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Abstract. Our aim in this paper is to study the uniqueness of solutions to the nonlinear Neumann
problem with variable exponent

P2y — div(|Vu — O(u)[P™ 72 (Vu — O(w)) + a(u) = f in Q,
where () is a connected open bounded set in RY, p(.) is a continuous function defined on Q with

p(.) € L>®(Q) and p(z) > 1 for all z € Q. We will be especially interested in the case when data
are in L1,
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1 Introduction

In this paper we study the uniqueness of entropy solutions to the nonlinear elliptic problem with
variable exponent

{|u]p(””)_2u — div(|Vu — 0w)P™) 2 (Vu — O(w))) + alu) = f inQ, 0

(IVu — B2 (Vu — O(u))) . + () = g on 9,

where p(.) is a continuous function defined on Q with p(z) > 1 for all z € {, Q is a connected open
bounded set in RN, N > 3, with a connected Lipschitz boundary 05, and 7 is the unit outward
normal on J52. Moreover, a(0) = v(0) = 0. We will be especially interested in the case when all
the right-hand side data belong to L.

The operator A, ,yu = div (\Vu|p(x)_2Vu) is called the p(x)-Laplacian; it becomes the p-
Laplacian when p(z) = p (i.e., when p(.) is a constant function) and the Laplacian when p(z) = 2.

We recall that the notion of an entropy solution was introduced by Ph. Bénilan, L. Boccardo,
T. Gallouét, R. Gariepy, M. Pierre, J. L. Vazquez in [6]. This notion was then adapted by many
authors to study some nonlinear elliptic and parabolic problems with a constant or variable exponent
and Dirichlet or Neumann boundary conditions (see for example [1, 3, 4, 5, 9, 15, 16, 17] and
references therein).

In the particular case where p(.) is a constant function the existence and uniqueness of entropy
solutions to the nonlinear elliptic problem (1.1) was treated by A. Abassi, A. El Hachimi and
A. Jamea in [1]. The existence of entropy solutions to the nonlinear elliptic problem (1.1) with
variable exponent was treated by E. Azroul, M. B. Benboubker and S. Ouaro in [5].

In recent years, the interest in the study of various mathematical problems with variable exponent
has increased considerably (see for example [5, 11, 13, 17, 18] and references therein). Problems
with variable exponent are interesting because of their applications and raise many difficult mathe-
matical questions. Some of models leading to the problems of such type are models of motion of
electrorheological fluids, models of stationary thermo-rheological viscous flows of non-Newtonian
fluids, as well as models of filtration of an ideal barotropic gas through a porous medium (see, e.g.,
[7, 13, 14] and references therein).

2 Preliminaries and notations

In this section we give some notations and definitions and state some results which we shall use in
this work.

Let 2 be a measurable connected open bounded set in RV, N > 3, and let meas(Q2) denote its
measure. We write

CT(Q) = {p: Q — R : pis continuous and such that 1 < p_ < py < oo},

where

_ = mi and = .
p— = minp(z) p+ = maxp(z)
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For p(.) € CT(Q) we define the Lebesgue space with variable exponent LP(-)(Q) by
PY@Q) = {u: 2 — R : u is measurable and / uP®) dz < oo}7
Q
and endow it with the Luxemburg norm

u(z)
A

p(z)
de <15.

The space (Lp(') (€2),[|llp(.)) is a uniformly convex (and thus reflexive) Banach space and its dual
space is isomorphic to L () (Q2), where p/(.) is such that ﬁ + ﬁ = 1forall x € €2 (see [10]).

lullpy = llull Lo gy = inf {)\ >0: /Q

Proposition 1 (Hélder type inequality [10]) Let p(.) and p'(.) be two elements of C™(S2) such that
ﬁ + Wlx) = 1forall x € Q. Then for any u € LPV)(Q) and v € L' ) (Q) we have

/ u.vde
Q

On the space LP() () we also consider the function Pp(): LP0)(Q) — R defined by

1 1
<\ oo o) el lielr)-

Pp() (W) = procy () () = /Q Ju(2)[P®) da.

The connection between py,(y and ||. ||, ) is established by the next result.

