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Abstract.

The impact of multiple stresses due to human activities on the biosphere makes the environ-
mental science a challenging field of study. This is a vital step towards sustainable management in
ecology. It is particularly important to consider the coastal salt marsh estuarine system because it is
one amongst the most biologically productive areas in the world and is used by human beings for a
variety of purposes. The areas under discussion are now experiencing changes in nutrient loading,
species composition and sea level raise which are 5-10 fold higher in comparison to that which was
measured over the last century. This is undoubtedly affecting the productivity and sustainability of
coastal regions. Here, the mathematical model of a detritus-based ecosystem with stage-structure
and selective harvesting which is mainly found in Sunderban Mangrove area in India is considered.
At the positive stationary state, the local and global stability due to discrete time delay and stochas-
tic perturbation is analyzed. The exploitation of the prey is controlled by a regulatory agency by
imposing a tax per unit biomass of the detritus and the optimal harvesting policy is achieved by us-
ing Pontryagin’s maximum principle. It is very interesting that the time delay has a great role in the
real ecology by inducing a stable equilibrium into an unstable one. Finally numerical simulations
are carried out to compare the analytical results.
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1 Introduction

Despite the urgency of the problems in a real ecosystem, the ecology cannot predict the response
of the salt marshes to nutrient enrichment and biotic impoverishment. The theory which describes
the relative importance of nutrients (bottom-up) or species composition (top-down) on ecosystem
function has never been tested in detritus-based aquatic systems earlier. The salt marshes exemplify
detritus-based aquatic ecosystems in which the food-web base is on the consumption of non-living
organic matter (detritus). In addition, detritus is important in creating the physical structure of
the system by the formation of peat. The combined effects of nutrient enrichment and biotic im-
poverishment will have its impact on ecosystem function and sustainability, because of nonlinear
feed-backs among components of the ecosystem. The term mangrove refers to an ecological system
which dominates the world’s tropical and subtropical coasts. It is a fact that energy and nutrients
are stored in leaves of mangroves. Mangroves are of interest to biologists and scientists, because
of their diversity and productivity; and furthermore, they are great source of goodness prove to be
beneficial to humans. In addition, they are exploited for timber that is widely used for construction
and as firewood. Their use ranges from the casual collection of fallen wood to the large-scale in-
dustrial charcoal production. The latter form usually coincides with the use of intensive mangrove
plantations, such as the ones in Sundarban, India. The foliage, at times is grazed or harvested for
feeding domestic animals.

The perspective of energy flow in ecological systems, comprise of four general types of het-
erotrophs. Herbivores are called primary consumers because they eat only plants. Carnivores are
called secondary consumers because the eat herbivores. There is also a group of tertiary consumers
called omnivores because they eat both herbivores and carnivores. The other type of consumer that
is critical to energy flow in the ecosystems comprise of organisms that feed on dead plants and
animals. These are called detritivores which has the main role in this paper.

Some of the most significant changes which are visible involve in global warming, sea level
rise, widespread nutrient enrichment and evolution of species. Anthropogenic nitrogen fixation has
recently exceeded the natural biotic fixation and will continue to increase for a predictable future
[49]. The dynamics of species through overfishing, extinction and exotic species introduction have
large, but partially understood effects on the ecosystems of forests, lakes, streams, and estuaries
[3, 53, 18, 22, 17]. Understanding and predicting how multiple stresses affect the sustainability
of ecosystems is one of the most crucial challenges in environmental biology and the first step
towards management. Mangroves are critical, not only for sustaining biodiversity, but also for their
direct and indirect benefits to human activities. Mangroves have long functioned as a storehouse
of materials providing food, medicines, shelter and tools. Fish, crabs, shellfish, prawns and edible
snakes and worms are found there. The fruit of certain species including the nypa palm can be eaten
after preparation along with the nectar of some of the flowers. The best honey is considered to be
that produced from mangroves, particularly the river mangrove Aegiceras corniculatum.

Modelling is an essential tool used throughout to test our predictions and to scale-up the con-
sequences of changes in nutrients and trophic structure to encompass larger spatial and longer
temporal-scales. The modelling objectives are essential to develop a fine scale model that incor-
porates a dynamic ecological processes for creek watersheds and use this as a basis to predict land-



DETRITUS-BASED STAGE-STRUCTURED MODEL 79

scape responses to a varying nutrient and trophic structure regimes. An important challenge is to
determine the amount of detail, including the resolution of physical space and biotic interactions,
necessary to model landscape responses [14, 45, 28]. Although it seems intuitive that more a model
incorporates, the processes and mechanisms known to occur in the real world situation; the close
it should come to predict the ecosystems impact in particular perturbation. Often, more complex,
data-intensive models are less stable and more difficult to test [37]. An additional difficulty is that
many management questions require for landscape answers, but most of the measurements of the
biotic process are by necessity at smaller scales. Energy and nutrients are assimilated and stored in
the leaves of mangrove trees. Being a detritus-based ecosystem, leaf litter from these trees provides
a base for adjacent aquatic and terrestrial food webs. Because most of the energy and nutrients are
stored in biomass rather than being free in the water or substrate where the species diversity of these
swamps is directly dependent on the primary productivity by mangrove plants.

The productivity of mangrove ecosystems also supports fisheries through the export of carbon.
Few fish species are permanent residents in mangroves, but numerous marine species uses the man-
groves as nursery grounds. Mangrove swamps also provide feeding grounds for juvenile and sub
adult reef fishes. As a result, mangrove-assimilated energy and nutrients are exported to surround-
ing coral reefs. It is known that an estimated 75 percent of the fish which is caught commercially
spend some time in the mangroves or it is dependent on a food chain which can be traced back to
these coastal forests. Fisheries are not the only benefactors of mangrove services for the shrimp
trawling industry is also deeply dependent on the nursery function of the mangroves.

