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Abstract. Our aim in this paper is to study the uniqueness of solutions to the nonlinear Neumann
problem with variable exponent

|u|p(x)−2u− div
(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
+ α(u) = f in Ω,

where Ω is a connected open bounded set in RN , p(.) is a continuous function defined on Ω with
p(.) ∈ L∞(Ω) and p(x) > 1 for all x ∈ Ω. We will be especially interested in the case when data
are in L1.
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1 Introduction

In this paper we study the uniqueness of entropy solutions to the nonlinear elliptic problem with
variable exponent{

|u|p(x)−2u− div
(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
+ α(u) = f in Ω,(

|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))
)
.η + γ(u) = g on ∂Ω,

(1.1)

where p(.) is a continuous function defined on Ω with p(x) > 1 for all x ∈ Ω, Ω is a connected open
bounded set in RN , N ≥ 3, with a connected Lipschitz boundary ∂Ω, and η is the unit outward
normal on ∂Ω. Moreover, α(0) = γ(0) = 0. We will be especially interested in the case when all
the right-hand side data belong to L1.

The operator ∆p(x)u = div
(
|∇u|p(x)−2∇u

)
is called the p(x)-Laplacian; it becomes the p-

Laplacian when p(x) ≡ p (i.e., when p(.) is a constant function) and the Laplacian when p(x) ≡ 2.

We recall that the notion of an entropy solution was introduced by Ph. Bénilan, L. Boccardo,
T. Gallouët, R. Gariepy, M. Pierre, J. L. Vázquez in [6]. This notion was then adapted by many
authors to study some nonlinear elliptic and parabolic problems with a constant or variable exponent
and Dirichlet or Neumann boundary conditions (see for example [1, 3, 4, 5, 9, 15, 16, 17] and
references therein).

In the particular case where p(.) is a constant function the existence and uniqueness of entropy
solutions to the nonlinear elliptic problem (1.1) was treated by A. Abassi, A. El Hachimi and
A. Jamea in [1]. The existence of entropy solutions to the nonlinear elliptic problem (1.1) with
variable exponent was treated by E. Azroul, M. B. Benboubker and S. Ouaro in [5].

In recent years, the interest in the study of various mathematical problems with variable exponent
has increased considerably (see for example [5, 11, 13, 17, 18] and references therein). Problems
with variable exponent are interesting because of their applications and raise many difficult mathe-
matical questions. Some of models leading to the problems of such type are models of motion of
electrorheological fluids, models of stationary thermo-rheological viscous flows of non-Newtonian
fluids, as well as models of filtration of an ideal barotropic gas through a porous medium (see, e.g.,
[7, 13, 14] and references therein).

2 Preliminaries and notations

In this section we give some notations and definitions and state some results which we shall use in
this work.

Let Ω be a measurable connected open bounded set in RN , N ≥ 3, and let meas(Ω) denote its
measure. We write

C+(Ω) =
{
p : Ω→ R+ : p is continuous and such that 1 < p− < p+ <∞

}
,

where
p− = min

x∈Ω
p(x) and p+ = max

x∈Ω
p(x).
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For p(.) ∈ C+(Ω) we define the Lebesgue space with variable exponent Lp(.)(Ω) by

Lp(.)(Ω) =

{
u : Ω→ R : u is measurable and

∫
Ω
|u|p(x) dx <∞

}
,

and endow it with the Luxemburg norm

‖u‖p(.) = ‖u‖Lp(.)(Ω) = inf

{
λ > 0 :

∫
Ω

∣∣∣∣u(x)

λ

∣∣∣∣p(x)

dx ≤ 1

}
.

The space
(
Lp(.)(Ω), ‖.‖p(.)

)
is a uniformly convex (and thus reflexive) Banach space and its dual

space is isomorphic to Lp
′(.)(Ω), where p′(.) is such that 1

p(x) + 1
p′(x) = 1 for all x ∈ Ω (see [10]).

Proposition 1 (Hölder type inequality [10]) Let p(.) and p′(.) be two elements ofC+(Ω) such that
1

p(x) + 1
p′(x) = 1 for all x ∈ Ω. Then for any u ∈ Lp(.)(Ω) and v ∈ Lp′(.)(Ω) we have∣∣∣∣∫

Ω
u.v dx

∣∣∣∣ ≤ ( 1

p−
+

1

p′−

)
‖u‖p(.)‖u‖p′(.).