Proposition 2 (Fan and Zhao [10])
(a) Let u be an element of LP") (Q). Then we have
@) lullpy < 1 (respectively >,= 1) if and only if p,(y(u) < 1 (respectively >, = 1);
(ii) [Jullp() = a if and only if pp()(u) = o (when a # 0);
(i) if [Jullp() < 1, then [lull7F) < py(y(w) < Jlull):
@) if [ully > 1 then [ull20) < ppey(w) <

(b) For a sequence (un), o C LPO)(Q) and an element u € LPY)(Q) the following statements
are equivalent:

(i) limy,_yoo ty, = w in LPO(Q);

(iil) up — w in measure in Q and limy, o pp()(Un) = pp() ().

The variable exponent Sobolev space W1P()(Q) consists of all u € LP()(Q) such that the
absolute value of the gradient is in L) (). Let the norm ||| 1,p(.) be given by

lellipy = llellpey + IVellpe)-
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The space (W) (Q), |[.]|1 () is a separable and reflexive Banach space.
For a given constant £ > 0, we define the cut function 7}, : R — R as

Ty(s) S, if |s| <k,
s) ==
g ksign(s), if|s| > k,

where
1, if s > 0,
sign(s) :=<0, ifs=0,
-1, ifs<0.

And for a function © = u(x) defined on €2, we define the truncated function Ty u as follows: for
every = € (2 the value of (Tju) at x is just Ty (u(x)).

We define also the space
ThO(Q) = {u: Q@ — R : wis measurable and T} (u) € WhPO(Q) for all k > 0}.

By [6] we have the following result.

Proposition 3 For every function v € T+P() () there exists a unique measurable function v: ) —
RN such that
VTi(w) = X{u<ky Vv forall k>0,

where x g is the characteristic function of the measurable set B C RN . The function v is denoted by
Vu. Moreover, if u € WPL)(Q), then v € (Lp(')(Q))N and v = Vu in the usual sense.

For u € W1P()(Q) by 7u or u we denote the trace of u on A in the usual sense.

On the other hand, as in [2], ﬁi’p ¢ (Q) denotes the set of functions u of 7'7() () which satisfy
the following conditions:

there exists a sequence (i, )nen in W1P() () and a measurable function v on 9 such that:
(@) u, — uwa.e.in ;
(b) VTi(un) = VTi(u) in (L1(€2))" for every k > 0
(¢) u, — va.e.ondf).
The function v is the trace of u in the generalized sense introduced in [2]. For u € ﬁi’p ¢ (), the
trace of u on 02 is denoted by tr(u) or u. The operator tr(.) has the following properties (see [2]):
() ifu € T,-"Y(Q), then 7T (u) = Ty (tr(u)) for all k > 0;
(i) if ¢ € WHPO(Q) N L>®(Q), then for all u € 7;714’10(')(9) we have u — ¢ € ﬁi’p(')(Q) and
tr(u — @) = tr(u) — 7.
In the case when u € W1P()(Q), tr(u) coincides with Tu.
Obviously, we have

whO(Q) c 7070 (Q) ¢ TO(Q),

T
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Lemma 1 ([1]) Foré&,n € RN and 1 < p < oo, we have

Lep = Lip < jep-2ec = n). @.1)
p p

Lemma 2 (Y. Fu [12]) Let p(.) be an element of L°(S2) and let u € WHPC)(Q). Then there exists
a constant Cg depending only on ) such that

/ ulP®) < ¢ / V|, 2.2)
Q Q

Lemma 3 ([8]) Let p, p’ be two real numbers such thatp > 1,p" > 1 and % + I% = 1. Then we have

l€P=2 — |nl*=2n|” < C {(€ — m)(elP~2€ — \Ulp_zn)}g {I€lP + [nlPY' ™% forall ¢, € RY,

where 3 =2if1<p<2and 3 =7p ifp> 2.

Remark 1 Hereinafter, ¢;, i € {1,2,...,7}, is a positive constant.

