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Abstract. In this paper, we study a general class of nonlinear elliptic degenerate problems associated
with the differential inclusion 3(u) — div(a(z, Du) + F(u)) > f in Q, where f € L>°(2). Using
truncation techniques and the generalized monotonicity method in the framework of weighted
variable exponent Sobolev spaces, we prove the existence of renormalized solutions for general
L*°-data.
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1 Introduction

Let €2 be a bounded open subset of RY (N > 1) with Lipschitz boundary if N > 2. The variable
exponent p:  — (1,00) is a continuous function, and w is a weight function on €, i.e., w is

measurable and a.e. positive on (2. Let WO1 »() (©, w) be the weighted variable exponent Sobolev
space associated with the weight w. Our aim is to show the existence of renormalized solutions to
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the following nonlinear elliptic inclusion

(B, f) {5(1)0— div(a(z, Du) + F(u)) 3 f 2; %Q

with the right-hand side f € L°°(Q2). Furthermore, F' and [ are two functions satisfying the
following assumptions:

(Ag) F: R — RY is locally Lipschitz continuous and 3: R — 2® is a set-valued, maximal
monotone mapping such that 0 € 5(0). Moreover, we assume that

Bo(1) € LY() (1.1)

for each | € R, where 3° denotes the minimal selection of the graph of 3. Namely, B (1) is
the minimal in the norm element of (1), that is,

Bo(l) =inf{|r| : r € Rand r € 5(1)}.
Moreover, a: £ x RY — R is a Carathéodory function satisfying the following assumptions:

(A1) there exists a positive constant A such that a(z,€) - &€ > Aw(z)|£[P™) for all € € RN and
almost every = € €);

(A2) |ai(z,8)] < aw'P@)(2)[k(x) + /P @) (2)|[P@)~1] for almost every = € Q, all i =
1,...,N, every ¢ € RN, where k(z) is a non-negative function in L' ()(Q), p/(z) :=
p()/(p(x) — 1), and @ > 0;

(A3) (a(z,€) —a(z,n)) - (€ —n) > 0 for almost every = € 2 and every &, 1 € RV,

It is well-known that for L!-data a weak solution may not exist in general or may not be unique.
In order to obtain the well-posedness of this type of problems, the notion of a renormalized solution
was introduced by R. J. DiPerna and P.-L. Lions [7] in their study of the Boltzmann equation. This
notion was then adapted to an elliptic version of (F, f) by L. Boccardo et al. [5] when the right-hand
side is in W17 (Q), by J.-M. Rakotoson [17] when the right-hand side is in L' (), and finally by
G. Dal Maso, F. Murat, L. Orsina and A. Prignet [10] in the case when the right-hand side is general
measure data. The equivalent notion of an entropy solution was introduced by Bénilan et al. in [4].
For results on the existence of renormalized solutions of elliptic problems of type (E, f) with a(-, -)
satisfying a variable growth condition, we refer to [2, 3, 12, 19] and [1]. One of the motivations for
studying (E, f) comes from applications to electro-rheological fluids (see [18] for more details) as
an important class of non-Newtonian fluids.

For the convenience of the readers, we recall some definitions and basic properties of the weighted
variable exponent Lebesgue spaces Lr@) (©, w) and the weighted variable exponent Sobolev spaces
WP@)(Q, w). Set

Cr(Q) ={peC(Q): minp(z) > 1}.

e

For any p € C4(9), we define

pT =maxp(z),  p” =minp(z).
e €N
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For any p € C'(Q), we introduce the weighted variable exponent Lebesgue space LP(*) (), w) that
consists of all measurable real-valued functions v such that |, lu(z)[P®w(z) de < oo, that is,

LP®)(Q, w) = {u: Q — R : u is measurable and/ |u(z) [P w(z) de < oo}.
Q
Then LP(®) (©,w) endowed with the Luxemburg norm

‘U|Lp(z)(9,w) = inf{)\ >0: /Q

becomes a normed space. When w(z) = 1 we have LP(*) (2, w) = LP(*)(Q) and we use the notation
U] o) () instead of |ulpp@) () The weighted variable exponent Sobolev space WP (Q, w) is
defined by

u(z) p(z)

A

w(z)dz < 1}

WhP@(Q,w) = {u € LP@(Q) : |[Vu| € LD (Q,w)},
where the norm is given by
[ullwrpe @w) = [Ulpee @) + VUl e (@) (1.2)

or, equivalently, by

p(x) p()
o) P 1)

lullyr oo = inf{/\ >0 /Q

for all u € WHP@)(Q, w).