The sustainability of coastal ecosystems in the face of widespread environmental change is
current issue of pressing concern throughout the world [17]. Coastal ecosystems are a dynamic
interface between terrestrial and oceanic systems and happen to be the most productive ecosystems
in real world. Coastal systems probably serve more human beings compared to other ecosystem
[17]. They have always been valued for their rich bounty of fish and shellfish. Coastal areas are also
the sites of the nation’s and the world’s most intense commercial activity and population growth
worldwide which may approximately amount to 75 percent of human population who live in coastal
regions [50]. The coastal environment is continually changing because of the natural variability
of environmental drivers because of their sensitivity to small changes in the sea level which is a
part of the question in the nonlinear phenomena. In the recent times, changes are observed in the
environment have been accelerated towards nutrient enrichment, species composition and sea level
due to man-made alterations at a place that is outside the bounds of natural variability.

Nutrient enrichment is a challenging current premier issue for coastal researchers and managers
for the last three decades [8]. Our goal is to understand the eutrophication which has been devel-
oped through observation of estuaries that are undergoing cultural nutrient enrichment, particularly
nitrogen [8, 30]. The consequences of enhanced nitrogen delivery in estuaries follow the classic
response of ecosystems to stress (e.g., altered primary producers, altered nutrient cycles and loss of
secondary producer species and production) [15, 21, 42, 35]. Although most researchers treat the
nutrient enrichment as a stand-alone stress; recent studies suggest that the responses at estuaries to
enrichment may depend on species composition [8, 10, 32, 46]. At the same time, biotic impov-
erishment is reducing the abundance of species or the loss of species due to man-made distraction
[32, 44, 9]. Most of the changes in species composition affect estuaries directly through food web
interactions such as predation or competition [15] or indirectly by altering the rates or pathways of
nutrient cycle [12, 48].

Unfortunately, existing ecological theory is unable to predict the responses of coastal salt marsh
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ecosystem to the combined effect of nutrient enrichment and biotic impoverishment as it is a highly
nonlinear phenomena. The theory describes the relative importance of nutrients (bottom-up) or
species composition (top-down) on ecosystem function which has never been tested in detritus-
based aquatic systems, which raises a challenging issue in this paper. The bottom-up idea origi-
nated from the observation that nutrient availability sets a general quantity of primary productivity,
whereas other studies have already shown that species composition, particularly of top consumers,
has a marked cascading effect on ecosystems [36, 31, 13, 38]. Most examples of trophic cascades
are in closed aquatic ecosystems with fairly simple direct algal grazing food webs [47, 51]. The
rarity of trophic cascades in terrestrial systems has been attributed to the importance of detrital food
webs, where omnivory is common [39, 40]. In detritus-based systems [52] where the food web is
basically based on the consumption of dead organic material (detritus) by omnivorous species and
detritus-based aquatic ecosystems, like salt marshes, bogs, swamps, have been considered bottom-
up or physically controlled ecosystems. This assumption, however, has not been tested earlier. Our
study give a documentation of the trophic cascades in theoretically unlikely systems such as tropical
forests and open ocean [38] indicating the need for direct testing of controls in different ecosystems.

Harvesting plays a major role on the dynamic evolution of a population and also depends on the
nature of the applied harvesting strategy where in the long run stationary density of the population
is significantly smaller than the long run of a stationary density of a population in the absence of
harvesting [4]. In this detritus-based model of a mangrove ecological system, the level of harvesting
effort expands or contracts according as the net economic revenue to the owner of the system that
is positive or negative. Any model which includes this interaction between the net economic rev-
enue and the harvesting effort is called the dynamic reaction model. Recently, seasonal harvesting,
taxation, lease of property rights etc. are usually considered as governing instruments for the regu-
lation of exploitation of biological resources which have become a major problem. Out of all such
regulating options, taxation plays a major role and is superior because of its economic flexibility. It
worthwhile to mention that there are other researchers [5, 29, 6, 41, 24, 16] who studied elaborately
about the harvesting problems with taxation as a control instrument.

The recent developments in bio-economics such as the prey-predator models play a major role
in the nonlinear world. Researchers [7, 25, 11, 33] have earlier discussed the prey-predator system
with harvesting, but they have not considered the stage-structure of the species with delays and sto-
chastic perturbation. Some of the stage-structure models are considered [26, 27, 43] without delays
and stochastic version. It is also difficult to analyze the stability of this type of mathematical model
in population biology by incorporating time delay and stochasticity. Researchers [54, 19, 55] have
studied about the dynamics of stage-structured prey-predator model with discrete delays only. The
prey-predator model with stage-structure for prey is analyzed [55] and it obtains the necessary con-
dition for the system stability. Authors [19] have discussed about a stage-structured prey-predator
model with a systematic computational study. In the present paper, we have studied the detritus-
based stage-structured stochastic delayed model in mangrove ecosystem where the harvesting of
prey species is considered. We categorized this paper under formulation of the model, equilib-
rium analysis, stability analysis with and without time delay, stability with stochastic perturbation,
optimal harvesting, numerical simulation and concluding remarks.
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2 The mathematical model

We consider the detritus based model ecosystem. The model equations for this ecological system
are constructed by the following system of non linear differential equations.

