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Abstract. This paper deals with a control problem of a Cauchy System for an hyperbolic operator.
The associate system here which is distributed and singular has in general no solution, and when a
solution does exist it is unstable. So instead of considering the control v and the state z separately,
we consider the pair control-state (v, z); it suffices then to make sure that the set of admissible pairs
(v, z) is non-empty. We establish the existence and the uniqueness of the optimal pair and then we
characterize it by using the penalization method.
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1 Statement of the problem

Let 2 be an open set with boundary 02 = I" = I'gUI'; of class C*°, where the boundaries 'y, I'; are
non-empty and Ty NI’y = 0. For T > 0 we set Q = Qx]0,T[, 31 =T1x]0,T[, Xo="Tx]0,T]|
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and we consider the state z of a system subject to the control v = (v, v1), related by

(2 —Az = 0 inQ

zZ = on 20
0z
5 = 1 on EO (1 1)
200 = 0 inQ

%(0) = 0 inQ

2

0
where 2 = a—; Let Y, and U], be two non-empty closed convex subsets of L?(%). We set

A= {(vo,v1,2) € Uy x Uly x L*(Q) such that (1.1) holds } (1.2)

and we assume that

A#0D. (1.3)

A triplet (v, v1, z) will be called admissible if it belongs in A.

For (v = (vo,v1), 2) € A, we consider the cost function

1 2 No o Nijoo
J(v,2) = 5’27 — zdl12(g) + 7|U0’L2(20) + 7’U1|L2(20) (1.4)
with No, N1 > 0 and zg € L?(Q).
We are then interest in the problem:

inf J(v, z). (1.5)

(v,z)EA

Remark 1.1 The boundary conditions (1.1)2 and the initials conditions (1.1)3 do have a meaning.
Indeed since z € L*(Q) = L*(0,T;L*(Q)) we have 2" € H=2(0,T; L*(Q)). As 2" — Az €
L*(Q), we deduce that Az € H=2(0,T; L*(2)). Thus z(t) € L*(Q) and Az(t) € L*(). Con-
sequently the traces zx,(t) and 8—2‘ (t) exist and belong respectively to H 7%(F) and H 7%(11)
2
(see [7, p. 79]). On the other hand, since = € L*(Q) , we have that Az € L*(0,T; H 2(Q)).
Therefore z” € L*(0,T; H=2()) and we deduce that 2’ € L*(0,T; H=1(2)) and (2(0), 2(T)) €
0z 0z

[H~Y(Q)]? and <8t(0)’ m(T)) € [H—Q(Q)]2 (see [11, Theorem 9.2]).

Here are now some examples in which the set U,q x L?(Q) of admissible pairs (v, z) is non-
empty.

Example 1.2 Let us assume that

Uag = L*(30) x ULy,
UL, is a closed convex set of L*(%0) (1.6)
containing at least one function vy € L*(X).
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We construct the solution ¢ of

M = 0 inQ
0
6—5 = 0 on Y1
Ky oy (1.7)
ov
¢0) = 0 inQ
a¢
b} — in Q
oy (0) 0 in
where from now on M is given by
62
M=— —A. 1.
ot? (18

Since v € L*(Xq), System (1.7) has a unique ( € L*(0,T, H*(Q)) (see [7, p. 347]). therefore
(s € L2(0,T, HY2(Q))). In particular (z, € L?(%g). Hence the pair

((C|anv1)ﬂ C)

is then admissible, consequently the set of admissible pairs is non-empty.

Example 1.3 Let us assume

Ung = Uy % L* (%),
UL, is a closed convex set of L*(%) (1.9)
containing at least one function vg € H(0,T}; 2 (To)) N HE(0,T; HO(Ty)).

We construct ¢ solution of
M = 0 inQ

¢ = wvg ondy
¢ = 0 onxy (1.10)
¢0) = 0 inQ
¢ _ .
E(O) = 0 mn Q

Since vg € H'(0, T} o3 (To))NHE(0,T; H°(Ty)), we can find (see [12, Theorem 3.1, p. 112])
a function w € H*%(Q) such that

ow .
w|s = vo Xry, w(z,0)= a(%o) =0in .