It should be emphasised that smooth functions are not dense in W 1(*) (Q2) without additional
assumptions on the exponent p(z). This feature was observed by Zhikov [21] in connection with
the Lavrentiev phenomenon. However, if the exponent p(z) is log-Holder continuous, i.e., there is
a constant C' such that

p(z) — ply)| < —C

< —V—— (1.3)
—log |z —y|

for every z, y with |z — y| < %, then smooth functions are dense in variable exponent Sobolev spaces

and there is no confusion in defining the Sobolev space with zero boundary values, I/VOl P(@) (Q), as
the completion of C§°(€2) with respect to the norm [|ul|yy1,p() (g (see [13]).

The space VVO1 P(@) (Q,w) is defined as the completion of C§°(Q2) in WP(#) (), w) with respect
to the norm [[u| 1) (0 -

Throughout the paper, we assume that p € C' () and w is a measurable positive and a.e. finite
function in €.

The plan of the paper is as follows. In Section 2, we give some preliminaries and the definition of
weighted variable exponent Sobolev spaces. In Section 3, we introduce the notion of a renormalized
solution for problem (FE, f) and prove the main result on the existence of a renormalized solution to
(E, f) for any L>°-data f.
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2 Preliminaries

In this section, we state some elementary properties of the (weighted) variable exponent Lebesgue—
Sobolev spaces which will be used in the next sections. The basic properties of the variable exponent
Lebesgue-Sobolev spaces, that is when w(x) = 1, can be found in [11, 15].

Lemma 1 (Generalised Holder inequality, see [11, 15])
(i) For any functions v € LPV)(Q) and v € L' )(Q), we have

/uv dx
Q

(i) Forall p,q € C(Q) such that p(x) < q(z) a.e. in Q, we have that L") — LP0) and the
embedding is continuous.

1 1
<=+ |llu ) < 2||lu v
(p ; )H Lol < 2l vl

Lemma 2 (see [14]) Denote p(u fQ da:for allu € LP= )(Q,w). Then
\UILp<:c><Q,w) <1(=1;>1)ifand onlyif p(u) < 1 (= 1> 1); 2.1)
lf‘u|LP I) Qw) < ]' then |U‘Lp(r) Qw) < p(u) S ’uﬁ/;('r)(Q,w)' (23)

Remark 1 If we set

- / () P + ()| V() ) da
Q

then following the same argument, we have

) _ +
min { Hu||€v17p(z)(ﬂ7w), Hu||€vl,p(2)(ﬂ,w)} < (2.4)
_ + )
S I(u) S ma'X{HuH%/LP(I) (Qw)’ Hu”gvlm(z) (Q,w)}'

Throughout the paper, we assume that w is a measurable positive and a.e. finite function in €2
satisfying the conditions:

1
H)) we LL.(Q)andw™ ?@-0 € L} (Q);

(Hy) w*®) e L1(Q) with s(z) € (%,oo) N []D(T%_l,oo).
The reasons why we assume (H;) and (Hs) can be found in [14].

Remark 2 ([14])

(i) Ifw is a positive measurable and finite function, then LP(*) (Q,w) is a reflexive Banach space.

(i) Moreover, if (H1) holds, then Wl’p(x)(ﬂ w) is a reflexive Banach space.
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For p, s € C(Q), denote ps(x) = % < p(x), where s(z) is given in (Hz). Assume that

we fix the variable exponent restrictions

o @@
P20 = G T DN — p@)s(@)’

p¥(x) arbitrary, it N < ps(x),

if N > py(2),

for almost all x € 2. These definitions play a key role in our paper.

In the next sections, we shall frequently make use of the following (compact) imbedding theorem
for the weighted variable exponent Lebesgue—Sobolev space.

Lemma 3 ([14]) Let p,s € C1(Q) satisfy the log-Holder continuity condition (1.3) and let (Hy)
and (H) be satisfied. If r € C () and 1 < r(zx) < pi(z), then we obtain the continuous

embedding
W@ (Q, w) — L'®(Q).

Moreover, we have the compact embedding
WP (Q,w) — L@ (Q),

provided that 1 < r(z) < pi(z) forall z € Q.

From Lemma 3, immediately we have the Poincaré-type inequality.

Corollary 1 ([14]) Let p € C () satisfy the log-Holder continuity condition (1.3). If (Hy)
and (H2) hold, then the estimate

HUHLp(z)(Q) < C”VU||Lp<z)(Q,w)

holds for every u € C3°(2) with a positive constant C independent of u.