3 Assumptions and statement of the uniqueness result

In this section, we introduce the concept of an entropy solution for the problem (1.1) and state a
uniqueness result for this type of solution. We impose the following assumptions:

(H1) «, ~y are continuous real functions on R such that o(z).z > 0 and y(x).x > 0 for all z € R;
(Hz) f € LY () and g € L' (09);

(H3) © is a continuous function from R to RY such that ©(0) = 0 and |O(z) — O(y)| < Xo|x — Y|
for all x,y € R, where \g is a positive constant such that

1
e (5 (5% (5)°)

Definition 1 A measurable function u: £ — R is an entropy solution of the nonlinear elliptic
problem (1.1) if u € 7;},’77(')(9), lu[PO) =20 € LY(Q), a(u) € LY(Q), v(u) € LY(09Q) and

/ uP@ 2Ty (0 — ) + / Vu — ()P 2 (Vu — O(u)) DTi(u - ¢)
@ @ (3.1
" /Q ()T — ) + /d AT =) < /Q ST — ) + /8 oTiu=)

forall k > 0and o € W20 (Q) N L>®(Q).
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Lemma 4 Let hypotheses (Hy), (Hz) and (H3) be satisfied. If u is an entropy solution of the problem
(1.1), then

1. lim lim IV — ©(w) P2 |V — O(w)| Vau = 0:
h—00 k=0 K Jp<ju|<k+h}

1
2. lim lim — |Vul[P®) =0,
h—oo k—0 k {h<|u|<k+h}

1
3. lim lim — |Vu — O(u)|P® = 0.
h—00 k=0 K J{n<ju|<k+h}

Proof. 'We divide the proof into three parts.
1. Taking ¢ = T}, (u) in the inequality (3.1), we get
[ P2t~ 73 )
Q

u— U p(z)—2 U — U u — u
+ [ (190 = 0" (Vu—©(w)) DTi(u = Th(a) .
I /Q a(u) T (u — Th(u)) + / Y(u) Ty (u — Th(u))

o0N

S/Qka(u—Th(u))+/ ng(u—Th(u)).

o0N

Firstly, we have

/ [uP@) 20Ty (u — Ty (u)) = / [u[P@) =24 Ty (u — hsign(u)),
Q {|u|>h}
and

sign(u) X {ju|>hy = sign(u — hsign(u))X{ju|>ny = sign(Tx(u — hsign(u))) X {ju|>h};

where  p is the characteristic function of the measurable set B C R,
Then

/Q |u|P® 20T, (uw — T (u)) > 0.

Using the same approach, we show that

[ et Tiw) + [ @it Ti(w) > o
Q

o0

Therefore, the inequality (3.2) becomes

/ (IVu = O P72 (Vu — ©(w))) DTy(u — T (w))
{h<|u|<h+k}

Sk</ fi+ [ WO'
{|u|>h} OQN{|u|>h}
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By hypothesis (Hz), we have
/ey gl > 0.
{|u|>h} oON{|u|>h}
This implies that
1
lim lim — IVu — O(u)[P®~2|Vu — O(u)| Vu = 0.
h—00 k=0 K J {p<|u|<k+h}
2. Using Lemma 1, we get
1 1
—Vu— 0@ P® — 10w P®) < |[Vu — 0w)PP 2 | Vu — O(u)| Vu.  (3.3)
p(x)! (u)] p(x)l (u)[P < | (u)] | (u)]

On the other hand, it is known that (a + b)” < 2P~! (a? + bP) for all a,b € Rt and p > 1.

Therefore, the inequality (3.3) becomes

1
Vu— ’p(x) _

p(x) ©w)P™) < [Vu — O(u)[“) 7% |Vu - O(u)| Vu.

p(z)
We use hypothesis (Hz) to get

1 | ‘p(ﬂﬁ)

p(z)

This implies that

2

(@) [u[P®) < |Vu — O(u) P72 [Vu — O(u)| V.

1 p(x) 2>‘8+ (x) p(z)—2
— | Vuf = —— [ P < [ [Vu—O(u) |Vu — O(u)| Vu,
pT Jak p " Qp

where Q' = {h < |u| < h + k}. And applying Lemma 2, we obtain
1
D+ Jak

Then, by hypothesis (Hgz), there exists a positive constant c; such that
/ [VulP®) < ¢ / IVu — O(u)[P@~2 | Vu — O(u)| Vu.
% o

This allows us to deduce that

1
lim lim

/ |VuP®) = 0.
h—00 k=0 K Jp<ju|<k+h}

3. By Lemma 1 we have
1

o ——0(u) P < |Vu — O(u)PP 2 |Vu — O(u)| Vu.