% = K — ar — Bxy + d3z — qFEx, (2.1)
d

9y = y(—dl + cix — 022’), (2-2)
dt

dz

vl —doz + c3y(t — 1)z(t — 1), (2.3)
dE

Fr Ap—o)gz — 1] E, (2.4)

where x(t) represents density of biomass of the plant litter of the mangroves plants after decompo-
sition (detritus) at time ¢, y(¢) represents biomass of micro organisms (detritivorus) at time ¢, z(t)
represents biomass density of predators of detritivorus at time ¢, E = FE(t) represents harvesting
effort at any time ¢ , K is constant input of the detritus, ¢ is the catch ability co-efficient, v is
washed out rate of the detritus, 3 is the conversion factor, ¢; is the conversion rate of detritus to
detritivores, co is the maximum uptake rate of detritivores, c3 is the specific growth rate of predators
detritivores, d; is the death rate of micro-organisms (detritivores), ds is the death rate predators
of detritivores, ds is the detritus recycle rate after the death of predators of detritivorus, A is the
stiffness parameter used to measure the harvest effort, p is the fixed price per unit of prey species,
~ is the fixed cost of harvesting per unit of effort, o is the tax per unit biomass of the prey.

3 Equilibrium analysis

The steady states of the model (2.1)—(2.4) are given by: (i) Go(0, 0, 0, 0), (i) G1(z, ¥y, 0, 0), (iii)
Ga(z?, y?, 2%, 0), (iv) G3(z*, y*, z*, E*).

Case (i): G(0, 0, 0, 0) : This steady state always exists.

Case (ii): G1(z, g, 0, 0): If Z and g are the positive solutions of i—f = 0 and % = 0, then we get

_ d1 _ ClK «
T=—;9=— — —. 3.1
o'V T B B 3.1)
For 4 to be positive, we must have
aKk o
— > —. 3.2
pdy B (3.2)

Case (iil): Ga(z?, y?, 2%, 0): If 2% , y® and 2? are the positive solutions of ‘é—f = 0;4 =

0; 3—‘; = 0, then

é _ @ z‘b . K0103 — a03d1 — ﬁdldg 'J:‘¢ . C3 (KCQ — dldg)

cs ’ N acacy + Bdaco — dzeqcs ’ acscs + Bdaco — d36103'

Y

For 2%, 2 to be positive, we must have

Kceo > dids 02(0403 + 5d2) > dscics. (3.3)
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Cas: (@iv): C:’igém*, y*, 2%, E*): If o, y* ,2z* , E* are the positive solutions of% = 0; % =
0; d—‘j = 0; 5 =0, then
d 1
= Y ;y*:Q;Z*:[ 1y —d1:|;
(p—o)q c3 c2 [(p—o)g
1 d
E* = [K — z* (oz-i— BZ) + dgz*} .
qr* 3
For z*, E* are to be positive, we must have
ciy >dy 3 p>o; K+dsz > xz(a+ By). (3.4)

From the expression of z*, y*, 2* and E*, we can easily verify that the equilibrium point

(z*,y*, z*, E*) exists provided that the tax o lie in the range omin < 0 < Omax, Where

Y. _ . 7(ciczdz—acac3—PBcada) . .
Omin = P = grg 3 Omax = P (@ ds—Fea)qcs and the parameters must satisfy the following

S c1y v(c1eadz—acacz3—Beads)
condition: p > dig = (dids—kca)qcs

4 Stability analysis without time delay

In the absence of discrete time delay, we now investigate the stability of the model around the
interior equilibrium. In the absence of delay, the model (2.1)—(2.4) is reduced to the following

form:
dz

pri K — ax — Bzy + d3z — qFx, (4.1)
d
W y(—d1 + a1z — c22), (4.2)
dt
dz
pri —doz + c3yz, (4.3)
dE
i = M -0 — 9] E. (4.4)

The Jacobian matrix of the model (4.1)—(4.4) is

—a—fy—qkb —Bx ds —qz
c1y —di1 4+ c1x — oz —coy 0
0 c32 —dg + c3y 0 (4.5)
AE(p—o)q 0 0 Allp — o)qz — ]
At the interior equilibrium point, we have
K dsz
—a —qE = = 4 fy — s —dy = —c1x + ey —do = —c3y; (p—o0)g = T (4.6)
T x x
At the interior equilibrium point, (4.5) becomes
I ra—
c1y 0 —cy O
0 3% 0 0 (4.7)
ME 0 0 0
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The characteristic equation of (4.7) of the system (4.1)—(4.4) is given by

— K _dz_ By dy  —qa
cy - —cy 0|
0 R B (4.8)
ME 0 0 —u

This implies that

K dsz
pt+ (x + ;) + 12 (\YEq + eaczyz + Beray)

Keoesyz  cacgdsyz?
+u < 2x3y 4 2 3x3y — 0103d3y2’> + My Eqcocsyz = 0. (4.9)
Equation (4.9) is in the form of
pt+ A+ Bl +Cu+D =0, (4.10)

where A = % + %, B = MEq + cocsyz + Beizy; C = K02;3yz + 0203i3y22 _ cresdsyz
D = My Eqcacsyz.

By Routh-Hurwitz criteria, the model (4.1)—(4.4) is locally stable around the interior equilibrium
point, if the following conditions hold: A > 0; AB — C > 0; C(AB — C) > A?D. Here

K d
A==4+525, (4.11)
x T

_ KXAyEq

AB — O Ay Eqdsz
x

+ KfBcy + + Beidsy z + ciesdsy z > 0, (4.12)

C(AB — C) — A2D — K2Bcicacsy®z + KB cicaczy?2? + KB cicacsy?2? + K cicac? dgy?2? i

x x x
Beicacs diy?z® + cicaci d3y?z® KAy Egeicadayz K/BC%CQ,dngZ Ay Egcicad3yz?