Throughout this paper, let p € C () satisfy the log-Holder continuity condition (1.3) and

X = VVO1 p(@) (©, w) be the weighted variable exponent Sobolev space that consists of all real-valued
functions u from W1P(*) (2, w) which vanish on the boundary 952, endowed with the norm

lullx = inf{)\ 50 /
Q

which is equivalent to the norm (1.2) due to Corollary 1.

Vu(z) p(z)

A

w(a)da <1,

The following proposition gives the characterization of the dual space (VVSg p(@) (Q,w))*, which
is analogous to [15, Theorem 3.16].

Proposition 1 Let p € C(Q) and let o be a multi-index with || < k. Further, let w be a given
Sfamily {wq(x) : |a| < k} of weight functions wq(x), x € Q, satisfying (H1). Then for every G €
(Wég’p(x)(ﬂ, w))* there exists a unique system of functions {go, € LV ) (Q,wéﬁp (x)) el < Kk}
such that

G(f) = Z /QDaf(m)ga(a:) dz  forall f € Wol’p(x)(Q,w).

lal<k
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We recall that the dual space of the weighted Sobolev space WO1 P (x)(Q,w) is equivalent to
WP (@)(Q, w*), where w* = w! 7).

The following notations will be used throughout the paper: for £ > 0, the truncation at heigth %k
is defined by

—k, ifr < —k,
Tp(r):=qr, if|r| <k,
k, ifr >k,

and let h;: R — R be defined by
hi(r) := min ((l +1—|rDT, 1) for each r € R.

Remark 3 The Lipschitz character of I and the Stokes formula together with the boundary condition
(u = 0 on 0Q) of the problem give [, F(u)DT},(u) dz = 0 (see [19]).

3 Notion of a solution and existence results

Definition 1 A renormalized solution to (E, f) is a pair of functions (u, b) satisfying the following
conditions:

(R1) u: Q — R is measurable, b € L' (), u(x) € D(B(x)) and b(x) € B(u(x)) for a.e. x €

(R2) foreach k > 0, Ty,(u) € Wé’p(')(ﬂ,w) and

/Qb~h(u)<p+/g(a(m,Du) +F(w)-D /fh o
holds for all h € CL(R) and all ¢ € Wy (Q,w) N L®(Q);

(R3) f{k<\u\<k+1} a(x, Du) - Du — 0 as k — oc.

Remark 4 Forp € (1,00), 73 ¢ )(Q) is defined as the set of measurable functions u:  — R such

that for k > 0 the truncated functions Ty, (u) € Wol’p(')(Q, w) and for every u € Tg(')(Q) there
exists a unique measurable function v: Q — RN such that VTk(u) = UX{|u|<k} Jor a.e. x € )
(see [4, 20] for more details).

Theorem 1 Under assumptions (Hy)-(Hz), (Ag)—(A3) and f € L>(Q) there exists at least one
renormalized solution (u,b) to (E, f).
The proof of Theorem 1 is divided into several steps.

Step 1: Approximate problem. First we approximate (E, f) for f € L>°(Q2) by problems for
which existence can be proved by standard variational arguments. For 0 < e < 1,let 3.: R — R
be the Yosida approximation (see [6]) of 5. We introduce the operators

Ape: WP (Q,w) — WP O(Q,w"), u —> BT (u)) — diva(z, Du),
Age: WiP(Q,w) — W20, w*), u — —div F(T: (u)).
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Because of (A2) and (A3), A1 is well-defined and monotone (see [16, p. 157]). Since 3. o T
is bounded and continuous and thanks to the growth condition (A2) on a, it follows that A; . is
hemicontinuous (see [16, p. 157]). From the continuity and boundedness of F' o T it follows that
As . is strongly continuous. Therefore the operator A, := A; . + Ao is pseudomsonotone. Using
the monotonicity of ., the Gauss—Green theorem for Sobolev functions and the boundary condition
on the convection term [, F'(T(u)) - Du, we show by arguments similar to those in [14] that A, is
coercive and bounded. Then it follows from [16, Theorem 2.7] that A, is surjective, i.e., for each

0<e<landfe W b0(Q,w*) there exists at least one solution u, € Wol’p(')(Q,w) to the
problem

(E.. f) {BE(T; (u2)) = div(a(z, Duc) + F(T1(u.))) = £ in 2,
ve =0 on 02,
such that

/QBE(Ti (ue))p + /Q (a(ma Du,) + F(Té (UE))) Do = (f,p) (3.2)
holds for all ¢ € Wol 2() (Q,w), where (., .) denotes the duality pairing between Wol #() (©,w) and
WP O(Q, w*).