Consequently, then ( € H*'(Q)) (see [12, Theorem 3.2, p. 113]). Therefore %IE € L*(®)). In
particular %\Eo € L*(Xq). Hence the pair

(59

is admissible.
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Let us come back now to the general problem (1.5) with U,4 a non-empty closed convex set. It is
well known that the problem (1.5) has a unique solution, the optimal pair (u, y) which we are going
to characterize.

If (u,y) is the optimal pair the first order Euler-Lagrange conditions give

A (’U, Z) € Uud, (y — 24, % — y)L2(Q) + N()(’U,(),’UO - UO)L2(EO) + Nl(ul,vl — ul)Lz(EO) > 0.

We can notice, in this inequality, that the variations of v and z are coupled, then it is important or
at least interesting to obtain an optimality system (O.S) in which v and z are not coupled. It is the
subject of this paper, precisely we have the following results.

Theorem 1.4 Assume that (1.3) holds. Let Uyq = L*(X0) x UL, Then the optimal pair (u,y) is
characterized by the triplet (u,y,p) € UL, x L*(Q) x L*(0,T; H'(Q)) which is a solution of the
Singular Optimality System (S.0.S.)

My = 0 inQ
Yy = Uuo Onz(]a
Jy
% = u 01’120, (111)
y(0) = 0 in{,
0
~a%(0) -0 inQ,
Mp = zg—y inQ
p = 0 on X,
dp
aw — 0 on 21, (1.12)
p(T) = 0 in €,
?:(T) =0 in (),
@ = Noug on Xy (1.13)
v
and
Vo1 € Uyg, (—p+ Niug,v1 — ur) (s > 0. (1.14)

Theorem 1.5 Assume that (1.3) holds. Let Uyg = U2, X L?(%0). Then the optimal pair (u,y) is
characterized by the triplet (u,y,p) € UL, x L*(Q) x L*(Q) which is a solution of the S.O.S.

( My = 0 inQ

Yy = wug on Xy,
oy >
E Uy on 2y, (1.15)

y(0) = 0 in ),
Yoy = 0 inQ,
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Mp = zg—y inQ
p = 0 on X1,
dp
W 0 on X, (1.16)
p(T) = 0 in 2,
\ gIt)(T) =0 in (),
p= Niuy onp (1.17)

and
(0, M2)2(0) + (Y — 24,2 — Y)12(Q) + (1.18)
+N0(U0,’U0 _UO)LQ(Z}O) +N1(U1,’U1 —ul)Lz(EO) >0, V(’U,Z) € A, ’
where A is given by (1.2).

Many applications such as the control of enzymatic reactions (cf J. P. Kernevez [5], and the bibliog-
raphy of this work), the control of the transmission of electrical energy, the control of the form of
plasmas, motivate the study of such a problem.

This problem has already been studied in the elliptic case by different authors such for example J.
L. Lions [6], O. Nakoulima [14], G. Mophou and O. Nakoulima [13]; M. Barry, O. Nakoulima and
G.B. Ndiaye in [15] studied the parabolic case.

The rest of this paper is devoted to the proof of these results.

In section 2 we study the approached problem; section 3 is devoted to the Strong Singular Optimality
System. Finally, we give in section 4 the weak Singular Optimality System.

2 Study of the approached problem

Set
v = (vo,v1) €U, x UL,
Mz e L*(Q),
K= 0z 2.1)

Z = Vo, 7— =U1 OHEO

38V
z .
z(0) = 0, 5(0) =0 in Q.

Then A C K and consequently, K # (). Let ¢ > 0. For any (v, 2) € K, we can define the functional
J =J SpvEr 2.2
c(v,2) = J(v,2) + 2?| z|12(q)- (2.2)

The optimal control problem is then to find (u. = (uge, u1c), ye) such that

J(ug,ye) = inf Jo(v,2). (2.3)

(v,z)eK

Proposition 2.1 Assume that (1.3) holds. Then for any € > 0, there exists a unique pair (ue, yc)
solution to problem (2.3).
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Proof. Since (u = (up,u1),y) € A is the solution of (1.4), (u,y) € K and J.(v,z) > 0
for all (v, z) € K, we can define the real number

d. = inf{J:(v, 2), (v,2) € K}.