2. M9 9 22m2% 2 ¥ *
Bejesdiy“z® — ciczdsy“z >0

AvEqd
ifz > C—I:c and y > M.

- Ko (4.13)

To find the condition for global stability at G3(z*, y*, z*, E*), we construct the following Lya-
punov function:

Vi) = (o) -aw ] 4 f-9) -y 2]

+1 [(z—z*)—z*lnzi*} + 13 [(E—E*)—E*lng}. (4.14)

Then

v (ezaNde o fy-y\dy ey de (B BT dE
at x a P\ y a Pz a P E dt
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Figure 1: Time series evolution of the populations of the model system (2.1)—(2.4) without time
delay

Using the model equations we have
o [ K dsz "
— = (z—27) [z — o= By + % —qE] + h(y—y") [=di + aaw — 22
+ila(z —2") [-de +c3y] + Is(E—E*) [AN(p—o0)gz — My];

M/:mﬂﬂ[c(+dﬁ>—<K<+ﬁfﬂ+thﬂHﬁ$—@@—@f—fﬂm

x x x*

Flolz =) [esy — eay] + 15 (B~ BY) [(Apaz —~ Aogz) — (\paz* ~ Aowz) |
& = @—) [K(i - ) +dy (; - ;)] +h(y—y) [ (@—2") = (2 — 2")]
+la(z = 2") [es (y =) + 3 (E — E7) [Apg (x —2%) — dog (x —2")];

= e [ () e ()

thila(—2")(y-y)—cly—y)(z -2

+lo [es(y—y") (2 —2")] + I3 (x —2") (E— E%) [Apg — Aoq] (4.15)
By choosing 17 = é; Iy = é; I3 = m, we have
v K@—2*)?  ds

E - xx* + xx*

(x — 2% )(za" — 2"x)
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+§<x—x*><y—y*> + (z—a*) (B~ E*);

—z*)? z* c
= BT A a1 Bl a2+ D ety )

dt Txr* zx* T Co
+(x—2") (E-E");
dv K(z—2*)%  dgz* e d3 [(x—2%)? (2 —2%)?
< _ _ il
de — Tx* xx* (z =2+ T 2 + 2
af@=2)  G-y)?]  (@—2’ (E—E)
— ) 4.1
+C2 5 + 5 + 5 + 2 (4.16)

Thus the model (4.1)-(4.4) with 7 = 0 is globally asymptotically stable.

5 Optimal harvesting policy

In this section we derive an optimal harvesting policy to maximize the total discounted net revenue
from the harvesting biomass using the tax ¢ as a control parameter. The net economic revenue is
given by

m(z,y, 2, E, o, t) = (Netrevenue of harvesting agency) — (Net economic revenue to the regulatory
agency), that is,

ﬂ(x,y,z, Ea g, t) = (p - G)qu - ’YE + O-qu = (pqx - V)E' (51)

Our objective is to maximize the present value function

[e.o]

J= [ e %pqx —~] E(t)dt (5.2)
/

where § is the instantaneous annual rate of discount and the optimization problem is subjected to
the model (4.1)-(4.4).

The control variable o (¢ )is subjected to the constraints opyin < 0 < Omax -

Using Pontryagin’s maximal principle (1964), the associated Hamiltonian

H(x(t), y(t), 2(t), E(t), o(t), t) is given by

H = e %pgr — 4| E + M[K — az — Bry + d3z — ¢Ex] + \a[~yd1 + ye1z — yca2]

+A3[—d2z + csyz] + M[ApgzE — AoqzE — AvE], (5.3)

where \;(t) (i =1, 2, 3, 4) are adjoint variables.
The condition for a singular control to be optimal is

OH
B35 =0 = MAgzE =0 = Ai(t) = 0. (5.4)

The adjoint equations are

d\ OH dx

OH d)

0 D _oH Ao 55)
dt o9z’ dt Oy’ dt 9z dt  OFE’ '

dAg

5 = [6_‘”pqE + Ai(—a— By — qF) + Aa(yc1) + A(ApgE — AogE)| ;
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dA
dif = — [Al(—ﬁx) + )\2(—d1 +c1x — CQZ) + )\3(032’)] ;
dA
dit?) = — [Mds + Xa(—c2y) + A3(—d2 + c3y)];
d\y — 5t
5 = [6 (pgz — ) + Mi(—qz) + M(A\pgz — Aogz — Av)| . (5.6)
When we evaluate these equations at the interior equilibrium point, we get
dA _ K  dsz
d—l = —e ‘”pqE —A(—— — i) — X2c1y — M(ApgE — AogE), (5.7)
t T T
dA
dif = )\1,856 — )\3632, (58)
dA
=28 —A1d3 + Aacoy, (5.9)
dt
dA
L = —e M (pqx — ) + Mg (5.10)

dt
From (5.10), we get 0 = —e ™ %(pgz — v) + A1qx, since \4(t) = 0.

This implies that
AL = e 0 <p—7>. (5.11)
Therefore, % = —de 0t (p - qlx) .

From (5.7), we get, —de~0? (p — qlx) = —e OtpgE — e~ Ot (p — l) (=& — B2y Kooy

This implies that
Ao = Ae 0t (5.12)

ye1 gz ) \ = x

where A = L {(p - ) <K 4 daz 4 5) —pqE}. Therefore, % = —§Ae 0L,

From (5.8), we get, —6 Ae™ 9t = Bxe= 0t (p — q%) — A3c3z. This implies that

A3 = Be %t (5.13)

d\s __ -4
where B = C?%Z [Bac (p - q%) + 5A} . Therefore, <52 = —dBe™ °".