Step 2: A priori estimates. We begin with the following

Lemma4 For0<e<1land f € L*(Q) let u. € Wol’p(‘)(Q,w) be a solution of (E., ). Then

(i) there exists a constant C1 = C1(||f|loos A, p(+), N) > 0, not depending on ¢, such that

[ Dte |l 1oy () < Cis (3.3)
(i) 1 B=(T (4) oo < [1f o (3.4)
(iii) foralll, k > 0, we have
/ a(x, Dug) - Dus < k/ | f]- (3.5)
{I<|ue|<l+k} {lue|>1}
Proof. (1) Taking u. as a test function in (3.2), we obtain

/Qﬁs(Ti(us))ugdx+/Qa(x,DuE)-Dugdx+/

F(T1(ue)) - Duc.dx = / fue dz.
Q N Q

As the first term on the left-hand side is non-negative and the integral over the convection term
vanishes by (A1), we have

)\/ | Du [PV dx</ a(z, Du;) - Du. dz

/fugdx—/fu wl/P@) ,=1/p(@) q. (3.6)

< Cp(), N[ fllooll Duell 1o (0.0
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where C'(p(-), N) > 0is a constant coming from the Holder and the Poincaré inequalities. From (2.4)
and (3.6) it follows that either

1Dl o) < (3000 N loe)
" 1
1Dt ) < (5CGOLN) )7
Setting 1 |
Cri= max ((%C(p(-% N)||f||oo> i (%C(p(-), N)HfHoo) ﬁ)’
we get (i).

(i) Taking }[Tk+5(8=(T1(us))) — Ti(B:(T1(ue)))] as a test function in (3.2), passing to the
limit with 06 — 0 and choosing k > || f||0, We obtain (ii).

(iii) For k,1 > 0 fixed, we take T} (us — Tj(u.)) as a test function in (3.2). Using
/ a(x, Dug) - DT (ue — Ti(ue)) dox = / a(x, Dug) - Du. dx
Q {1<|ue|<l+k}

and as the first and the second term on the left-hand side are non-negative and the convection term
vanishes, we get

/ a(z, Dug) - Du. dz < / fTie(ue — Ti(us))de < k/ |f|dx.
{I<|ue|<l+k} Q {lue|>1}
O
Remark 5 For k > 0, from Lemma 4 (iii), we deduce that
{lue| > 1} <177 C(p(),p~, A, C1), 3.7)
/ a(z, Duz) - Due < k|| fllos|{|ue| > 1} < Co(k)I=®5)". (3.8)
{I<|ue|<i+k}

Indeed, we have the following continuous embeddings

W™ (Q,0) = LPHO(Q) L0 (),

where (pi(x))™ = %.

From Remark 1 it follows that for every | > 1,

T30 - < CIDT o < € [ w@IDTP ar)

where

o= DTl oy ) = L

o> DT o) (9,) < 10

UV =
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Noting that {|uz| > 1} = {|T;(ue)| > 1}, we have

HQI(U)HL( HT we)
Ps)™(Q)
> <

@)~ (39
< ~w2)” 0(/ w(z)| DTy (u)[P®) da:) ]
Q
Combining (3.3), (3.6) and (3.9), and setting
a-(Cp(), N ~ v(p3)~
Cp(), (1) A Cr) = O ( el 2 cl) -0,

we obtain

{luel > B} < Cp(-), (p3) 7, A, Co)l= @) (3.10)
So we have

li >V = 0.
l;inml{lusl_l}l 0

Hence (3.10) gives (3.8) with Ca(k) := C(p(+), (p%) 7, A\, C1)E|| f || oo-
Step 3: Basic convergence results. First, let us prove the following

Lemma5 For0 < e < 1land f € L>®(Q), let u. € Wol’p(')(Q,w) be a solution of (E., ). There

exist u € Wol’p(') (Q,w) and b € L>°(Q) such that for a not relabelled subsequence of (uc)o<e<1 as
el 0:

Ue — U IN LID(')(Q7 w) and a.e. in (2, 3.11)
Du. — Du in (LPO(Q,w))V, (3.12)
and B (T1(us)) — b weakly-*in L (). (3.13)
Moreover, for any k > 0:
DTy (ue) — DTy (w) in (LPO(Q,w))V, (3.14)
a(z, DTy (uz)) — a(z, DTy (u)) in (L7 O(Q,w* )V, (3.15)

Proof. Since (3.11)—(3.14) follow directly from Lemma 4 and Remark 5, it is sufficient to
prove (3.15). For this end, by (Az) and (3.3) it follows that given any subsequence of
(a(x, DTk (ue)):), there exists a subsequence, still denoted by (a(x, DTy (uc)):), such that
a(z, DTy (us)) = @y in (LF'O)(Q, w*)) V.

