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1 Introduction

Let Q C RY be a bounded domain and let M, P be two N-functions such that P < M. Moreover,
let M, P be the complementary functions of M and P, respectively. In this article, we prove the
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existence of solutions for nonlinear degenerate elliptic equations of the form
A(u) + g(z, u, Vu) = f, (1.1)

where A(u) = —div(p(x)a(x,u, Vu)) + ao(x,u, Vu) is a Leray—Lions operator defined on
D(A) C WiLy(Q), a: @ x R x RN — R and ag: Q x R x RY — R are Carathéodory’s
functions satisfying some natural growth conditions with respect to v and Vu and the degenerate
ellipticity condition

ao(z, s,§)s + p(x)a(z, s,£)€ = Ao[M(A1s) + p(x) M (A2[€])];

g is a nonlinearity which satisfies the natural growth condition

l9(, 5,€)| < b(|s])(c(x) + M(|E])p(x))

and the classical sign condition
g(x,s,6).s > 0.

The source term f is supposed to be in L!(2). Some model examples of this problem are

—div(p(z)|VulP?>Vu) = f inQ,
—div(p(z)|VuP2Vulog? (1 + |Vul)) + p(x) M (|Vu|) = f inQ,

where p > 1, f is a function in L!(Q2) and p is a given weight function on (2.

In the non-degenerate case, the equation (1.1) with f € W*IEM(Q) was solved in [5]. An
existence theorem has been proved by Benkirane & Elmahi and others [6,8,9] with f € W1 E7(()
and f € L(Q), respectively. Another work in this direction can be found in [9] in the non-weighted
case. So for our nonlinear operator A(u) = — div(p(z)a(z, u, Vu))+ao(x, u, Vu) with coefficients
which are singular or degenerated the classic ellipticity conditions are violated and one has to change
the classical approach introducing weighted spaces. Note that this type of equations can be applied
in physics. A non-standard example of M (¢) which occurs in the mechanics of solids and fluids
is M (t) = tlog(1 + t). The use of the truncation operator in (1.1) is justified by the fact that, in
general, the solution does not belong to L>°(§2) for f € L(£2). The aim of this article is to study the
existence of a solution to the problem (1.1) in the setting of weighted Orlicz—Sobolev spaces and L'
data.

This article is organized as follows. In Section 2, we introduce the mathematical preliminaries.
In Section 3, we introduce basic assumptions and prove some main lemmas. Section 4 is devoted to
the proof of our general existence result.

2 Preliminaries

In this section we present some definitions and well-known facts about /NV-functions and weighted
Orlicz—Sobolev spaces.
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2.1 The N-functions

Let M: Rt — RT be an N-function, i.e., M is continuous, convex, with M(t) > 0fort > 0,

M(t)/t — 0ast — 0and MT(t) — 00 as t — oo. Equivalently, M admits the representation:

M) = [ mir)an

where m: Rt — R™ is non-decreasing right continuous, with m(0) = 0, m(¢) > 0 for ¢ > 0 and
m(t) — oo ast — oo. The N-function M conjugate to M is defined by

t
M(t) = / m(r)dr,
0
where 7: R+ — R is given by m(t) = sup {s : m(s) < t}. Clearly, M = M. Moreover, for all

s,t > 0 Young’s inequality st < M (t) + M (s) holds.

It is well-known that we can assume that m and m are continuous and strictly increasing. We
will extend the INV-functions into even functions on all R.

The N-function M is said to satisfy the As-condition everywhere (resp., near infinity) if there
exists k > 0 (resp., to > 0) such that M (2t) < kM (t) for all ¢ > 0 (resp., t > to).

2.2 Weighted Orlicz—Sobolev spaces

First of all, we shall work with weighted Orlicz spaces in the following sense. Let €2 be a domain in
RY, and let M be an N-function and p be a weight function on €2, i.e., p is measurable and positive
a.e. on ).

The weighted Orlicz class K (€2, p) (resp., the weighted Orlicz space Lys(£2, p)) is the set of
all (equivalence classes modulo equality a.e. in €2 of) real-valued measurable functions « defined in
) and satisfying

(1, M) = /Q M(Ju(2)))p(z) dz < oo,

(resp., mp(g,M> - AM(M;)'»}(J;) da < oo for some A > o).