Let (v" = (v§,v7), 2") € K be a minimizing sequence such that

d. < J.(v",2") < d. + % <d:+ 1. 2.4)
In particular,

0 < de < Je(u,y) = No luolza(sy) + lutlfasy) + 1y = 2l g)- (2.5)

Therefore, from the form of J., we get
|M2"[12q) < Cve, (2.6a)
0| L2(5g) < € (2.6b)
V1| 2(sg) < C (2.6¢)
2" |12(@) < C, (2.6d)

where C = No |uo|72 (s, + [ua 72y + 1Y — 2dly gy +1>0.

Consequently, there exists 7., 3 € L?(Q), u: = (uoe, uie € L?(Xg) x L?*(Xo) and a subse-
quence extracted from (v" = (vg, v7), 2™) (still denoted (v = (vgf, v1), 2™)) such that

Mz" — 3  weakly in L?(Q), (2.7a)
vl — uge weakly in L?(Xo) (2.7b)
vl — u1. weakly in LQ(EO) (2.7¢)
2" —~ vy, weakly in L?(Q). (2.7d)

Since (vf, v]) € UY; x U}, which is closed subspace of L?(X) x L*(X), we deduce that
u = (Uge, ute) € Uy X Upg.. (2.8)

Using (2.7d), we have
2" — gy, weakly in D'(Q)

and consequently

Mz" — My. weakly in D'(Q). (2.9)
Therefore combining (2.7a) and (2.9) we get
My. =
we can then write
Mz" — My, weakly in L*(Q). (2.10)
82
Since y. € L?(Q), we have tlés € L*((0,T; H 2(Q)). Thus, using the same arguments as
0 0 0
in Remarkl.1 we have that traces (yg\g,;;z), (y=(0),y-(T)) and <8yt€ (0), ay; (T)) ex-

ist and belong respectively to <H_2(O,T; H_%(F)),H_z(O,T; H_%(F))>, [H=1(2)]? and to
H2 Q).
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Now multiplying My™ by ¢ € C*°(Q) such that o(T) = %(’:( T) =0inQ, p = g’p =
v

0 on 31 and integrating by parts over (), we have
dp
(Mz",0)r2(q) = (2", M@)LZ(Q) — (e, U?)Lz(zo) + <U6lv 8y)
L2(Zo)
because (v{, v}, 2") € K.

Passing to the limit in this latter identity when n — +o00, while using (2.7b), (2.7¢), (2.7d) and
(2.10), we obtain

Jip
(Mye, ©)r2(Q) = We: M) 12(g) — (@5 u1e) [2(5) + <u0€7 81/) .

which after an integration by parts gives

0Ye 0
(M- Pze) = (90, FE0) - (F0.00)
H2(Q),H-2(Q) H(Q),H-1()

o)
OV [ 20,1313/ (D)), H-2(0,T:H-3/2(Ty))

7y€
ov HZ(DT H1/2(F0)) 2(0,T;H*1/2(Fo))
—|—(My6, )L2(Q) (QD, 'LLL;)L 2(%) + (U087 %>L2

(Zo)
Vi € C°°(Q) such that p(T) = aaf(T) =0inQ, p = 8—<p =0onX;.
v
After simplification, this latter can be rewritten as
dy Jy
0 = (v0). % <o>> ~(%0.5.0)
HE(9),H=2(2) H (2),H=1(Q)
< ye
HE(0,T5H3/2(To)),H=2(0,T3H~3/%(T'0)) (2.11)
< )yE Oe
H§(0,T;H/2(T )) H=2(0,T3H~1/2(T0)) 5
Vi € C°°(Q) such that p(T) = 8780( )=0inQ, ¢ = a—f =0onX;.