We will we prove that ®, = a(x, DT (u)) a.e. on 2. The proof consists of three assertions.

Assertion (i). For every function h € W1>°(R), h > 0 with supp(h) compact, we will prove that

lim sup/ga(a:,DTk(ug)) - D[h(ue)(Tx (ue) — Ti(u))] dz < 0. (3.16)

e—0
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Taking h(ue)(Tk(us) — Ti(u)) as a test function in (3.2), we have
| BT ) (i)~ Tiw)
+ [ (e D) + PITL (02) - Dlbue) (Tafue) = Tow)] @A)

:/th(us)(Tk(ug)—Tk(u))'

Using |h(ue)(Tk(ue) — Tk (w))| < 2k||h||0o, by Lebesgue’s dominated convergence theorem, we
find that

liH(l) fh(ue)(Ty(ue) — Ti(u) =0
e—0 Jq

and

limy | P(Ty (ue)) - DIh(ue) (Ti(u) ~ Te(w)] =0

By using the same arguments as in [2], we can prove that
timsup [ AT (ue)) - (o) (T (ue) — Tufw)] do > 0.
e— Q €

Passing to the limit in (3.17) and using the above results, yields (3.16).
Assertion (ii). We claim that for every & > 0 we have

lim sup / a(z, DTy(u.)) - [DTp(uz) — DTy(u)] dz < 0 (3.18)
Q

e—0
(see [1]).

Assertion (iii). In this assertion, we prove by monotonicity arguments that for & > 0, &, =
a(x, DTy (u)) for almost every x € Q. Let p € D(2) and & € R. Using (3.18), we have

alim [ a(x, DTk (ue)) - Dpdz
e—0 0

> lim Sup/ﬂa(x7 DTy (ue)) - [DTx(ue) — DTi(u) + D(ag)] dx

e—0

> lim Sup/ﬂa(% D(Ty(u) — ap)) - [DTk(ue) — DTi(u) + D(ayp)] dx

e—0

> lim sup/Qa(ac, D(Ty(u) — ap)) - D(ap)] dz

e—0

> d/ﬂa(:v,D(Tk(u) —ayp)) - Dpdx.

Dividing by & > 0 and by & < 0 and letting & — 0, we obtain

lim [ a(xz, DTk (ue)) - Dpdx = / a(x, DTy (u)) - Deda.
e—0 Q Q

This means that for every k > 0,

/ O - Dpdr = / a(z, DTi(u)) - Dy dex,
Q Q
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and so
@), = a(x, DTy(u)) in D'(Q)

for all £ > 0. Hence @, = a(x, DT} (u)) a.e. in © and so a(x, DT} (u:)) — a(z, DT)(u)) weakly
in (L7 (Q, w*))V. O

Remark 6 As an immediate consequence of (3.18) and (As), we obtain

lim ; a(z, DTy (ue)) — a(w, DT (u)) - (DT (us) — DT (u)) = 0. (3.19)

Lemma 6 The limit u of the approximate solution u. of (E., f) satisfies

lim a(x, Du) - Dudz = 0. (3.20)
Free J{i<jul<t+1}

Proof. To this end, observe that for any fixed [ > 0, one has

/ o, Duc) - Ducde = [ (e, Duc) - (DT () = DIi(us)) ds
{I<|uc|<I+1} Q

~ [ ale DT () DI () ds = [ o, DIi(u) - DITi(u) d.
Q Q
According to (3.19), one can pass to the limit with ¢ — 0 for fixed [ > 0 to obtain

lim a(x, Dug) - Du. dx
e20 J{i<fue |<i+1}

= / a(x, DT141(u)) - DTj4q(u) do — / a(x, DT)(u)) - DTj(u)) dz (3.21)
Q Q

= / a(z, Du) - Dudzx.
{I<|u]<l+1}

Taking the limit in (3.21) as [ — +o0 and using the estimate (3.8), we infer that u satisfies (R3),
which means that the proof of Lemma 6 is complete. g
Now, we are able to conclude the proof of Theorem 1.