The weighted Orlicz space L/ (€2, p) is a Banach space under the Luxemburg’s norm
. U
[[ul[ar,p = inf {)\ >0: mp(X,M) < 1} .

The closure in L (€2, p) of the set of bounded measurable functions with compact support in € is
denoted by E/(€2, p). We have

En($2p) € Kn($2,p) C Ly (9, p).

The equality Ly (€2, p) = Ep (€2, p) holds if and only if M satisfies the Ag-condition for all ¢ or for
t large according to whether €2 has infinite measure or not.
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The dual of E/(£2, p) can be identified with L7(€2, p) by means of the pairing

[ wla@p(e) ds,
Q

where u € Ly/(€2, p) and v € L37(€2, p). The dual norm on L7;(£2, p) is equivalent to ||-||57 ,- It
gives rise to the so-called Orlicz norm on Ly (€2, p) defined by

lllar,y = sup { [ 1@t do s my(a. 71 < 1} |

The space Ly (€2, p) is reflexive if and only if M and M satisfy the As-condition for all ¢ or for ¢
large according to whether €2 has infinite measure or not.

We return now to the weighted Orlicz—Sobolev spaces. WL/ (€, p) (resp., W1Ep (£, p))
is the space of all functions u such that u € L/ (§2) (resp., v € Ej(2)) and its distributional
derivatives up to order 1 lie in Ly, (2, p) (resp., in Epz(€2, p)). It is a Banach space under the norm

lelly s, = llwllar + [Vl -

Thus, WLy (2, p) and W!E(Q,p) can be identified with subspaces of [[ Lar, = L x
[TLx (€2, p). Note that we have the weak topologies o ([T Loz, [T E77 ,) and o(I] Laz,p, IT L3z )-

The space Wi Epr (9, p) (resp., Wa Las (€2, p)) is defined as the closure of D(€2) in W1 Ey (9, p)
(resp., WLy (€2, p)) in the norm (resp., in the topology o ([T L, [ E7 o)

Let WtLy7(€, p) (resp., W 1 E57(€2, p)) denote the space of distributions on  which can
be written as sums of derivatives of order < 1 of functions in Ly;(£2, p) (resp., F5;(2, p)). Itis a
Banach space under the usual quotient norm (see [4]). If the open set €2 has the segment property,
then the space C§°(2) is dense in W L, (£2) for the modular convergence and thus for the topology

o(ITLar, IT Lap)-

3 Basic assumptions and fundamental lemmas

Let © ¢ RY be a bounded domain, M, P be two N-functions such that P < M, M, P be the
complementary functions of M, P, respectively, A: D(A) C W3 L (Q,p) — W1 L17(p) be a
mapping (not everywhere defined) given by A(u) = — div(p(z)a(z, u, Vu)) + ag(x, u, Vu), where
a: QxR xRY - RN and ag: Q x R x RV — R are Carathéodory’s functions. The following
lemmas will be applied to the truncation operators and concern operators of the Nemytskii type in
Orlicz spaces.

Lemma 1 Let f,,, f € LY(Q) be such that:

1. fn > Oa.e. in Q;
2. fn— fae inf;

3. Jo fo(x)dz = [ fu(x)de.

Then f, — f strongly in L*(Q).
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Lemma 2 Let F': R — R be uniformly Lipschitzian with F(0) = 0. Let M be an N -function and
let uw € WYLy (2, p) (resp., WEE N (Q, p)). Then F(u) € WLy (Q, p) (resp., WLEN (S, p)).
Moreover; if the set of discontinuity points of F' is finite, then

88AF(U) _ {OF/(U)‘?; a.e. l:l’l {r e u(z) ¢ D},
Z; a.e. in{r € Q:u(x) € D}.

We will also use the following technical lemmas.

Lemma 3 If a sequence u,, converges a.e. to u and if u,, remains bounded in Ly (), then u €
L (2) and wy, — u for o(Ly (), E77(82)).

Lemma 4 If a sequence u,, converges a.e. to u and if u, remains bounded in Ly (2, p), then
u € Ly (2, p) and u, — u for o(Lar(S2, p), E77(£2, p)).