On the space Lp(.)(Ω) we also consider the function ρp(.) : Lp(.)(Ω)→ R defined by

ρp(.)(u) = ρLp(.)(Ω)(u) =

∫
Ω
|u(x)|p(x) dx.

The connection between ρp(.) and ‖.‖p(.) is established by the next result.

Proposition 2 (Fan and Zhao [10])

(a) Let u be an element of Lp(.)(Ω). Then we have

(i) ‖u‖p(.) < 1 (respectively >,= 1) if and only if ρp(.)(u) < 1 (respectively >,= 1);

(ii) ‖u‖p(.) = α if and only if ρp(.)(u) = α (when α 6= 0);

(iii) if ‖u‖p(.) < 1, then ‖u‖p+p(.) ≤ ρp(.)(u) ≤ ‖u‖p−p(.);

(iv) if ‖u‖p(.) > 1, then ‖u‖p−p(.) ≤ ρp(.)(u) ≤ ‖u‖p+p(.).

(b) For a sequence (un)n∈N ⊂ Lp(.)(Ω) and an element u ∈ Lp(.)(Ω) the following statements
are equivalent:

(i) limn→∞ un = u in Lp(.)(Ω);

(ii) limn→∞ ρp(.)(un − u) = 0;

(iii) un → u in measure in Ω and limn→∞ ρp(.)(un) = ρp(.)(u).

The variable exponent Sobolev space W 1,p(.)(Ω) consists of all u ∈ Lp(.)(Ω) such that the
absolute value of the gradient is in Lp(.)(Ω). Let the norm ‖.‖1,p(.) be given by

‖u‖1,p(.) = ‖u‖p(.) + ‖∇u‖p(.).
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The space
(
W 1,p(.)(Ω), ‖.‖1,p(.)

)
is a separable and reflexive Banach space.

For a given constant k > 0, we define the cut function Tk : R→ R as

Tk(s) :=

{
s, if |s| ≤ k,
k sign(s), if |s| > k,

where

sign(s) :=


1, if s > 0,

0, if s = 0,

−1, if s < 0.

And for a function u = u(x) defined on Ω, we define the truncated function Tku as follows: for
every x ∈ Ω the value of (Tku) at x is just Tk(u(x)).

We define also the space

T 1,p(.)(Ω) =
{
u : Ω→ R : u is measurable and Tk(u) ∈W 1,p(.)(Ω) for all k > 0

}
.

By [6] we have the following result.

Proposition 3 For every function u ∈ T 1,p(.)(Ω) there exists a unique measurable function v : Ω→
RN such that

∇Tk(u) = χ{|u|≤k}∇v for all k > 0,

where χB is the characteristic function of the measurable set B ⊂ RN . The function v is denoted by
∇u. Moreover, if u ∈W 1,p(.)(Ω), then v ∈

(
Lp(.)(Ω)

)N
and v = ∇u in the usual sense.

For u ∈W 1,p(.)(Ω) by τu or u we denote the trace of u on ∂Ω in the usual sense.

On the other hand, as in [2], T 1,p(.)
tr (Ω) denotes the set of functions u of T 1,p(.)(Ω) which satisfy

the following conditions:

there exists a sequence (un)n∈N in W 1,p(.)(Ω) and a measurable function v on ∂Ω such that:

(a) un → u a.e. in Ω;

(b) ∇Tk(un)→ ∇Tk(u) in
(
L1(Ω)

)N for every k > 0;

(c) un → v a.e. on ∂Ω.

The function v is the trace of u in the generalized sense introduced in [2]. For u ∈ T 1,p(.)
tr (Ω), the

trace of u on ∂Ω is denoted by tr(u) or u. The operator tr(.) has the following properties (see [2]):

(i) if u ∈ T 1,p(.)
tr (Ω), then τTk(u) = Tk(tr(u)) for all k > 0;

(ii) if ϕ ∈ W 1,p(.)(Ω) ∩ L∞(Ω), then for all u ∈ T 1,p(.)
tr (Ω) we have u − ϕ ∈ T 1,p(.)

tr (Ω) and
tr(u− ϕ) = tr(u)− τϕ.