u— O(w)P@ _ 1
V0P — s

34

(3.5)

(3.6)

pa) _ 207 CH () pla)-2
— |Vu P — 0 o |Vu|P*) < . |IVu — O(u)] |IVu — O(u)| Vu. (3.7)
- Q Q

(3.8)

(3.9)
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Then

1 1
— | IVu— e < / [V~ O [Vu ~ ()| Vu + — / O ()
P+ Jap af P+ Jap

P+
g/ ]Vu—@(u)\p(x)_2|Vu—@(u)|Vu+)\0/ u[P@)
Qp P+ Jak

)\p+Co
g/ IVu — O(w) P72 |Vu — O(u)| Vu + 22 Q/ VP,
Q b Qh

h
k + k

Applying the previous results 1 and 2, we obtain

1
lim lim — |Vu — O (u)|P® = 0. 0
h—=00 k=0 K J {h<ju|<k+h)

Theorem 1 Let hypotheses (H1)—(Hs) be satisfied. If 1 < p_ < py < 2, then the nonlinear elliptic

problem (1.1) has a unique entropy solution.

Remark 2 We recall that the existence of an entropy solution to the nonlinear elliptic problem (1.1)
was already treated by E. Azroul, M. B. Benboubker and S. Ouaro in [5].

Proof. Let u and v be two entropy solutions of the elliptic problem (1.1) and let &, k be two positive
real numbers such that & < 1. As a test function for the solution u we take ¢ = T} (v); similarly, for
v as a test function we take ¢ = T} (u). Dividing the two inequalities by k and passing to the limit
with h — oo, k — 0, we arrive to

1
/ ‘yu\ﬂz)*?u— [0[P® =2y + lim lim o Z(kih) <0, (3.10)
Q

h—o00 k—0

where
T(ksh) = /Q (1Vu — ©@)"2 (Vu — O(u))) VTi(u — Ti ()
+ /Q (|vu — Q)@ (vy — @(v))) V(v — T (w)).

We consider the following decomposition

Q, = {|ul < hs;|v| < h}, Qf = {|u| < hs[v] > h},
93:{|u]>h;\v]§h}, Q4:{|u]>h;\vl>h},

and

T,(k; h) = /Q (IVu = 0PI (Tu — O(w)) VTi(u — Th(v))

+ /Q (10— 0P (Vo - OW))) VTi(v — Ti(u))

h

fori=1,...,4.
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Firstly, we have

Zy(k; h) = /Qk(1) (|Vu — O(u) |P(:v)72 (Vu — 06(u))

— |V — O()[P@ 2 (v — @(v))) VT (u — v)
=T (k; h) + I} (k; h),

where
(1) = {Ju— o] < ks ful < hifo] < b}
mosn = [, (19000 (V- ow)
= [V = O(0)["7? (Vo - 6(v))) Po(usv),
zsm = [ (1= 00p* (vu - 0(w)
~ Vo = O@)P 7 (Vv = 6(v)) Wa(u;v),
and

Qy(u;v) = (Vu — 0(u)) — (Vv — O(v)), Uy(u;v) = O(u) — O(v).

Let € > 0. Applying Young’s inequality, we find that

I3 (k; h)
(2)
<5 [ |(19u- 0P (V- e(w)) - (1vo - 0 (vo - 6|
p_ Jak)
1
| 18w - e,
E€minP— JQk(1)
where ) )
i N
Emin = min(s"— ,5P+>.
Now, we apply Lemma 3 and hypothesis (Hs) and we get
1 Z2(k; h)| < ecaZ} (k; h) + ;?j k-
which implies that
. 1 2 . 1 1
— . < — . . .
lim — |Z¢(k; )| < ec lim —T1 (k3 ) (3.11)

If limy o %Ill(k;, h) = 0, the above inequality (3.11) becomes
li 112(k h) =0
m — =
k0 kTN ’

Le.
1
lim lim %Il(k‘, h) = 0.

h—o00 k—0
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If 0 < limy,_yg %Ill(k, h) < oo, we take ¢ = W in (3.11) and we deduce that