Lemma 5 Let Q be an open subset of RN with finite measure. Let M, P and Q) be N-functions such
that Q < P, and let F' be a Carathéodory function such that for a.e. x € Q and all s € R:

|F(x,s)| < e(x)+ klP_lM(kQ]s\),

where ki, ko are real constants and c¢(x) € Eq(2). Then the Nemytskii operator N defined by
Np(u)(z) = F(x,u(x)) is strongly continuous from P(Ey;(2), 1712) ={u e Ly :d(u, Ep(Q)) <
1712} into Eq(Q).

3.1 Compactness results

Let Q2 be a bounded open subset of RY with locally Lipschitzian boundary, p a weight function, and
M an N-function such that the following assumptions (H;)—(Hs) are satisfied with some real s > 0:

(Hy) (M(t))ﬁ is an N-function and p=% € L'();
& t
(Ho) / [N P — dM(t) = 005
1 M(t) N(s+1)
s+1

s MY (u)
Hj3) 1 —du = 0.
( 3) tlglo Ml(t)/o u1+N(é+1) “ 0

Remark 1 In the particular case where M (t) = % (1 < p < 00) the first part of (Hy) is satisfied if
1
S > —=.
p—1

Theorem 1 (see [2, Theorem 9-5]) Let Q) be a bounded open subset of RN with locally Lipschitzian
boundary and M an N -function. Suppose that the assumptions (H;)—(Hgs) are satisfied. Then we
have the following compact injection: W' Ly (€2, p) << Ejr.
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Theorem 2 (Weighted Poincaré inequality) Let Q) be a bounded open subset of RN with locally
Lipschitzian boundary, p a weight function, and M an N-function. If u € Wi Ly (Q), then

[ullar < ellVullaz,p,

where c is a positive constant, which implies that ||NV'u||rr,, and ||ul|1, 0 are equivalent norms on
1

Proof. Under the assumptions (H;)—(Hs), the Sobolev conjugate N-function M} of M; is well-
defined by
s M—l t

M=) g

A [*—1 _
S - 14+
0o tN

and we have WolLMS C Lz And since M < M}, we have Ly C L. Hence

ullar < erllullars < eallullr,a,

where ¢ and ¢y are two positive constants. Then, by using the Poincaré inequality in the non-weighted
Orlicz—Sobolev space, there exists a positive constant ¢’ such that

< d||Vul|az,-

We will show that
[Vulla, < el Vullar,p

For that we have

Iollar. </M dx—i—l—/M ) p(z)dz + 1

</ S<M5<v<w>>>p<x> dot | sl de 2

/M dx—i—/ps(x)daﬁ—i—l,
9)

[olla, < ellvllar,

which implies that

for some positive constant c. In fact, if this is not true, then there exists a sequence v,, such that
|on|laz, — oo and for n large, ||vn||ar,, < 1. Hence, for n sufficiently large we get

[ Mntaote)de < ol < 1.
Then
ol </M d$+/gp_s(m)dx+1
< HUnHM,p+/Qp_S(:c)d:L"+1,

which is a contradiction, since the left hand-side tends to infinity while the right hand-side is bounded.
Finally, by taking v = Vu, we conclude the result. g
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4 Main results

4.1 Statement of the problem

We begin by introducing some imposed conditions and the formulation of our problem. Let ¢ R
be a bounded domain, M, P be two N-functions such that P < M, M, P be the complementary
functions of M, P, respectively, and let A: D(A) C W Las(, p) — W' L17(€2p) be a mapping
(not everywhere defined) given by A(u) = — div(p(z)a(z,u, Vu)) + ap(x, u, Vu), where a: £ x
R x RY — RN and ag: Q x R x RY — R are Carathéodory’s functions satisfying for a.e. z € Q
and all s € R, £, € RY with & # 7 the following conditions:

lao(x, 5, €)| < Kolgo(x) + M M(ass) + M " (p(x) P(an[€]))], 4.1)
la(z, 5,6)] < Co(z) + K1 P (p M (azs)) + KoM M(ay|€)), (4.2)
la(z,5,§) — a(z,s,n)][§ —n] >0, (4.3)

ao(x, 5,€)s + p(x)a(x, s, £)§ > Xo[M(A1s) + p(z) M (A2[€])], 4.4)

where a1, ag, Ko, K1, Ko, Ag, A1, A2 > 0. Let T}, be the truncation operator at height £ > 0 defined
by the formula