From (5.9), we get —§Be 9t = — |:d3€_5t <p - qlx) + Ae™%*(—coy)|. This implies that
v Acoy + 6B
- = — 5.14
(p qx) ds (5:14)

This provides the equation of singular path and gives the optimal equilibrium levels of the
populations z* = x5, y* = ys5, 2* = zs. Then the optimal equilibrium of harvesting effort and

tax can be obtained as
1 d
Es = — [K — Z§ <0z—|—62> + d3Z§:|,
qxrs C3
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~y
=p— 5.15

o (5.15)

From (5.4), (5.11), (5.12) and (5.13), we observe that \;(t)e®? (i = 1, 2, 3, 4) do not vary with

time at the optimal equilibrium. Hence they remain bounded as ¢ — oco. From (5.11), A 1 (t) gz* =

e‘ét(pqx* —c) = e 0t g—g, which imply that the total users cost of harvest per unit effort is equal

to the discounted values of the future price at the interior equilibrium point.

6 Stability analysis with time delay

We now discuss the stability of the model (2.1)—(2.4) in the presence of delay. The Jacobian of the
model system (2.1)—(2.4) is

—a— Py —qF —px d3 —qz
c1y —dy + c1x — 22 —coy 0 (6.1)
0 c3ze HT —do + cgye M7 0 ’
AE(p—o)q 0 0 Allp = o)qz — 7]
The characteristic equation of the model system (2.1)—(2.4) at the interior equilibrium is
Eodm_y g s g
cy —H —C2y 0 _
0 c3ze PT —cgytesye P —p 0 | 0, (6.2)
e 0 0 —h

or,

pt + <63y + &4 @) + u? (M + @dsyz | \VEq+ ﬁclxy) + 1 (AMyEqesy + Bercszy?)
p3(—czy) + p ( Kegy _ cadayz CQngz)

e (—)«ych;;y + chxcwz + 6263‘563?422 — Beresxy?® — clcgd3yz) =0.
+AyEqcacsyz
(6.3)
(6.3) is in the form of
X(p)+e *7Y (n) =0, (6.4)

where X (p) = p* + 210 + xop® + w3y, Y (1) = y1p8® + yap® + yap + ya,
T =c3y+ = LG dgz , Lo = KCSy + C3d3yz + M Eq + Beizy, x5 = MyEqesy + Beicszy?,

Kc c3d3yz
Y1 = —czy, Yo = — =t — FVE + cacsyz,

. 2
= —\yBqesy + K2oyz 4 2eslsyz” gy cay? — ciezd,yyz, ya = My Eqeacsyz.

T

Let ;o = iw be a root of (6.1), where w is a real number. Putting p = 7w in (6.1), we get

wt — Wl — Wl + iwrs + (coswT — isin w7)(—iw3y1 — w?ys + iwys + ys) =0. (6.5)

Separating the real and imaginary parts, we get

wh — wlry = (Wlys — yu) coswT + (WY1 — wy3) sinwr, (6.6)
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wir) — wrs = (Wys — yu) sinwr — (W3 — wys) cos w. (6.7)

Squaring and adding (6.5) and (6.6), we get

2 B 2 p
(w! = w?z2)” + (W21 —wa3)” = (W2 — ya)? + (W —wys)?,

or,
W wl(—2zo+ 2% —y?) 4w (23 — 22125 — Y3 +2y1y3) + w2 (xg + 2yoys — yg) —y2=0. (6.8)
Equation (6.8) is in the form of
8 6 4 2 _
w® + Biw® + Bow™ + Baw* + By = 0, (6.9)

where By = —2x9 + 22 — y}, By = 2 — 22125 — 3 + 2v1y3, Bs = 22 + 2y2ys — y3, By = —y3.

By Descartes’ rule, if (i) By > 0, Bo > 0 and B3 > 0; or, (ii)) By > 0, By > 0 and B3 < 0; or,
(iii) B; > 0,B3 < 0, and B3 < 0, then (6.9) has a unique positive root, wq (say), and then has a
pair of imaginary roots £i wg. Eliminating sin w7 from (6.2) and (6.3), we get

wt — wlxs) (wWys — — (WY1 —w Wiz — wr
coswT — ( 2) ( Y2 y4) _ ( Y1 y3)2( 1 3)_ (6.10)
(wiy1 — wyz)” + (W2y2 — ya)

Then 73, corresponding to w = w g is given by

— icos_l (wé — wgm) (w(%yQ - 214) - (w%yl — wag) (w(?iltl — w0$3)]
“o (wiyr — woy3)2 + (wdy2 — y4)2
2R 0128, (6.11)
wo

By Butler’s lemma, we conclude that the model (2.1)—(2.4) is stable around the interior equilibrium
for T < tgask =0.

