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1 Introduction

The fractional calculus represents a powerful tool in applied mathematics to study a myriad of
problems from different fields of science and engineering, with many break-through results found
in mathematical physics, finance, hydrology, biophysics, thermodynamics, control theory, statisti-
cal mechanics, astrophysics, cosmology and bioengineering [9, 19, 23]. There has been a signif-
icant development in ordinary and partial fractional differential equations in recent years; see the
monographs of Abbas et al. [4], Kilbas et al. [15], Miller and Ross [16], the papers of Abbas et
al. [1, 2, 3, 5, 6], Vityuk and Golushkov [25], and the references therein.

The stability of functional equations was originally raised by Ulam in 1940 in a talk given at
Wisconsin University (for more details see [24]). The first answer to Ulam’s question was given
by Hyers in 1941 in the case of Banach spaces in [10]. Thereafter, this type of stability is called
the Ulam—Hyers stability. In 1978, Rassias [20] provided a remarkable generalization of the Ulam-
Hyers stability of mappings by considering variables. The concept of stability for a functional equa-
tion arises when we replace the functional equation by an inequality which acts as a perturbation of
the equation. Thus, the stability question of functional equations is how do the solutions of the in-
equality differ from those of the given functional equation? Considerable attention has been given to
the study of the Ulam—Hyers and Ulam—Hyers—Rassias stability of all kinds of functional equations;
one can see the monographs of [11, 12]. Bota-Boriceanu and Petrusel [7], Petru et al. [17, 18], and
Rus [21, 22] discussed the Ulam—Hyers stability for operatorial equations and inclusions. Castro
and Ramos [8], and Jung [14] considered the Hyers—Ulam—Rassias stability for a class of Volterra
integral equations. Ulam stability for fractional differential equations with Caputo derivative are
proposed by Wang et al. [26, 27]. Some stability results for fractional integral equation are obtained
by Wei et al. [28]. More details from historical point of view, and recent developments of such
stabilities are reported in [13, 21, 28].

In this article, we discuss the Ulam—Hyers—Rassias stability for the following fractional partial
impulsive discontinuous differential equations of the form
u(z,y)
Dy | ——————— | = ; €Jy, k=0,...
9k<f($7y,U(I7y))> g(xayau(xay))a (wvy) ks ’ ) 1T,
u(z),y) =z, y) + Ie(u(z;,y)s y € [0,0], k=1,....m,
u(z,0) = ¢(z); = €10,a], w(0,y) =(y); y € [0,0],
where a,b > 0, Jy = [0,1‘1] X [0, b], J = (l’k,xk+1] X [0, b]; k=1,...,m, 0 = (J?]C,O); k=
0,....m, 0 =29 <21 <+ < Ty < Ty41 = Q, Cng is the fractional Caputo derivative
of order r = (ry,7m2) € (0,1] x (0,1], f: J xR — R* ¢g: J x R — R are given continuous
functions, J = [0,a] x [0,b], R* = R\{0}, I;: R — R; k = 1,...,m are given functions
satisfying suitable conditions and ¢: [0,a] — R, %: [0,b] — R are given absolutely continuous
functions with ¢(0) = (0). Here u(x,y) and u(z;,, y) denote the right and left limits of u(x, y)
at x = xy, respectively.

(1.1

2 Preliminaries

Denote L'(.J) the space of Lebesgue-integrable functions u: J — R with the norm

a b
”U|L1=/O /0 lu(z, y)| dy da.
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As usual, by AC(J) we denote the space of absolutely continuous functions from J into R, and

C := C(J) is the Banach space of all continuous functions from J into R with the norm |||«
defined by
lulloc = supJu(z,y)].
(zy)eJ

In all what follows consider the Banach space

PC {u: TR u € C(Jy) fork =0,1,...,m, and there exist u(z, ,y) and u(xz,y),}

k=1,...,m,withu(z,,y) = u(xy,y) for each y € [0, ]
with the norm
[ullpe = sup |u(z,y)|.
(zy)e]
Define a multiplication “ - ” by

(u-v)(z,y) = u(x,y)v(z,y) for each (z,y) € J.

Then PC is a Banach algebra with the above norm and multiplication.
Definition 2.1 A function v: J x R — R is said to be Carathéodory if

(i) the function (x,y) — ~y(x,y,u) is measurable for each u € R;

(ii) the function u — ~y(x,y,u) is continuous for almost each (x,y) € J.
Now, we introduce notations and definitions concerning partial fractional calculus theory.

Definition 2.2 ([25]) Let # = (0,0), r1,72 € (0,00) and r = (r1,r2). For f € L'(J), the
expression

(13 ) ) = F()}() /0 ’ /0 “@— sy — 6y f (s, 1) di ds,

is called the left-sided mixed Riemann—Liouville integral of order r, where I'(.) is the (Euler’s)
Gamma function defined by T'(€) = [;° t&~ et dt for € > 0.

In particular,

0 (2 y) = fla,y),  (Sf)(2y) = /O ' /0 " F(s,t)dtds foralmostall (z,y) € J,

where 0 = (1,1).