Tk (s) = max(—k, min(k, s)) for all s € R and for all £ > 0.
And consider the following nonlinear elliptic problem with Dirichlet boundary condition

A(u) + g(z,u,Vu) = f inQ

4.5
u=0 onodf, (+3)

where g: © x R x RV — R is a Carathéodory’s function which for a.e. z € Q and for all s € R
and all ¢ € RY satisfies

(Gy) the sign condition: g(z, s,§)s > 0;
(G2) the growth condition: |g(x,s,&)| < b(|s])(c(z) + p(z)M (A2 [€]));

(G3) the coercivity condition: |g(z, s,&)| > Bp(a:)M(‘/\%') for |s| >,

where b: RT™ — R is a continuous non-decreasing function and c is a given non-negative function
Tl
in L.

Finally, we assume that
fe LY. (4.6)

Let us first define the entropy solution of our problem.

Definition 1 An entropy solution of the problem (4.5) is a measurable function u € W Ly (€2, p)
such that

/ a(xz,u, Vu)VTi(e — u)p(z) dz + / ao(x,u, Vu)Ti (¢ — u) de
Q Q

—|—/Qg(;v,u,Vu)Tk(gp—u)dﬂb‘:/Qka:(SO—U)‘h7

forallk > 0and p € Wi Epn (2, p) N L2(R).
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4.2 Existence theorem

Let us prove the following existence theorem.

Theorem 3 Let Q) be a bounded open subset of RY with locally Lipschitzian boundary. Moreover,
assume that (4.1)—(4.4), (G1) and (G) hold, and that f € L'(Q). Then there exists at least one
entropy solution of the problem (4.5).

In order to prove this existence result we proceed in several steps. In the first one we use the
pseudo-monotonicity to prove an existence result for a variational approximation problem, before we
use some tools of compactness to pass to the limit. For this let us show the following intermediate
result.

Theorem 4 Let Q be a bounded open subset of RY with locally Lipschitzian boundary and let M
be an N-function. Suppose that the assumptions (4.1)—(4.4) are satisfied. Let (uy,) be a sequence
such that

(i) a(z, T (un), VI (un)) remains bounded in (L7($, p))V;

(ii) /Q [a(x, upn, VT (un)) — a(z, upn, VI (u)][VIk(un) — VI (u)]p(x) de — 0;

(iii) wp — u weakly in Wl Ly (92, p) for o (HLM,p, 1B+ p);

where Q. = {x € Q : |Vu,| < r} and x, denote the characteristic functions of the sets C),.. Then

Vu, = Vu a.e. in ).

Proof. Fix r > 0 and let s > r. By the monotonicity condition (4.3) we have

/ [a(x, upn, VT (un)) — a(z, upn, VI (w)][VIE(un) — VI (u)]p(z) dz > 0, 4.7)

/ [a(x, un, VT (un)) — a(z, upn, Vu)|[VTi(uy) — VI (uw)]p(x)dz > 0. (4.8)
Then
/Q[a(%um VT (un)) = a(a, un, xsVT(W))[Tk(un) = xsVTi(w)lp(x)dz >0, (4.9)

which with the condition (iii) implies that

/Q[a(x, Up, Th(un)) — a(x, tun, Xs VI (w)][Th(un) — xs VI (uw)]p(z)dz — 0.

Passing to a subsequence, we have

[a(x, upn, VT (un)) — a(z, tup, VI (w)] [V (un) — VI (u)]p(z) — 0
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a.e. in Q). for a subsequence still denoted by u,,. Fix z € Q\ R with |R| = 0. By (4.1) and (4.3) one
has

[CL(.T, Un,s VTk(un>) - a(xv Un, VTk(u>)][VTk(un) - VTk(u)]p(a:) >

- 4.10
Z )\oM()\ \VTk(un)])p(:r) — Cg |:1 + |VTk(un)\ + M IM(Oél ]VTk(un)D + C4 ( )

for some positive constants C's and Cy, which implies that V7 (u,,) is bounded in RN,

Indeed, suppose that there exists a subsequence denoted again by V7 (uy(z)) such that
VT (up(z)) = 0o as n — oo. Writing (4.10) in the form

[a(x, un, VT (un)) — a(z, un, VI (u)][VIk(un) — VI (u)]p(x) >

1+ \VTk(un)| M M(er [VTk(up)]
%“@‘C%Qwawnwmn MMV T ) )

< M (X |Vuyl) + Cy,

yields a contradiction, since the right hand-side converges to infinity while the left hand-side tends to
Zero as n — 00.