Taking in (2.11),
. Iy
©(0)=0inQ, p =0 on Xy and a—:O on X
v

this yields

0
(Gr.00) =0
H (Q),H=H(Q)

Y=(0) =0 in {2 (2.12)

and
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Using the same technique we also obtain

9 9
éy;(o) —0inQ, y. = uge on X, % —u. on Y. (2.13)

From (2.10), (2.12) and (2.13), we obtain that the pair (us,y:) € K .

Finally, by combining (2.10), (2.7b), (2.7¢), (2.7d) and the weak lower semi-continuity of J.,
we obtain
Je(ue,ye) < liminfJ.(v™, 2") = d..

n—o0

In other words, (u., y.) is the optimal control. Its uniqueness results from the strict convexity of .J..
O

Proposition 2.2 Assume that (1.3) holds. Then (u.,y.) € Uyq x L?(Q) is an optimal solution of
problem (2.3) if and only if there exists p. € L*(Q) such that the triplet (uc, ye,p:) is solution to
the following optimality System

My. = ep. inQ
Ye(z,0) = 0 in Q
oy .
a; 0 =0 in Q (2.14)
aye = uge on Xy,
a'qf = w1 on 2y,
Mpe = 23—y inQ
pe(z,T) = 0 in Q
dp .
(L) =0 in {2 2.15)
pe = 0 on
Op.
= Y
£y 0 on X1

v(v7z) EIC? (p57M<z_y5))L2(Q) _(Mp€7z_y€)L2(Q)+ (2 16)

+ No(uoe, vo — uoe) £2(s0) + N1(u1e, v1 — w1e) 25y > 0.
Proof. We write the first order Euler-Lagrange condition which characterizes the optimal control
(uau yé):

d
aja(ue + /\(U - ua)7ya + )‘(Z - ya))|>\=0 > 0.

After a short calculation we obtain

V(v,2) € K,

V(v,2) €K, (ye — 2a,2 — ye)L2(Q) + No(uoe, vo — uOs)L2(EO) +

1 2.17)
Ni(u1e, v1 — Ute) 12(59) + E(MyaM(Z — Y2 = 0.

We set .
Pe = gMys. (2.18)
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Then p. € L?(Q) and (2.17) becomes

V(’U, Z) € ’Cv (p&a M(Z - yE))LQ(Q) + (yE — &dy % — yE)LQ(Q) +
2.19)
+ No(woe, vo — UOE)LQ(ZO) + +N1(u1e,v1 — ula)L2(20) > 0.

Taking now in (2.19) z = y. £ ¢, ¢ € D(Q) and v = u,, we have

Vo eDQ), (p:;Mo)r2) + (Ye — 2a, ) 12(q) = 0,

which after an integration by parts over () gives

Vee D(Q)7 (Mpa + Ye — 2ds @)LQ(Q) =0,

consequently
Mp: =z53—y. inQ. (2.20)

0
Using the same arguments as in Remark1.1 we have that traces p|y, %l exist and belong
12
respectively to H~2(0,T; H 2 (T')) and H=2(0, T} H 32 (I")). We can also define (p:(0),p<(T)) €
0 0
@) and (200, %4 ) € )

ot ot
Choosing now in (2.19) z = y. + ¢, ¢ € C®(Q) and (vo, v1) = (uge, u1c ), We obtain

(Pes M@)r2(q) + (Ve — 20, P) 12(Q) =
for all ¢ in C*°(Q) such that ¢ = 8—“" 0 on X,

which after an integration by parts yields

_ Ope
(Y = 2, P)22(Q) + (Mpe, ) r2(@) + < ov ’SO>H*2(O,T;H*3/2(F1))7H02(O,T;H3/2(F1))

_ 8;@>
<p€’ O [ H=2(0,1:H~1/2(T'1)), HZ(0,T;H/2(I'1))

op Op
+ (o). B - (w0, %E0)
H2(Q),H=2(Q) HZ(Q),H=2(Q)

0 0
(G mm) +(Go.00) -0,
HL(Q),H-1(Q) H(Q),H-1()

for all  in C*°(Q) such that ¢ = g—f = 0 on Xo.