Now differentiating the characteristic equation (6.1) with respect to 7, we get

d d d
X'+ e Y (W)L Y (e T (—p -7t ) =0 (6.12)
dr dr dr

<du>_1_ X' Y 7

dr pX(p) - opY(p)  p

AP 4 33 p® 4 2mop + a3 N Byip® +2yap+ys T
—p(pt + o+ wop? +sp) o p(yip® +yep® Hysptys)  op

At 4 3w + 2w0p® + a3p 3y + 2y2p4® + ysp T

T2 (P wop® +aap) 2y yap® +yspts) g

_ 3t + 2a1 1% + oy N 2910 +yop® —ys T (6.13)
—p2(pt + 2 pd + wop® + wa3p) PP (yipd Fyop® fysptya)  p

)

Thus
(Bwg — rawd) — 2iz1w}

wd [(w§ —wizs) —i(wdzr — wozs)]

H=1iwo
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Figure 2: Stable population densities of the delay model system (2.1)—(2.4) with 7 = 0.1
(wdys + ya) + 2iy1w T
T3 2 —— - — (6.14)
Wo [_(W 0y2 — ya) —i(wgyr — w0y3)] Wwo
e (d,u)l _ 1 [ (Buwg — 22wd) (W — wizs) + 211w (W71 — Wor3)
dr _ w3 (w§ —w3ze)? + (wir) — woxs)?
p=1iw(
+(y4+w3y2)(y4—w3y2)+23/1wg(woy3—wgyl)] (6.15)
(ya — wgy2)? + (Wiyr — woys)?
1
— ze [ng +2(22 — 220 — Yy} wl + (23 — 2123 + 25193 — Y3) Wy + yﬂ (6.16)
0
1
— wT{Q [ng’ + (x% — 219 — y%) wg — (z3 — y% — 2x9m4 + 2Y2Y4) wg — 2(—y§)] , (6.17)
0
(using (6.9)) where

€= (wi—wpz2)® + (wim —woxs)® = (ya —wiy2)® + (W iy — woys)®.

—1
Now on the basis of existence of positive root of (6.9), Sign of Re [(3‘;) ] is positive if

3 — 239 —y? >0,,ie., if

K? d32? 2Kdsz
F—F x2 + x2

when evaluated at the interior equilibrium point GG5. Therefore,

sign (;T(Re,u)) — sign {Re (

1

d

— 2\ Eq —2Bcizy >0

)

(6.18)
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Figure 3: Periodic oscillation of the of populations of the model system (2.1)—(2.4) with 7 = 0.3419

Thus, the transversality condition holds and Hopf - bifurcation occurs at 7 = 7.

In this present paper, we assume the presence of randomly fluctuating driving forces on the
deterministic growth of the prey, predator-1 and predator-2 populations at time ¢, so that the system
(2.1)—~(2.4) results in the stochastic delay system with additive noise.

7 The stochastic delayed model

The main assumption that leads us to extend the deterministic model (2.1)—(2.4) to a stochastic
counterpart is that it is reasonable to conceive the open sea as a noisy environment. There are many
number of ways in which the environmental noise may be incorporated in the system (2.1)—(2.4).
Note that environmental noise should be distinguished from a demographic or internal noise, for
which the variation over time is due. External noise may arise either form random fluctuations of
one or more model-parameters around some known mean values or from stochastic fluctuations of
the population densities around some constant values. In this section, we compute the population
intensities of fluctuations (variances) around the positive equilibrium G35 due to noise, according
to the method introduced by [34, 20, 1]. Such a method was also successfully applied in [23, 2].
Now we assume the presence of randomly fluctuating driving forces on the deterministic growth of
the prey, predator-1 and predator-2 populations at time ¢, so that the system (2.1)—(2.4) results in a
stochastic delay system with additive noise.

dx

s K — ar — fay + d3z — qEx +mé&(t), (7.1)

d
d% = y(—di + a1z — c22) + m2&2(t), (7.2)
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dz _ —doz + c3y(t — 7)z(t — 7) + n3&3(t), (7.3)

at
W = M- o)aw — A B+ mitalt), (7.4)

where x(t) represents density of biomass of the plant litter of the mangroves plants after decompo-
sition (detritus) at time ¢, y(¢) represents biomass of micro organisms (detritivorus) at time ¢, z()
represents biomass density of predators of detritivorus at time ¢, £ = E(t) represents harvesting
effort at any time ¢ and & (t) = [£1(t),&2(t),&3(t), a(t)] is a 4D Gaussian white noise process
satisfying

El& () =0;i=1,2,3,4, (7.5)
Ele )& ()] =050 (t—1t);4,j=1,2,3,4 (7.6)

where d;; is the Kronecker symbol ¢ is the Dirac-delta function. Let

z(t) = ui(t) + S*5y(t) = ua(t) + P 2(t) = us(t) + T E(t) = wa(t) + U™ (7.7)
dﬁ o dul(t). @ o dUQ(t). % . du3(t). @ - dU4<t). (7 8)
at  dt 'dt 4t 'dt dt Tdt  dt '
Using (7.7) and (7.8), equation (7.1) becomes
dull) — K — quy (1) — @S* — Bu (t)ua(t) — Bur () P* — Bua(t)S* — BS* P 7.9)
+dsus(t) + dsT* — qui (t)ua(t) — qua(t)S* — qui (t)U* — ¢S*U* + m&1(t)
The linear part of (7.9) is
duq (t " "
;t( ) = —ﬁUQ(t)S — QU4(t)S +771£1(t). (7.10)
Using (7.7) and (7.8), equation (7.2) becomes
Qall) — _dyus(t) — di P* + crun (H)us(t) + crui (£)P* + crua(t)S* (7.11)
+c1S*P* — coug (t)’LL3(t) — CQU3(t)P* — CQUQ(t)T* — o P*T™* + 7]252(25)
The linear part of (7.11) is
dusa(t . "
;t( ) _ cruy () P* — cous(t) P* 4 naba(t). (7.12)
Using (7.7) and (7.8), equation (7.3) becomes
dust(t) = —dgu;;(t) —doT™* + CgUQ(t — T)Ug(t — T) + 03u2(t — T)T* (7.13)
+63U3(t — T)P* + s P*T™ + ﬁ3§3(t)
The linear part of (7.13) is
dus(t .
C:;t( ) = C3UQ (t — T)T + 77353(t). (7.14)
Using (7.7) and (7.8), equation (7.4) becomes
= Ap— o)qui (Dua(t) + A(p — )qua(t)$* — Myua() (7.15)

+A(p = 0)qui () U* + Ap — 0)gS* U* — MyU* + +naéa(t)
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The linear part of (7.15) is

dU4 (t)
dt

= Ap — 0)qui(t)U™ + n4&a(t).