Then, for a subsequence ty,, (), we have VTj(un, )(z) — £ € RV, and
[a(z, un,,, VT (un,)) — a(z, un,, VI (w)] [V (un) — VIi(u)]p(z)

tends to [a(x, u, &) — a(w, u, VIi(u))][€ — VTi(w)]p(x) as n, — co. Hence

la(, u,€) — a, u, V()€ — VTi(w)]p(z) = 0.

Consequently, we get that V7 (u) = &, and thus VT (up(2)) — VTi(u(z)). Since n and k are
arbitrary we can construct a subsequence such that

Vu, = Vuae. in Q. 4.11)

This completes the proof. ]

4.3 Proof of the existence Theorem 3

As already mentioned, we will divide the proof of Theorem 3 into several steps.

Step 1. Variational approximated problem

Let £, be a smooth function which converges to f € L' (£2) such that || £,,|| £1(@) < co- And let us

define ( )
g x? 87
z,8,§) = ————.
gn(@:5,8) = 7 Lg(z,s,¢)
We consider the approximated problems

Uy, € Wy Ly (Q,9),

4.12
- div(p(x)a(m,un, vun)) + ao(x,un, vun) + gn(xyuna Vun) = fn- ( )
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For a fixed n let us define the operator G, by

(Gnu,v>:/gn(x,un,Vun)vd:c.
Q

For our purposes, we can show as in [3] that the operator T;, = A 4+ G, is finitely continuous,
pseudo-monotone and coercive, and by using the theory of pseudo-monotone operators (see [11, 12])
the problem (4.5) has at least one solution u,, in Wi L (£, p).

Step 2. A priori estimate

For k > 0, by taking T (u,,) as a test function in (4.12), one has

/ a(xaumka(un))VTk(un)p(x) dz + / aO(:Baumvun)Tk(un) dx
Q Q

[ T i) = G i)

Since wy, and T} (u,,) have the same sign, by the sign condition (G1) we have
g(x, up, Vup)Ti(uy) > 0.
In view of the degenerate ellipticity condition and the fact that

[ fall 1) < cos

we get

/ M (M| V Tk (un))p(z) dz + / M Jun]) dz
{lun|<k} {lun|<k}

Coki

+/ 19(@, tn, Vup)|do < ——.
{lun|>k} Ao

By the condition (G3) we deduce that

/\0/ M (X2 VTx(up)])p(x) dz + ﬂk/ M(W> dz < cok. (4.13)
{lun|<k} {lun| >k} A3
Therefore
/ M(’W"’)p(m) dz < ', (4.14)
0 )
where A = max(%, A3) and C" = Wc]?ﬁk)

Thanks to Theorem 2, u,, is bounded in W Ly (€, p). Then by Lemma 3, there exists some
measurable function u such that

un — u almost everywhere in 2. (4.15)

Then
up — u  weakly in WOlLM(Q, p) for o (HLMM” HEM,p> ) (4.16)

And by Theorem 1 we deduce that

Up, — u  strongly in Ep(Q). (4.17)
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Step 3. Boundedness of a(z, u,, VT (uy)) and ao(x, uy,, Vuy,)
In this step we will shows that a(z, u,,, VT (uy)) remains bounded in (L7(£2, p))™. We will use

the Orlicz norm. For that let 1) € (L/(€))Y with [|¢||as < 1. In fact, by the monotonicity condition
(4.3) we have

/Q[a(m, Un, VIE(up)) — a(z, un, ¥)][VT(uy) — ¥]p(x) dz > 0.