Using (2.20) in this latter identity, we deduce that

Ope >

+ < ov P H*Q(0,T;H‘3/2(Fl)),Hg(O,T;H3/2(1"1))
8(,9>

<p 7O ) H=2(0,T;H-1/2(T)), HR (0,T3HV/2(Th)

9 )
+<¢<T>, p€<T>> —<so<o>, p‘>‘<0>> @21)
ot H2(Q),H-2(2) o "/ mz0),H-2(2)

0 0
~(Grmpm) +(G0.00)) ~o
t HY(Q),H-1(Q) t HE(92),H-1(Q)

for all ¢ in C>°(Q) such that ¢ = a*” =0 on Y.
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0
Choose successively in (2.21), ¢ such that o(7) = 0 inQ,p = 0, 6—90 =0 onXy; ¢ =
v
0 0
0, %2 _0onyand 22 =0 on >:1 we then successively deduce that
ov ov
p-(2,T) =0 inQ, 2.22)
0
Pe (2, 7) =0 inQ. (2.23)
ot
% _ o onx, (2.24)
v
and finally
p. =0 on Xj. (2.25)

So, (2.20), (2.24), (2.22), (2.23) and (2.25) gives (2.15). From (2.18), (2.12) and (2.13), we obtain
(2.14). Replacing z4 — y- by Mp. in (2.19), we get (2.16). ]

Let us prove that the solution (u., y.) of the penalized problem converges to our optimal pair.

Proposition 2.3 Let (u., ye) be the solution to (2.3). We then have for e — 0

ue — u  strongly L*(Xg) x L*(Z), (2.26)
y. — 1y strongly L*(Q), (2.27)
Jo — J (2.28)

where (u,y) is the optimal pair and J the functional defined by (1.4) .

Proof. We proceed in three steps.

Step 1. We prove the weak convergence of (uc, y.) towards (@ = (Uo, U1),9) € U, x UL, x
2(Q).

Since (u, y) is solution of (1.5), we have

Je(ue,ys) = inf Jo(v, 2) < Je(u,y) = J(u,y). (2.29)

From the structure of J. we deduce that

Yel72) < C (2.30)
el a2y < C 2.31)
Mye|r2 < Cye (2.32)

@

where the C’s are various constants independent of . Hence it follows from (2.32) and (2.18) that

Pe|r2(g) < C. (2.33)

So, we can therefore pick out from ((u.), (y-)) a sequence again denoted ((uc), (ye)) , such that

ue — 1 = (tp, u1) weakly in L*(Xo) x L*(Zp), (2.34)
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y. —7 weakly in L2(Q), (2.35a)
My. —0 strongly in L*(Q). (2.35b)

Since u. € U2, x U}, which is closed subspace of L?(g) x L*(%), we deduce that

a = (Uo,u1) € U, x U, (2.36)

From (2.35a), we have
Ye =y weakly in D/(Q).

Consequently
My. — M3  weakly in D'(Q). (2.37)

Therefore combining (2.35b) and (2.37) we get

My =0. (2.38)

- 0%y . .
Since 5 € L*(Q), we have a—y e L*((0,7; H %(Q)). Thus, using the same arguments as in

2
Remark1.1 we have that traces (ﬂ\g, gim) , (9(0),y(T)) and (?ﬁ(O), ggz

respectively to (H‘Q(O, T;H-3(D)), H2(0,T; H 2 (r))), [H~1(2)]2 and to [H~2(Q)]2.

A~

(T)) exist and belong

0
Now multiplying (2.14); by ¢ in C*°(Q) such that ¢(T') = a—f(T) =0inQ, p = g—f =

0 on ¥ and integrating by parts after taking the integral on (), we have

0
(Wes M@) 12y — (05 u1e) p2(m) + <u0a g0) = Ve (P, P)r2(q) -
81/ LQ(Eo)

Passing to the limit in this latter identity when ¢ — 0 while using (2.34) and (2.35a), we obtain

~ PP ~ Bp .