In the case when u ∈W 1,p(.)(Ω), tr(u) coincides with τu.

Obviously, we have
W 1,p(.)(Ω) ⊂ T 1,p(.)

tr (Ω) ⊂ T 1,p(.)(Ω).
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Lemma 1 ([1]) For ξ, η ∈ RN and 1 < p <∞, we have

1

p
|ξ|p − 1

p
|η|p ≤ |ξ|p−2ξ(ξ − η). (2.1)

Lemma 2 (Y. Fu [12]) Let p(.) be an element of L∞(Ω) and let u ∈W 1,p(.)(Ω). Then there exists
a constant C0

Ω depending only on Ω such that∫
Ω
|u|p(x) ≤ C0

Ω

∫
Ω
|∇u|p(x). (2.2)

Lemma 3 ([8]) Let p, p′ be two real numbers such that p > 1, p′ > 1 and 1
p + 1

p′ = 1. Then we have

∣∣|ξ|p−2ξ − |η|p−2η
∣∣p′ ≤ C {(ξ − η)(|ξ|p−2ξ − |η|p−2η)

}β
2 {|ξ|p + |η|p}1−

β
2 for all ξ, η ∈ Rd,

where β = 2 if 1 < p ≤ 2, and β = p′ if p ≥ 2.

Remark 1 Hereinafter, ci, i ∈ {1, 2, . . . , 7}, is a positive constant.

3 Assumptions and statement of the uniqueness result

In this section, we introduce the concept of an entropy solution for the problem (1.1) and state a
uniqueness result for this type of solution. We impose the following assumptions:

(H1) α, γ are continuous real functions on R such that α(x).x ≥ 0 and γ(x).x ≥ 0 for all x ∈ R;

(H2) f ∈ L1(Ω) and g ∈ L1(∂Ω);

(H3) Θ is a continuous function from R to RN such that Θ(0) = 0 and |Θ(x)−Θ(y)| ≤ λ0|x− y|
for all x, y ∈ R, where λ0 is a positive constant such that

λ0 < min

((p−
2

) 1
p− ,

(p−
2

) 1
p+ ,

(
p−

2C0
Ωp+

) 1
p+

)
.

Definition 1 A measurable function u : Ω → R is an entropy solution of the nonlinear elliptic
problem (1.1) if u ∈ T 1,p(.)

tr (Ω), |u|p(.)−2u ∈ L1(Ω), α(u) ∈ L1(Ω), γ(u) ∈ L1(∂Ω) and∫
Ω
|u|p(x)−2uTk(u− ϕ) +

∫
Ω
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))DTk(u− ϕ)

+

∫
Ω
α(u)Tk(u− ϕ) +

∫
∂Ω
γ(u)Tk(u− ϕ) ≤

∫
Ω
fTk(u− ϕ) +

∫
∂Ω
gTk(u− ϕ)

(3.1)

for all k > 0 and ϕ ∈W 1,p(.)(Ω) ∩ L∞(Ω).



18 A. Jamea, A. El Hachimi, J. Nonl. Evol. Equ. Appl. 2017 (2017) 13–25

Lemma 4 Let hypotheses (H1), (H2) and (H3) be satisfied. If u is an entropy solution of the problem
(1.1), then

1. lim
h→∞

lim
k→0

1

k

∫
{h<|u|<k+h}

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u = 0;

2. lim
h→∞

lim
k→0

1

k

∫
{h<|u|<k+h}

|∇u|p(x) = 0;

3. lim
h→∞

lim
k→0

1

k

∫
{h<|u|<k+h}

|∇u−Θ(u)|p(x) = 0.

Proof. We divide the proof into three parts.

1. Taking ϕ = Th(u) in the inequality (3.1), we get∫
Ω
|u|p(x)−2uTk(u− Th(u))

+

∫
Ω

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
DTk(u− Th(u))

+

∫
Ω
α(u)Tk(u− Th(u)) +

∫
∂Ω
γ(u)Tk(u− Th(u))

≤
∫

Ω
fTk(u− Th(u)) +

∫
∂Ω
gTk(u− Th(u)).