So that
/a(w,un,VTk(un))d}p(x) dz §/a(x,un,VTk(un))VTk(un)p(:E) dz
Q Q
_/Qa($aun7¢)VTk(un)p(x) dz
s da.
+ [ al e 0in(e) da
By (4.7) we have

/ﬂa(ac, Un,, VTi(un)) Vg (upn)p(x) do < cok.

To estimate the second and third term we use Young’s inequality. Hence

Aa@wmvnmmmm@ymg%k+2/A4C“ﬁf“w>m@dx

Q

" /Q M|V T (un) o) da: + /Q M(rl)o() de,

where r > 0. Using the growth condition (4.2) and the fact that P < M we conclude for r large and
€ small that

[ (D) sy ar <1 [ W Cuwperan+ [ et da

r

K
+:/M@wmm«;
Q

for some positive constant K. Since u,, is bounded in W L (2, p) and ¢ is bounded in (L (€))%,
we get [, M (|a(z,un, ¥)|)p(z) dz < Cy for all o € (Lar(€2,))N with [|1||as, < 1. Therefore, we
deduce that a(z, uy,, VT}(uy)) remains bounded in (L37(£2, p))?.

Now, let us prove that ag(z, un, Vuy,) is bounded in (L7;(€2)). First, using the growth condi-
tion (4.1) it follows that for A large

[ (et Sy p <2 ] 31(2) Kolgo(a) s

K
—i—O/M(agun)de’
A Jo

K
—i—O/P(al\Vun\)p(:L‘)dx.
A Ja
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Since P < M, for A large and ¢ small we get

/M w dxfl/M g K0|go |d$+ /MOQUTL
5 \ 5 A

—|—/M€|Vun|) (x )dx+x<1

for some positive constant k., which implies that ag(x, uy, Vu,) is bounded in L7(2).

Step 4. Almost everywhere convergence of the gradient

In this step we prove that Vu,, — Vu a.e. in €2 for a subsequence.

Let p(s) = se7*” and y = (%’?)2 It is well-known that

1
@ (s) — —=|p(s)| > 3 foralls € R

(see [13]). For & > 0 and fixed n we take v, = ¢ (2y) with 2z, = T}, (up,) — Tj(u) as a test function
in (4.12). One has

B+ |

9(, U, Vuy)vy de = (fn, vn) —/ ap(z, Up, Vuy)v, dz, (4.18)
Q

Q

where
(Bun,vn) = /Qa(:z,un, Vun)[VTi(un) — VIg(w)]¢' (2n)p(z) dz.

Since v, € WiEM(Q,p) N L®(Q), and v, — 0 weakly* in L>®(Q), and f, — f
strongly in L'(£2), and ag(z,un, V(uy)) is bounded in (L37(2,p))Y, then (f,,v,) — 0 and
Jo ao(@, un, Vg v, dz — 0.

We can see that Ty (u,) — Tk (u) and u has the same sign on {z € Q : |u,(z)| > k}. Then

/ 9(z, up, Vuyp)v, dz > 0.
{zeQ:|un(x)|>k}

One has

(Buy, vy,) +/ g(x, up, Vuy)v, dr < e1(n), (4.19)
{z€Q:|un(x)|<k}

where in the sequel €;(n), i = 1, 2,. .., are sequences of real numbers which converge to zero as n
tends to infinity.

Let Q, = {z € Q: |VT}(u,)| < r} and let x, denote the characteristic functions of the sets
Q,. We have Q, C Q,41 and |Q,\Q,41| — 0 asr — +oo. Fix r > 0 and let s > r. By the
monotonicity condition (4.3) we have

/Q [a(x, Un, VTk(un)) — a(x, up, VI (u)][VIk(un) — VI (u)]p(x) dz > 0, (4.20)

/ [a(z, tun, VT (up)) — a(z, un, VT (w)][VTk(un) — VI (u)]p(z) dz > 0. (4.21)

S
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Then

/Q[a(xv Unp, VTk(un)) - CL(?L‘, Un, XSVTk(u))][VTk(un) - XSVTk(U)]p(l') dz > 0. (4.22)

On the other hand we have
(B vu) = [ a0, V(1)) = et VT30V (1) = V(1 o)
- /Q (@, 1, Vi) — a(z, wn, VT ()| Tk (1) p(x) da
- [ a0, VT ) VT xor0.p(a) da

—i—/ a(x, un, Vi (un)xs) [VTx(un) — VI (u)xs|p(x) de,
Q

which can be written as
(Bup,vp) =T, — I} — T2 + I3, (4.23)

where

L= /Q (0, t, VT (1)) — a2, t, VT () o) [V T () — V() xs]o(a)
= /Q (e, tn, Vi) — (2, tn, VT () ]V Tk (1) p(2) da.