Taking the Fourier transform on both sides of (7.10), (7.12), (7.14) and (7.16), we get

iwiiy (w) = —BS*lin(w) — ¢S (W) + Mmér ()
(or) méi(w) = iwin (w) + BS™a(w) + ¢S*ia(w)

iwiip(w) = 1 P iy (w) — caP¥lig(w) + n2éa(w)

(or) éa(w) = —c1 P*iin (w) + iwiia(w) + co Ptz (w)
iwiiz(w) = e3T e “Tia(w) + 13€s(w)
(or) m3€a(w) = —e3Te™ T lig(w) + iwila(w)
iwiig(w) = Mp — 0)qiiy (w)U* + maéa(w)

(or) méa(w) = =A(p — 0)qin (w)U* + icwita(w).

The matrix form of (7.17), (7.18), (7.19) and (7.20) is

wher
- An(e) An@) Ane) Auw)
M (w) = Agi(w) Aga(w) Agz(w) Asu(w) | |
Azi(w) Aszz(w) Ass(w) Asza(w) |7
A41(w) A42(w) A43(OJ) A44(w)
i (w) mé (w)
o) = | B || m (W)
i) = u3(w) EW) = 133 (w)
g (w) n4€4 (w)

w) = iw; Aa(w) = BS*; Az(w) = 0; Ag(w) = ¢S™;

(w)

(w) = —arP*; Ap(w) = iw; Ag(w) = c2P*; An(w) =0;
Asy (w) =0; Agz(w) = —cgT"e ™7, A33(w) = iw; A34(w) = 0;

(W) = =Alp = 0)qU"; Agz(w) = 0; Agg(w) = 0; Ags(w) = iw.

(7.16)

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)

(7.22)

Equation (7.21) can also be written as @ (w) = [M (w)] " € (w). Let [M (w)] "' = K(w), then

where
A M (w)

K ="rwr

(7.23)

(7.24)

If the function Y'(¢) has a zero mean value, then the fluctuation intensity (variance) of it’s com-
ponents in the frequency interval [w, w + dw] is , where Sy (w) is spectral density of Y and is defined

as
2

e
Sylw) = Jim

(7.25)
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If Y has a zero mean value, the inverse transform of Sy (w)is the auto covariance function
1 oo
Cy(r) = Py / Sy (w)e™T dw. (7.26)
T

The corresponding variance of fluctuations in Y'(¢) is given by

@:@@:;/&@m (7.27)

and the auto correlation function is the normalized auto covariance

Cy (1)

P = . 7.28
Y1) = G0 (7.28)
For a Gaussian white noise process, it is
%@@OZJMLEW?MM
T—+o0
H (7.20)
:#m%f‘IEk@@MF%W”ﬁW :
—+00 T T
2 2
= (5”
From (7.23), we have
4
i (W) =Y Kij (W) (w),i=1,2,34. (7.30)
j=1
From (7.25) we have
w) =Y _n Ky w)?, i=1,2,3,4 (7.31)

Hence by (7.27) and (7.31), the intensities of fluctuations in the variables u;, 1 = 1,2, 3, 4, are
given by

oo

}

4
1 .
%Z/m@ NP dw; i=1,2,3,4 (7.32)
J=l "
and by (7.24), we obtain
oo . 2 oo
ol =3+ ['m ij(‘(j))‘ dw+ [ m2 Ad] ‘ dw + f M4 ’Ad] ‘ dw 3,
T Adgis) |2 ® Ad 7) Ad
ol =5 _”Lm ‘M](E)))‘ dw+_{on2 ]( ‘ dw + f n j(())|‘ dw 3,
x Adj(9) |? iy (10 Adj( Adj(12
%:%_émww\WﬂLm WW+fn)J‘w+anmﬂd
034:% f771 Ad]14)‘ dw+f773 Adg ‘ dw+f774 Adyl6)‘ dw

(7.33)
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where | M (w)| = R(w) + il (w),

R(w) = w' —W?Ap — 0)2S*U* — wleac3 P*T™* coswr + A(p — 0)q*cac3S* P*T*U* cos wr,
(7.34)
I (W) = —Ap — 0)¢PcacsS* P*T*U* sinwr + wlcacs P*T* sinwr. (7.35)

The adjoints are given by

Adj(k 2——X2+Y2, k=1,2,3,...,16;
k k
where

X1 = wepes P*T* sinwt; Y1 = —w? 4 weacs PXT cos wr;

Xo = —w?c1P*; Yo =0;

X3 =weiesP*T* sinwt; Y3 = weics P*T* coswr

Xy = —wAp—0)qU* + X(p—0)qcac3 P*T*U* coswt ; Yy = —\(p — 0)qcacs P*T*U* sinwr ;
X5 =w?BS*; Vs =0;Xg=0;Ys = —

X7 = —w?esT* coswt ; Yy = w2esT* sinwr;

Xs=0;Ys = —wA(p — 0)gBS*U*;

X9 =0;Yy =wlcS*P*;

X10 = w?coP % —A(p — 0)q?caS*P*U* ;Y19 = 0;

X11 =0;Y11 = —w? +wher S*P* + wA(p — 0)¢?S* U™,

Xi2 = Ap — 0)qBc2S*P*U* ;Y12 = 0;

X3 = w?qS* — qcac3S* P*T* coswt ; Y13 = qeacsS* P*T* sinwr ;

X4 = 0; Y14 = —wqe1 S* P

Xi5 = —qc1e3S*P*T™ coswT ; Y15 = qc1c3S*P*T* sinwr

Xi6 = weacs P*T* sinwT; Yig = —w?3 + weacs PFT™ cos wT + wey S5 P*.