1
lim lim ~Z2%(k,h) = 0.
Jim i Ty (k, h) =0

It follows that
1
lim lim Ell(k‘, h) > 0.

h—o00 k—0

If limy,_,q %Ill(k:, h) = 400, by hypothesis (H3), we have
|28 (k: h)| < kg / 170 = O™ 2 (Vu — O(w)) ~ [Vv — O(0)"* (Vv ~ O (1))
k(1)
< kAo (/ IVu — Ou)P@~! 4 |vo — @(vw’(m)—l) .
k(1)

Consequently,

S CDIESY / Vu— 0@ £ | Vo—0@P@1). @312
k Q% (1)

On the other hand, if for the solution u we take ¢ = 0 in the inequality (3.1), we arrive for m > 1 to

/{Mgm} (|Vu o) P2 (v — @(u))) Vu < mes.

This implies that

/ Ve — O(w)P®) < mes + o4 / 16 (u)[P®)
{Jul<m} {Jul<m}
< mecz + csmPt
< cgmPT.
Therefore,
1
- T (ks h)| < Aocr(h + k)P,
ie.

1,
lim |23 (ks h)| < Aoerh?.

Thus, it follows that
1 1
lim ~Z} lim ~Z? = .
i T (ks h) o lim T3 (ks h) = oo
Then
1
lim lim %Il(k‘, h) = +o0.

h—o00 k—0
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Secondly, we have

Tkt = [

+ /Q (10— 0PI (Vo - O))) VIi(v - Ti(u)

+ /Q2 (!Vv — @(U)]p(x)—ﬂ (Vo — G)(v))) VTi(v—u)

<|Vu — O ) P2 (Y — @(u))) VT (u — Th(v))
(|Vu — )P 2 (v — @(u))) VT (u — hsign(v))

_ /Qm (170~ @2 (Vu - O(u))) Vu

h

+ /Q (190 = 0(0) =2 (V0 — (1)) Vo

_ /Q (IVo = 0@ (Vo - 6(v)) Vu,

2,
h

where

O = {Ju| < B v > b |u— hsign(u)| <k}, Q7% = {|u| < h; o] > h;|u—v] <k}

On the one hand, we use hypothesis (H3) to find that

/92,1 (Ivu O P2 (T — @(u))> Vu+/

2,2
h Q,

On the other hand, by Lemma 1 we have

1

pst) = [ . (190 =072 (7 - 0(0) ¥

1 1

_ /Q (i) " (190 - 0)P 2 (v - () @) " u

h
1
1\ 1)\ @
_ p(z)—1
<k> (Vv —0(v)) <k> Vu

<c7

LP’(»)(Qi’2) Lp(A)(inz)

And using Lemma 2, we get

1
H (3) (7o eper
LP' ()%
1
1 v
1\ 7@ Pt
< max |:<pr’(.)@%2) ((k) (@2(@(”)))) )
1\ 7@ A
p(x 0 -
(pLP/(-)(Qi’Q) <<k’> <@p(x) (U))>> )

<|Vv —O@)[P2 (vy — @(v))) Vo > 0.
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where @g(:p) (v) = (Vo — O(v))P™ 1. Moreover,

1
1 P,(z) z)—1 1 x
P22y ((k) (70— B )) = /Q IV O (v)["

<1 / Vo — ©(v)[P™
k Jin<pol<h+k)

This, in view of Lemma 4, implies that

1
1\ @
lim lim | = )" (Vv — O(v))P@-1 =0.
h—o0 k—0 || \ k iy oo
p (»)(Qh’ )
And we follow the same method to prove that
1
1\ ()
lim lim <> Vu =0.
h—o0 k—0 || \ k 9o
Lp(-)(Qh* )
Then
lim lim jg(k‘ h) = 0.
h—o0 k=0 k
Consequently,
lim i I k;h) > 0. 3.13
Ay () 2 G139
Finally, in the same manner, we show that
lim lim — (Ig(k: h) + Z4(k; h)) > 0. (3.14)
h—o0 k=0 k
Hence
lim li I ki h 3.15
P i TR ) 2 G139
Therefore, the inequality (3.10) becomes
/ ‘]u|p($)_2u — [w[P@)=2y| < 0. (3.16)
Q
This implies that w = v a.e. in §. 0
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