I? = /Q a(@, U, VT (un)) Vi (1) X0\, p(2) da.

I = /Q a(@, wn, VT(n)Xs) [V Tk(un) — VTi(w)xs]p() da.

n

Now, we will use the following lemma which is proved in the Appendix.

Lemma 6 For the integrals I}, 12, I3 defined above we have:
(i) I = 0;

(i) I? — oo hV Ty (u)p(z) dz;

(i) I? — a(x,u,0)VTi(u)p(z) dz.
O\,

Using (4.23) and Lemma 6 we get

(Bun,vn) = I, + /Q\Q (h —a(z,u,0))VIg(u)p(x) dx + e2(n). (4.24)
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On the other hand, thanks to the growth condition (Gz) we have

In (T, Up, Vuy ), dz

/{x€Q|un(x)|§k}

<

/ b(k) (c(z) + M(A2 [Vug|)p(2)) [vn] da
{re|un (z)|<k}

< b(k) /Q o(z) [vn] dz + b(k) /Q MO [VTsun]) [vn] pla) da

<8k) | MO [V Ti]) o] (o) da + <30,

And by the coercivity condition (4.4) we can see that

)\0/ M (X |[VTiuyl) |vn| p(z) dz §/ a(x, un, VT (up))VTk(up) |vn| p(x) dz
Q Q

—I—/an(x,un,VTk(un))Tk(un) |vn| p(x) da.

Hence we can estimate

In (2, U, Vuy v, dz

/{xeﬂz|un<x>§k}

< bi\lz)/Qa(x,un,VTk(un))VTk(u)Xs [vn| p() d
bik) / [a(2, tn, VTi(un)) — a(a, un, VT (w)xs)] [V (tn) — V() Xs] [0n] p() daz
0 Jo
+ bg\k)/ a(x, un, VIg(u)xs) [V (un) — VT (u)Xs] [vn| p(z) dz + £4(n)
0 Ja
+ bilz) /Q ao(x, un, VI (up)) Tk (un) |vn| p(x) dz.

The first term on the right-hand side above tends to 0, since a(x, uy, VT (uy)) is bounded in
(L37(22, )Y and VT}(u)xs [vn] p(z) — 0 ae. in Q. We have that a(z, un, VT (uy)) [vn| p(x)
tends to 0 in (E7(€2, p))" and that VT}(u,) — VT (u)xs is bounded in (L (€2, p))V. Then the
third term tends to 0. The last term tends to 0 as above. Hence we get

In (T, U, Vg vy, da

/{xEQ=Un(w)|<k}

<es(n) + kl;\(::) /Q [a(x, upn, VT (un)) — a(z, un, VI(u)xs)] X

< [VTk(ttn) = VTk(w)xs] [val p(a) da.

(4.25)

By (4.24) and (4.25) we deduce that

LmuﬂmvﬂWH%W@ﬂmVﬂWMﬂx

b(k)

wvn«m»—vnmng(dum—-N))w@mp@wm

< / (h —a(z,u,0))VTg(u)p(x) 4+ es(n).
O\Qs
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Since

we obtain
/Q (0, i, VT (1)) — (. i, VT () X)] [V Tk (1) — VT ()]

< 2¢e6(n) + Q/Q\Q (h —a(z,u,0)) VT (u)p(zx).

This implies that

/Q [a(x, un, VT (un)) — a(@, un, VI (w)xs)] [VTk(un) — VT (uw)xs]

< 2e6(n) + 2 /Q\Q.(h — a(z, 4, 0))VTk(u)p(x).

Finally, by passing to the limit with n and letting s — oo, since meas(2\Q;) — 0, we get

/Q [a(x, upn, VTk(un)) — a(x, up, VI (u)][VTk(un) — VT (u)]p(x) dz — 0. (4.26)

So, by Theorem 4, we get

Vu, — Vua.e. in (2. 4.27)

Step 5. Strong convergence of g, (z, u,, Vuy,)

In this step we prove that

Gn (T, Un, Vup) — g(x,u, Vu) strongly in - L1(Q).