(yaM@Lz(Q) (@»Ul)m(zo) + (UO, 3,,>L2(20) =0 ,

for any ¢ in C°°(Q) such that ¢(T") = a—f(T) =0in (2, ¢ = a—(p =0on Xy,
v

which after an integration by parts gives

Op oy

0 = —(¢a o, 22 — {00, Z (0
SR (UO’ (9V)L2<20> <SO( i )>H3(ﬂ>,H—2(m
Ay

Oy N
+(Go.50) ~(+ )
HE(),H=1() V'] HZ(0,T;H3/2(To)),H=2(0,T;H=3/2(To))

Do
(5

)
oo 2 )
for any ¢ in C°°(Q) such that ¢(T') = a—f(T) =0inQ, ¢ = 8785 =0onY;.

)
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Take successively in this latter equality, ©(0) = 0in 2, ¢ = g—f =0
0 on X and g—f =0 on Xg; we successively get

y(0)= 0 1inQ,
a—27(0) =0 inQ
ot ’
i/\:ao on 207
Iy
8—5 =u1 on Xj.

From (2.38) and (2.39), we obtain that the pair (u,y) € A C K.
Step 2. We prove that (4, y) = (u,y), where (u, y) is solution of (1.5).

Since (u,y) € A, we have
J(u,y) < J((@,7).

On the other hand, we have
J(Usa ys) < Js(usa ys) < Ja(u7y) = J(u’ y)
Thus, using (2.35a)and (2.34), we obtain
J(u,y) < liminf J(ue, y:) < J(u,y)
which combining with (2.40) gives
J(w,y) = J(u,y).
Consequently,
(@, y) = (u,y).
Therefore, it follows from (2.41) that

J(u,y) < lim Je(ue, ye) < J(u,y).

e—0
That is (2.28), i.e.: J. — J.
Step 3. We prove the strong convergence.

As (2.28) can be rewritten as

lim (’yg — Zd’%2(Q) + NO ‘uos‘%Q(EO) + N |U1€’%2(Zo))

e—0

2 2 2
=y — Zd’L2(Q) + No ‘UOILZ(EO) + N \U1’L2(20) ’

by using (2.34), (2.35a) and (2.42), we have

2 . 2
|y - Zd‘m(Q) < hlen_}élf |y5 - Zd|L2(Q)
lug |2 < lminf |uee |32
01L2(30) 0 | oeILA(Z0)
2 o 2
ule(sg) = Hminfluiefpzs,)

_ Oy _
Y =3, —

(2.392)

(2.39b)
(2.39¢)

(2.39d)

(2.40)

(2.41)

(2.42)

(2.43)
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which, applied to (2.43), gives

2 : 2
Y = zdli2g) = limlye — zalr2(g)
2 . 2
uolzo(sy) = ;l_f}(l) |toe|T2(50) (2.44)
2 . 2
‘U1|L2(Eo) = ;%‘U15|L2(EO) .

Similarly, since

No [uo — woe[T2(s) + N1 |ur — wielfagmyy = Noluoel7z(ng) + N1 luie|72 (s,
+ No ’UO‘L2(2O) + N ’U1|%2(20)
—2(Nouge, uU)LQ(EO)
+ 2(N1ute, u1)2s,) »

(2.45)

passing (2.45) to the limit when £ — 0 while using (2.34), (2.42) (2.44), and (2.44)3, we get
. 2 2
;I_I}(l) (No luo — woelr2(sy) + N1 lua — Uls‘m(zo)) =0

which implies (2.26).
It suffices to prove that y. — y strongly in L?(Q) to complete the proof of Proposition 2.3.
As we can write
2 2 2
e = ylT20) = Ive — 2dl12(g) + 2 (We — 2d, 2a — Y)20) + |2d — Ul12(0) » (2.46)

passing (2.46) to the limit while using, (2.44)1, (2.35a) and (2.42), we obtain
;i_lg% |Ye — y‘LQ(Q) = 0.

That is (2.27). O

Now we can set up the Singular Optimality System for our optimal pair under some conditions.

3 Strong Singular Optimality System

In this section, we prove Theorem 1.4.
From (2.38), (2.39) and (2.42), we have (1.11).