(3.2)

Firstly, we have∫
Ω
|u|p(x)−2uTk(u− Th(u)) =

∫
{|u|>h}

|u|p(x)−2uTk(u− h sign(u)),

and

sign(u)χ{|u|>h} = sign(u− h sign(u))χ{|u|>h} = sign(Tk(u− h sign(u)))χ{|u|>h},

where χB is the characteristic function of the measurable set B ⊂ RN .

Then ∫
Ω
|u|p(x)−2uTk(u− Th(u)) ≥ 0.

Using the same approach, we show that∫
Ω
α(u)Tk(u− Th(u)) +

∫
∂Ω
γ(u)Tk(u− Th(u)) ≥ 0.

Therefore, the inequality (3.2) becomes∫
{h≤|u|≤h+k}

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
DTk(u− Th(u))

≤ k

(∫
{|u|>h}

|f |+
∫
∂Ω∩{|u|>h}

|g|

)
.
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By hypothesis (H2), we have ∫
{|u|>h}

|f |+
∫
∂Ω∩{|u|>h}

|g| ≥ 0.

This implies that

lim
h→∞

lim
k→0

1

k

∫
{h<|u|<k+h}

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u = 0.

2. Using Lemma 1, we get

1

p(x)
|∇u−Θ(u)|p(x) − 1

p(x)
|Θ(u)|p(x) ≤ |∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u. (3.3)

On the other hand, it is known that (a+ b)p ≤ 2p−1 (ap + bp) for all a, b ∈ R+ and p ≥ 1.
Therefore, the inequality (3.3) becomes

1

p(x)
|∇u−|p(x) − 2

p(x)
|Θ(u)|p(x) ≤ |∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u. (3.4)

We use hypothesis (H3) to get

1

p(x)
|∇u|p(x) − 2λ

p(x)
0

p(x)
|u|p(x) ≤ |∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u. (3.5)

This implies that

1

p+

∫
Ωhk

|∇u|p(x) − 2λ
p+
0

p−

∫
Ωhk

|u|p(x) ≤
∫

Ωhk

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u, (3.6)

where Ωh
k = {h ≤ |u| ≤ h+ k}. And applying Lemma 2, we obtain

1

p+

∫
Ωhk

|∇u|p(x) −
2λ

p+
0 C0

Ω

p−

∫
Ωhk

|∇u|p(x) ≤
∫

Ωhk

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u. (3.7)

Then, by hypothesis (H3), there exists a positive constant c1 such that∫
Ωhk

|∇u|p(x) ≤ c1

∫
Ωhk

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u. (3.8)

This allows us to deduce that

lim
h→∞

lim
k→0

1

k

∫
{h<|u|<k+h}

|∇u|p(x) = 0.

3. By Lemma 1 we have

1

p(x)
|∇u−Θ(u)|p(x) − 1

p(x)
|Θ(u)|p(x) ≤ |∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u. (3.9)
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Then

1

p+

∫
Ωhk

|∇u−Θ(u)|p(x) ≤
∫

Ωhk

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u+
1

p+

∫
Ωhk

|Θ(u)|p(x)

≤
∫

Ωhk

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u+
λ
p+
0

p+

∫
Ωhk

|u|p(x)

≤
∫

Ωhk

|∇u−Θ(u)|p(x)−2 |∇u−Θ(u)| ∇u+
λ
p+
0 C0

Ω

p+

∫
Ωhk

|∇u|p(x).

Applying the previous results 1 and 2, we obtain

lim
h→∞

lim
k→0

1

k

∫
{h<|u|<k+h}

|∇u−Θ(u)|p(x) = 0. �

Theorem 1 Let hypotheses (H1)–(H3) be satisfied. If 1 < p− < p+ ≤ 2, then the nonlinear elliptic
problem (1.1) has a unique entropy solution.

Remark 2 We recall that the existence of an entropy solution to the nonlinear elliptic problem (1.1)
was already treated by E. Azroul, M. B. Benboubker and S. Ouaro in [5].

Proof. Let u and v be two entropy solutions of the elliptic problem (1.1) and let h, k be two positive
real numbers such that k < 1. As a test function for the solution u we take ϕ = Tk(v); similarly, for
v as a test function we take ϕ = Th(u). Dividing the two inequalities by k and passing to the limit
with h→∞, k → 0, we arrive to∫

Ω

∣∣∣|u|p(x)−2u− |v|p(x)−2v
∣∣∣+ lim

h→∞
lim
k→0

1

k
I(k;h) ≤ 0, (3.10)

where

I(k;h) =

∫
Ω

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇Tk(u− Th(v))

+

∫
Ω

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇Tk(v − Th(u)).