To this purpose let us show that g, (z, u,, Vu,,) is equi-integrable. First, we take 771 (uy,) — Tj(up)

as a test function in (4.12) and we get

/ 190 (2, 1y V)| i < / ()| da.
{|lun|>1+1} {|un|>1}

Let € be fixed. Then there exists [ > 1 such that

| ™

/ |gn($,un,Vun)|d$ <
{Jun>1+1|}

Let E be a measurable subset of (2. Then we have
[ 1m0 V) i < [ b1(e0) + Kp()M 2V (1) d
E E

+ / (g0 (2 1ms V)| L
{lun|>1(e)}

In view of (4.17) there exists () such that

[ Mo + K@M (VT () da <

DN ™

. (4.28)

(4.29)
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for all F such that meas(E) < n(e).
Finally, by combining (4.28) and (4.29) one has

/ |gn(maunavun)| der<e
E

for all E' such that meas(E) < n(e). And thanks to Vitali’s theorem we conclude that

In (@, U, Vun) — g(z,u, Vu) stronglyin L'(Q). (4.30)

Step 6. Passage to the limit

Going back to the approximate problems (4.12) and taking v € D(2) as a test function we have

/Qa(x,u,Vu)va(x) dx—i—/

ao(z,u, Vu)vdr + / g(x,u, Vu)vdzr = (f,v)
Q Q
for all v € W Epr(€2, p) N L°(€2). We have

9n (2, U, Vun) — g(z,u, Vu) stronglyin L'(Q).

Moreover, by (4.17) and (4.27) we deduce that a(z,u,, Vu,) — a(x,u,Vu) ae. in Q and
ao(z, up, Vuyn) = ao(x,u, Vu) a.e. in Q. Moreover, Lemmas 3 and 4 imply that a(z, u,, Vu,) —
a(z,u, Vu) weakly in (L (€2 p))V for o([[L77(Q, p), [TEm(Q, p)), and ao(x, uy, Vu,) —
ao(z,u, Vu) weakly in (Lps(S2)) for o(Ly7(2), Ep(£2)). On the other hand, f, — f strongly
in L1(Q).

Finally, by using (4.27) and passing to the limit in the sequence of approximate problems (4.12),
we obtain the existence result.

S Appendix — the proof of Lemma 6
(i) First, we can write
I, = /Q[a(x,un,v(un)) — a(z, u,0)|xc, Xs VIk(u)p(z) dz,

where G,, = {x € Q : |u,(z))| > k}. We have

M (IxG,xsVTik(w))p(x) < M(IVTi(u)xs|)p(z) € L1(Q).

And we have u,(x) — u(x) a.e. in Q, hence if |u(z)| < k, then for n large |u,(z)| < k, which
implies that
VT (u)|xaG, xs — 0a.e. in €.

By the Lebesgue theorem we deduce that

M(|VTi(u)|xa, xs)p(x) — 0.

Thus, xsxa, VTk(u) — 0 strongly in (Ep(Q, p))V and since a(x, u,, V(uy,)) and a(z,u,0) are
bounded in (Ly7(S2, p))™, we see that I} — 0.
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(ii) We have that a(z, un, VT (u,)) is bounded in (L37(€2, p))V. Then there exist h € Ly7(€2, p)™¥
and a subsequence, also denoted by a(x,u,, VIj((uy))), such that a(z, uy,, VI ((un))) — h
weakly in (L77(€2, p))¥. Passing to the limit in n, yields

2 — hV Ty (u)p(z) dz.
Q2

(iii) By (4.17) we have that VT, (uy,,) — VT (u)in (Lar (2, p))Y for o(TT1La (2, p), [1E57(2 p))-
Therefore, a(x, uy, VI (un)xs) — a(, un, VT (u)xs) strongly in (Ey7($, p))Y. Then

3 - /Qa(x, u, VT (u)xs)[VTk(u) — VT (u)xs|p(x) dz,

which shows our claim and ends the proof of Lemma 6.
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