In view of (2.33), we have that there exists p € L?(Q) such that p. — p in L?(Q). Therefore
using (2.27) and the fact that p. is solution to (2.15), we can prove by proceeding as for y. in pages
47 and 48 that p satisfies (1.12).

23

Now, let us take in (2.16) z = y. &= ¢ with &€ € C°°(Q) such that = 0 on Xo. Then
0 0 .
f|20 = Vo — UQe, £|20 = V1 — Ule = 0 and 5(0) = é(@) = 01in €. (31)
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Therefore, (2.16) becomes

(pes ME&) 12(Q) — (Mpe, &) 12() + No(uoe, §) r2(s0) = 0,

for all € in C°*°(Q)such that (3.1) holds.

Integrating by parts the first term of this relation while using on the one hand the fact that p, is
solution of (2.15), with the traces given in pp. 45, and on the other hand the fact that £ verifies (3.1),
we obtain

0
0= < apa +Nou05,£> (3.2)
v H=2(0,T;H=3/2(T'0)),H3 (0,73 H3/%(I'o))
from which we deduce that 5
Pe o Noug. on X (3.3)
v
Thus we have on the one hand
0 15)
ap; N (‘7]: — —Nouo weakly in L%(Zo) (3.4)

since (2.26) holds, and on the other hand that p. is such that

J\gpa = 23—y inQ
gps = _NOUQE on 20

v
P _ 0 on Xj.

5 ov
a]j:(T) = 0 in Q
pe(z,T) = 0 in Q

Therefore, in view of (2.30) and (2.31), we have that there exists C' > 0 such that |p,| L2(0,T;HY(Q)) <
C (see [7, p. 347] ). This implies that by the continuity of the trace that

pelr2(sy) < C. (3.5)

Hence, we have that
pe — p weakly in L?(X). (3.6)
Now integrating by parts the first term in (2.16), while using on one hand the fact that p. is solution
of (2.15), and on the other hand the fact that z — . verifies
0z — e
ot

0z —vy
Z = Ye|g, = V0 — Uoe, Tebo =v1 —ue and z — y.(0) =

(0) =0inQ,
we obtain
V(Ua Z) € }Ca <8p€71}0 - uUE) - (paavl - ulE)L2 b
ov LQ(EO) (%)

+No(voe, 2 = Ye ) 12(s5) + N1(Uie, 2 — Ye) r2(s,) > 0,
which combined with (3.2) gives

Yur € Upg, (—pe 4+ Niuie,v1 — u1e) 2, > 0. 3.7)

Now let us pass to the limit in (3.7) while using (2.26) and (3.6), we then deduce (1.14). The
proof of Theorem 1.4 is then complete.
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4 Weak Singular Optimality System

In this section we are going to prove Theorem 1.5.

We have already proved in Theorem 1.4 that (1.15) and (1.16) hold.

Now, let us take in (2.16) z = y. + & with £ € C*°(Q) with vg = ug.. Then £ is such that

0 d _
€Iz = 0, 875|20 =v; —uge and £(0) = 8—?(0) =0in Q. .1

Therefore, (2.16) becomes

(p67 Mg)LZ(Q) - (Mp67§)L2(Q) + Nl(u187§)L2(ZO) = 07

for all £ in C*°(Q) such that (4.1) holds.

Integrating by parts the first term of this relation while using on the one hand the fact that p, is
solution of (2.15), with the traces given in p. 45, and on the other hand the fact that £ verifies (3.1),
we obtain

0 = (p: — Nuie, §>H—2(0,T;H*1/2(Fo)),HOQ(O,T;Hl/Q(FO)) 4.2)
from which we deduce that
pe = Njuie on Y. 4.3)
Thus, we have
pe = p=—Nus weaklyin L*(%) 4.4)

since (2.26) holds. Now, from (2.33), we have that there exists p € L2(Q) such that
pe — p weakly in L*(Q). 4.5)

Finally, passing to the limit in (2.16) while using (2.35b), (2.37), (2.38), (2.26), (2.27) and (4.5) we
obtain (1.18). This completes the proof of Theorem 1.5.
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