We consider the following decomposition

Ω1
h = {|u| ≤ h; |v| ≤ h} , Ω2

h = {|u| ≤ h; |v| > h} ,
Ω3
h = {|u| > h; |v| ≤ h} , Ω4

h = {|u| > h; |v| > h} ,

and

Ii(k;h) =

∫
Ωih

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇Tk(u− Th(v))

+

∫
Ωih

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇Tk(v − Th(u))

for i = 1, . . . , 4.
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Firstly, we have

I1(k;h) =

∫
Ωkh(1)

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

− |∇v −Θ(v)|p(x)−2 (∇v −Θ(v))
)
∇Tk(u− v)

= I1
1 (k;h) + I2

1 (k;h),

where

Ωk
h(1) = {|u− v| ≤ k; |u| ≤ h; |v| ≤ h} ,

I1
1 (k;h) =

∫
Ωkh(1)

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

− |∇v −Θ(v)|p(x)−2 (∇v −Θ(v))
)

Φθ(u; v),

I2
1 (k;h) =

∫
Ωkh(1)

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

− |∇v −Θ(v)|p(x)−2 (∇v −Θ(v))
)

Ψθ(u; v),

and
Φθ(u; v) = (∇u−Θ(u))− (∇v −Θ(v)), Ψθ(u; v) = Θ(u)−Θ(v).

Let ε > 0. Applying Young’s inequality, we find that

I2
1 (k;h)

≤ ε

p′−

∫
Ωkh(1)

∣∣∣(|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))
)
−
(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)∣∣∣p′(x)

+
1

εminp−

∫
Ωkh(1)

|Θ(u)−Θ(v)|p(x) ,

where

εmin = min
(
ε
p+
p− , ε

p−
p+

)
.

Now, we apply Lemma 3 and hypothesis (H3) and we get∣∣I2
1 (k;h)

∣∣ ≤ εc2I1
1 (k;h) +

c3

εmin
kp− ,

which implies that

lim
k→0

1

k

∣∣I2
1 (k;h)

∣∣ ≤ εc2 lim
k→0

1

k
I1

1 (k;h). (3.11)

If limk→0
1
kI

1
1 (k, h) = 0, the above inequality (3.11) becomes

lim
k→0

1

k
I2

1 (k, h) = 0,

i.e.

lim
h→∞

lim
k→0

1

k
I1(k, h) = 0.
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If 0 < limk→0
1
kI

1
1 (k, h) <∞, we take ε = 1

h limk→0
1
k
I11 (k,h)

in (3.11) and we deduce that

lim
h→∞

lim
k→0

1

k
I2

1 (k, h) = 0.

It follows that

lim
h→∞

lim
k→0

1

k
I1(k, h) ≥ 0.

If limk→0
1
kI

1
1 (k, h) = +∞, by hypothesis (H3), we have

∣∣I2
1 (k;h)

∣∣ ≤ kλ0

∫
Ωkh(1)

∣∣∣|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))− |∇v −Θ(v)|p(x)−2 (∇v −Θ(v))
∣∣∣

≤ kλ0

(∫
Ωkh(1)

|∇u−Θ(u)|p(x)−1 + |∇v −Θ(v)|p(x)−1

)
.

Consequently,

1

k

∣∣I2
1 (k;h)

∣∣ ≤ λ0

(∫
Ωkh(1)

|∇u−Θ(u)|p(x)−1 + |∇v −Θ(v)|p(x)−1

)
. (3.12)

On the other hand, if for the solution u we take ϕ = 0 in the inequality (3.1), we arrive for m > 1 to∫
{|u|≤m}

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇u ≤ mc3.

This implies that ∫
{|u|≤m}

|∇u−Θ(u)|p(x) ≤ mc3 + c4

∫
{|u|≤m}

|Θ(u)|p(x)

≤ mc3 + c5m
p+

≤ c6m
p+ .