Step 4: Proof of the existence. Let i € C1(R) and ¢ € W, 7" (Q,w) N L>(9) be arbitrary. Taking
hi(ue)h(u)d as a test function in (3.2), we obtain

I+ 1371 + 13,, = I;{,, (3.22)

€

where

1= [ BT ) o,
2 = [ a(e. Do) Dltufue) 1))
1= [ P (w)) - Dibufuc)hw)e),

I = /Q Fha(ue) ().
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Step 4 (i). Letting € | 0 and using the convergence results (3.11) and (3.13) from Lemma 5, we can
immediately calculate the following limits:

ling 12, = [ (o, (3.23)
lim 17, = /Q Fhu(u)h(u)g. (3.24)

We write Iil = If’ll +1 62 712 where,
152,’11 = / h;(us)a(x7Du€) : Dush(u)¢
Q

2% = [ m(ua(e. Duc) - D(b(u)o).
Using (3.8), we get the estimate

[ 1im 723 < [ 2lloo | @lloo - Ca(1)17#5)". (3.25)
e—0 =

Since modular convergence is equivalent to norm convergence in LP(") (©,w), by Lebesgue’s domi-

nated convergence theorem it follows that for any i € {1,..., N}, we have

0 0

hufue) (b)) = ()5~

(h(u)¢) in LPO(Qw) ase 0.
Keeping in mind that 12 = [, hy(uc)a(z, DTy41 (ue)) - D(h(u)g), by (3.15), we get

lim 127 = / hi(w)a(z, DTj1(w)) - D(h(u)d). (3.26)
Q

e—0

. 1 2
Let us write [ S,l = Ij’v’l + Ij”l , where

1 = [ B F(Ty (0)) - D)o,
Q [
13 = [ m(w)F(Ty (u0) - Dibw)e).
Q €
For any [ € N, there exists ¢ (/) such that for all £ < (1),
Ig,’zl = /Q Ry (Tig1 (ue)) F (Ti41(ue)) - DTj4q (ue)h(u)g. (3.27)
Using the Gauss—Green theorem for Sobolev functions in (3.27), we get
31 Ti41(ue) ,
oy =- / / hy(r)F(r)dr - D(h(u)g). (3.28)
QJo
Now, using (3.11) and the Gauss—Green theorem, after letting € | 0, we get

lim 1% = / ) (u)F (u) - Du h(u)e. (3.29)
’ Q

e—0
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Choosing € small enough, we can write

137 = [ hw) P(Tia(u)) - Dibu)e) (3.30)
and conclude that
gii%fjf = /th(u)F(u)-D(h(u)qb). (3.31)

Step 4 (ii): Passing to the limit with | — co. Combining (3.22) and (3.23)-(3.31), we find that
I+RF+R+0+10 =17, (3.32)

where
I' = [ bhy(uw)h(u)o,
I / 1(u)h(u)

It = th(U)a(l‘?DTm(U)) - D(h(u)9),

1] < Co(L ) bl ]
it = [ W@F)- D(h)s)
17 = [ WP Du b
1= [ mwh(ue,

Obviously, we have
lim I} = 0. (3.33)
=00

Choosing m > 0 such that supp(h) C [—m, m], we can replace u by Tp,(u) in I}, I?,..., I?, and
hy(u) = hy(Trm(u)) = 0if 1 + 1 > m and hy(u) = hy(T,(u)) = 1if I > m. Therefore, letting
I — oo and combining (3.32) with (3.33), yields

[ ohwo+ | (ale. D)+ Fw) - Dibta)s) = | fhiwyo (3.34)
Q Q Q

for all h € C}(R) and all ¢ € Wol’p(')(Q,w) N L>®(9).

Step 4 (iii): Subdifferential argument. It is left to prove that u(z) € D(5(z)) and b(z) € S(u(z))
for almost all z € €. Since [ is a maximal monotone graph, there exists a convex, 1.s.c. and proper
function j: R — [0, co] such that 3(r) = 0j(r) for all » € R. According to [6], for 0 < & < 1 the
function j.: R — R defined by j.(r) = f(; Be(s) ds has the following properties (see [19]):

(i) forany 0 < e < 1, j. is convex and differentiable for all » € R and such that
ji(r) = B(r) forallr € Randany 0 < e < 1;

(i) j<(r) 1 j(r) pointwise in R as ¢ — 0.

Using the same argument as in [19], we can prove that for all € R and almost every x € (),
u € D(f) and b € S(u) almost everywhere in €2.

With this last step the proof of Theorem 1 is completed.
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