 1D heat equation and the controlled nD wave
equation with impulses.

In general, given a controlled evolution equation
2 =Az+4+Bu, z€ Z,ucU,t >0,

where z € Z,u € U, Z and U are Hilbert spaces, A is the infinitesimal generator of a Cyy-semigroup
{T'(t) }+>0, one can consider a discretization on its flow, the same that is used in [9] and [10] to study
the exponential dichotomy of evolution equations. That is to say,

z(n+1) =T(n)z(n) + Bu(n), n e N7,

where the control u = {u(n)},>1 belongs to I2(N,U) and 2(n) € Z.
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Example 1 (Heat equation) We shall consider a discrete version on flow of the controlled nonlinear
heat equation in 1 dimension

Yt = Yz + u(t; ‘T),
Yz(t,0) = yu(t, 1) =0, 5.1
y(0,7) = yo(x).

The system (5.1) can be written as an abstract system in the space Z = L2[0, 1] as follows:

[
{z = —Az+ Bu(t), z € Z, 52)

where B = I, the control function u belongs to L?(0,7; Z) and the operator A is given by
A¢p = — gy with domain D(A) = H? N H{. A has the following spectral decomposition.

(a) For all z € D(A) we have

Az = i AnEn(2),
n=1

where \, = n?72, E,(2) = 7%(z, ¢n) b, and ¢, (x) = sin(nmz).

(b) —A is the infinitesimal generator of a Cy-semigroup {7'(t) }+>0 given by
oo
T(t)z=)» e B,z z€Z, t>0. (5.3)
n=1
So, {Ey,} is a family of complete orthogonal projections in Z and

[e.9]
z= ZEnz, z€Z.
n=1

Now, the discretization of (5.3) on flow is given by

{zm +1) = T(n)2(n) + B(n)u(n), 2 € Z, (5.4)

z(0) = zp.

In this case, T*(t) = T'(t) and B = I. The system (5.4) is exactly controllable (see [13]). Therefore,
if we consider a perturbation with impulses of the equation (5.4), say

z(n+1) =T(n)z(n) + u(n) + f(n,z(n),u(n)), z € Z,
z(0) = zp, (5.5)
z(my) = z(my, — 0) + Ip(mg, z(mg),u(my)), k=1,2,...,p.

where the nonlinear term f and the impulses satisfy the conditions of Theorem 3, then we have
immediately that (5.5) is exactly controllable.



CONTROLLABILITY OF DISCRETE SEMINLINEAR IMPULSIVE SYSTEMS 61

Example 2 (Wave equation) Now, we shall consider a discretization on flow of the controlled
nonlinear wave equation
yn — Ay = u(t,z), x € Q,
y=0onR x 01, (5.6)
y(O,x) = yo(l'), yt(()?x) = yl(x)a TE Qa
where (2 is a bounded domain in R", the distributed control u € L?(0, 75 L%(Q)), yo € H*(Q) N HE,

y1 € Lo(Q2). The system (5.6) can be written as an abstract second order equation in the Hilbert
space X = L?[0,1] as follows:

{y” = —Ay +u(t), 5.7)

y(0) =yo, ¥'(0) =y,
where the operator A is given by A¢ = —A¢ with the domain D(A) = H%(Q,R) N H (2, R).

The operator A has the following properties: the spectrum of A consists only of eigenvalues
0 < A < Ao < -+ < A\ — 00, each one with multiplicity ,, equal to the dimension of the
corresponding eigenspace.

(a) There exists a orthonormal and complete set {¢,, } of eigenvectors of A.

(b) For all x € D(A) we have

00 Yn oo
Az = "M (& bnk)bnk = D AnFEnk, (5.8)
n=1 k=1 n=1
where (-, -) is the inner product in X and
Tn
B =Y (&, bnk) bnk- (5.9)
k=1
So, {Ey} is an orthonormal and complete family of projectionsin X and z = > > | Epz, z € X.
(c) — A generates an analytical semigroup {e‘At} given by
o0
e My =Y e ME,z. (5.10)
n=1

(d) The spaces of fractional powers X" are given by:
oo
X' =D(A") = {x EX Y (A)7|Enz|? < oo}, r>0,
n=1

with the norm

oo 1/2
[zl = [[A"2] = {Z A?Z"HEanQ} , v€ X7,

n=1

and

A"z =Y A E,a. (5.11)
n=1
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Also, for r > 0 we define Z, = X" x X, which is a Hilbert space with the norm

]

Now, using the change of variables 3/ = v, the second order equation (5.7) can be written as a
first order system of ordinary differential equations in the Hilbert space Z = X1/2 x X as

2
= [lwll? + [lv]]*.
Zr

{Z = Az + Bu(t),z € Z, (5.12)
Z(O):z07
where
w 0 01
e e[2l) e

A is an unbounded linear operator with domain D(A) = D(A) x X, u € L*(0,7,U) with U = X.

The proof of the following Theorem follows directly from Lemma 2.1 in [12].

Theorem 5 The operator A given by (5.13) is the infinitesimal generator of a strongly continuous
group {T'(t) }+er given by

o0
T(t)z =Y eY'Pjz, z€ Z,t>0, (5.14)
j=1

where { P;}j>1 is a complete family of orthogonal projections in the Hilbert space Z given by

P; = diag[E;, Ej], n>1 (5.15)
and
0o 1] .
A;j=R;P;, Rj= [ } j>1. (5.16)
-A\j 0
Note that

* 0 -1 * * .

and there exist M > 1 such that | T(¢)|| < M.

Now, the discretization of (5.12) on flow is given by

{z(n +1) =T(n)z(n) + B(n)u(n), z € Z, (5.17)

z(m) = zo,

where
uwel?>(NU), B:U— Z, Bu:[g].

In this case, the evolution operator associated to 7'(), is given by

O(m,n)=T(m—-1)T(m—-2)...T(n), n<m,
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2 2,
and ®(m,m) = I. Note that ®(m,n) = T(O(m,n)), where O(m,n) = "—="An=m ¢ N,
m > n.

It has already been shown that (5.17) is approximately controllable on [m, ng|y (see [16]). So, if
we consider a perturbation with impulses of the equation (5.17), say
z(n+1) =T(n)z(n) + B(n)u(n) + f(n,z(n),u(n)), z € Z,
2(0) = 2o, (5.18)
z(my) = z(my — 0) + I (my, z(my), w(mg)), k=1,2,...,p.

where the nonlinear term f and the impulses I, K = 1,. .., p, are suitable functions, then from the
results obtained in Section 4, we see that (5.18) is approximately controllable on free time.
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