Therefore,
1

k

∣∣I2
1 (k;h)

∣∣ ≤ λ0c7(h+ k)p+ ,

i.e.

lim
k→0

1

k

∣∣I2
1 (k;h)

∣∣ ≤ λ0c7h
p+ .

Thus, it follows that

lim
k→0

1

k
I1

1 (k, h) + lim
k→0

1

k
I2

1 (k, h) = +∞.

Then

lim
h→∞

lim
k→0

1

k
I1(k, h) = +∞.
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Secondly, we have

I2(k;h) =

∫
Ω2
h

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇Tk(u− Th(v))

+

∫
Ω2
h

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇Tk(v − Th(u))

=

∫
Ω2
h

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇Tk(u− h sign(v))

+

∫
Ω2
h

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇Tk(v − u)

=

∫
Ω2,1
h

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇u

+

∫
Ω2,2
h

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇v

−
∫

Ω2,2
h

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇u,

where

Ω2,1
h = {|u| ≤ h; |v| > h; |u− h sign(u)| ≤ k} , Ω2,2

h = {|u| ≤ h; |v| > h; |u− v| ≤ k} .

On the one hand, we use hypothesis (H3) to find that∫
Ω2,1
h

(
|∇u−Θ(u)|p(x)−2 (∇u−Θ(u))

)
∇u+

∫
Ω2,2
h

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇v ≥ 0.

On the other hand, by Lemma 1 we have

1

k
J2(k;h) :=

1

k

∫
Ω2,2
h

(
|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))

)
∇u

=

∫
Ω2,2
h

(
1

k

) 1
p′(x) (

|∇v −Θ(v)|p(x)−2 (∇v −Θ(v))
)(1

k

) 1
p(x)

∇u

≤ c7

∥∥∥∥∥
(

1

k

) 1
p′(x)

(∇v −Θ(v))p(x)−1

∥∥∥∥∥
Lp
′(.)(Ω2,2

h )

∥∥∥∥∥
(

1

k

) 1
p(x)

∇u

∥∥∥∥∥
Lp(.)(Ω2,2

h )

.

And using Lemma 2, we get∥∥∥∥∥
(

1

k

) 1
p′(x)

(∇v −Θ(v))p(x)−1

∥∥∥∥∥
Lp
′(.)(Ω2,2

h )

≤ max

(ρ
Lp
′(.)(Ω2,2

h )

((
1

k

) 1
p′(x) (

Θθ
p(x)(v)

))) 1
p′+
,

(
ρ
Lp
′(.)(Ω2,2

h )

((
1

k

) 1
p′(x) (

Θθ
p(x)(v)

))) 1
p′−

 ,
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where Θθ
p(x)(v) = (∇v −Θ(v))p(x)−1. Moreover,

ρ
Lp
′(.)(Ω2,2

h )

((
1

k

) 1
p′(x) (

(∇v −Θ(v))p(x)−1
))

=

∫
Ω2,2
h

1

k
|∇v −Θ(v)|p(x)

≤ 1

k

∫
{h≤|v|≤h+k}

|∇v −Θ(v)|p(x) .

This, in view of Lemma 4, implies that

lim
h→∞

lim
k→0

∥∥∥∥∥
(

1

k

) 1
p′(x)

(∇v −Θ(v))p(x)−1

∥∥∥∥∥
Lp
′(.)(Ω2,2

h )

= 0.

And we follow the same method to prove that

lim
h→∞

lim
k→0

∥∥∥∥∥
(

1

k

) 1
p(x)

∇u

∥∥∥∥∥
Lp(.)(Ω2,2

h )

= 0.

Then
lim
h→∞

lim
k→0

1

k
J2(k;h) = 0.

Consequently,

lim
h→∞

lim
k→0

1

k
I2(k;h) ≥ 0. (3.13)

Finally, in the same manner, we show that

lim
h→∞

lim
k→0

1

k
(I3(k;h) + I4(k;h)) ≥ 0. (3.14)

Hence
lim
h→∞

lim
k→0

1

k
I(k;h) ≥ 0. (3.15)

Therefore, the inequality (3.10) becomes∫
Ω

∣∣∣|u|p(x)−2u− |v|p(x)−2v
∣∣∣ ≤ 0. (3.16)

This implies that u = v a.e. in Ω. �
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