Thus (7.33) becomes

o2 = f o m (XT+YP) +m (X5 +Y5) + 03 (X3 +Y5) +ma (XE +Y7)] dw ¢
Tos = 3 f ooy [m (X3 +Y2) +m (X§+YE) +ns (X7 +Y7) +m (XE+ V)| dw
Thy = 3= f e (X3 +YF) +n2 (X +Yih) + 0 (X7) + Y1) + 04 (XF, +Y55)] dw} :

o0
oi=319 m [m (XT5 + Y33) +n2 (X4 + Y1) + 0 (X35 + YiE) +na (X + Yig)] dw} :
—0o0

If we are interested in the dynamics of system (7.1)—(7.4) with 1 = 12 = 13 = 0, then the
population variances are:

_ 774 j"o X2+Y2) dw 2 _ M TR2X8+Y8) dw

R2(w +12(w v Ouy = o7 (W)+12(
2 OO 2 2
_ n4 f 2+Y12) dw o2 — M f (XE+Y%) dw
RQ(w +12(w ug 2 R2(w)+12%(w)

If 91 = m2 = n4 = 0, then the variances are

o0 2 2 oo 2 2
1 — 773 f R2X +Y) dw 2 n3 f (X7+Y7) dw

(W)+12%(w > Yug 2r R2(w)+12(w)
2 00 2 2
— 773 J‘ +Y11) dw o2 — I3 f (X15+Y15) dw
RQ(UJ +I?(w » Fug 2m R?(w)+1?(w)
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If 71 = n3 = n4 = 0, then the variances are

n2 70 (X3+Y7)

21 RQ(w +I12(w)
> 2 2

7 (X10+Y10)

3= | merreis

dw

0o
m

o J
e jo (X5+Y5)
27 R2(w)+12(w)

(XF+Y7)

R2(w)+1%(w) dw

dw

)

n2
2

n2
2

i
27

m
2

S8 X2+Y2)
f R2(w)+12(w) d

f (X%4+Y14)
- R?(w)+12(w)

dw

¥ ()
J w0

i (X125 +Y123)

{o R0 112 () W

The four expressions in (7.33) can be evaluated numerically which gives the variances of the popu-

lations.
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Figure 4: Stable oscillations of stochastic model system (7.1)—(7.4) with small intensity of the noise

8 Conclusion

The importance of sustainable development has gained focus in the recent times and idea seems

to resonate with so many people.

Without immediate and effective action, our universal planet

will face unyielding pressure on the environment. This is the high time when action is needed
and it will be guided through a scientific understanding of the ecosystems function. Ecological
modelling supports the sustainable development paradigm where economy, society and environment
are integrated positively reinforcing each other. This paper has investigated ecological balance on
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Figure 6: Stable oscillations of stochastic model system (7.1)—(7.4) with high intensity of noise

sensitive parameters which mitigate and adapt to changes. It also professes ideas on how to preserve
and protect ecosystems and their services in the real world situation.

In our paper we have observed the local and global behaviours of the control parameters in
detritus-based aquatic ecosystem in Sunderban Delta in India. In the mangrove ecosystem we have



DETRITUS-BASED STAGE-STRUCTURED MODEL 97

experienced that the top-down control function for a detritus-based mathematical model is relatively
less likely to control the bacterial food supply. Also the interactive effects of nutrient enrichment
and changes in species on the functioning of coastal salt marsh ecosystems have a great role to shape
the dynamical behaviour of our system. This analysis will contribute to the resolution of a pervasive
problem in environmental science including the resolution of physical space with biotic processes
which has a major role in complex nonlinear systems.

Mathematical modelling is an important integration tool that is used here to test the understand-
ing at many levels, such as the magnitude changes in the growth rate of individuals due to the
increased food supply in a detritus-based ecosystem population. Moreover, in the detritus-based
mangrove ecosystem the nutrient enrichments affects the rates of marsh decomposition and the salt
marsh landscape. Marine estuaries with large areas of salt marsh are a common feature along the
entire Sunderban mangrove area which is the main topic in our paper. Mangroves are rich in mi-
crobes especially during the process of leaf decomposition. Detritus processing with the breaking
down of organic matter into smaller particles is an essential operation in aquatic systems because
it provides resources to filter feeders and accelerates nutrient release by microorganisms. Detrital
food web dynamics are influenced by both consumption (top-down) and production (bottom-up)
effects. We analyzed the effects of predators and detritivores on the abundance of microorganisms
in Sunderban ecosystem delta zone in India. Our study shows that the role of processing detritivores
is so complex and can enhance both bottom-up and top-down effects. Specifically, omnivory can
complicate simple top-down and bottom-up predictions. Although they accelerate decomposition
by microorganisms and thereby can increase resource availability. The processing of detritivores
can also be considered important consumers in detrital food webs.
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