For instance, I f exists for all 71,75 € (0,00), when f € L'(J). Note also that when u € C,
then (I f) € C. Moreover

(Z5.f)(2,0) = (I5£)(0,y) = 0; z € [0,a], y € [0,0].

Example 2.3 Let \,w € (—1,0) U (0,00) and r = (r1,72) € (0,00) % (0, 00), then

B T(1+ M1+ w)
CTA+ A+ )DL+ w+72)

; x>\+7“1yw+7"2 for almost all (x,y) € J.

Ig:n’\y“’
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By 1 —rwemean (1 —7r;,1—ry) €[0,1) x [0,1). Denote by Dgy = agzy the mixed second

order partial derivative.

Definition 2.4 ([25]) Letr € (0,1] x (0,1] and f € L*(J). The Caputo fractional-order derivative
of order r of f is defined by the expression

cHr _(7l-r 2 T _ 1 Y Dgtf(sﬁt) s
) = DN = mr—rmi = ) e e e

The case o = (1, 1) is included and we have

“Dg f)(z,y) = (Diyf)(:v, y) for almost all (z,y) € J.

Example 2.5 Let \,w € (—1,0) U (0,00) and r = (r1,72) € (0,1] x (0,1], then

F(I—F)\)F(l —{—w) B B
CDT A, w — A—r1, wW—"2 I tall J
oy F(1+>\—T1)F(1 +w—r2)$ Y foramos a (J:)y)e

Letay € [0,a], z = (a1,0), J, = (a1, a] x [0,b], 71,72 > 0 and r = (r1,72). For u € L*(J,),
the expression

1 Ty
Iu)(x,y) = / / z— )"y — )2 (s, t) dt ds,
@) = ey L ) @ o= G
is called the left-sided mixed Riemann-Liouville integral of order r of w.

Definition 2.6 ([25]) For u € L'(J.), where Dgyu is Lebesque integrable on [y, r11] %X [0,0],
k=0,...,m, the Caputo fractional order derivative of order r of u is defined by the expression

(CDZf)(.%',y) = (Izl_ngyf)(x>y)'

Let

B u(z,0) u(l‘g,y) B u(acz,()) . 7
”’“(x’y)_f(x,o,u(x,o))+f(g;;,y,u(x;,y)) T 0.0l 0)) k=0,...,m.

For the existence of solutions for the problem (1.1) we need the following lemmas.

Lemma 2.7 ([1]) A functionu € AC(Jy), k =0, ..., m, is said to be a solution of the differential
equation

cnHr U(«’Uay) .
Dy, <me> = g(z,y,u(z,y)), (z,y) € Ji, (2.1)
if and only if u(x, y) satisfies

U(l‘,y) = f(a:,y,u(a:,y))(ﬂk(a:,y) + (ngg)(x7y7u(x7y)>)v (x7y) € Ji. (2.2)

Let p := pp.
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Lemma 2.8 ([1]) A function u is a solution of the fractional integral equations

u(x,y) = f(.’E,y,U(.’E,y)) |:[L(CC, y)

! e m=ly — )2 g (s b u(s s T
om0 e, <,t>>dtd] i (2,y) € Jo:

U(fL‘,y) = f(a:,y,u(a:,y)) |:lu’($7 y)

i) ula,0)
+Z( @>y7 u(x iay)) f(x?_707u(x?_70))>

1 T Y sVl 2 (st uls s
*wa/m_l/o@ P =) ol ) ded

/ /’ _ T'1 1 y t)Tgfl
e g(s,t,u(s,t))dtds] if(x,y) € J, k=1,...,m,

if and only if u is a solution of the problem (1.1).

Remark 2.9 By Lemma 2.8, solutions of the problem (1.1) are solutions of the fixed point equation
u = N(u) where N: PC — PC is the operator defined by

7

(Nu)( ) = (2, ulz, ) [umm

/ / x— )Y ZérQ)t>T21g(s,t,u(s,t))dtds} if (z,y) € Jo;

(Nu)(, ) = (2, ulz, ) [umy)

k _
w ) Lu(z;,0))
+Z< 7,73/7 ( 173/)) f(:v;",(),u(a:j,())))

=1

/ / )1y — )2 Lg(s, b u(s, t)) dt ds
Ti—1

/xk/ ) (r;)t)m1g(s’t’u(s’t))dtd5] if(z,y) € Jp, k=1,.

Let us give the definition of Ulam—Hyers stability of a fixed point equation due to Rus.

Definition 2.10 ([22]) Let (X, d) be a metric space and A: X — X be an operator. The fixed
point equation x = A(x) is said to be Ulam—Hyers stable if there exists a real number c4 > 0 such
that: for each real number € > 0 and each solution y* of the inequality d(y, A(y)) < e, there exists
a solution x* of the equation © = A(x) such that

d(y*,z%) < ech.
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From the above definition, we shall give four types of Ulam stability of the fixed point equation
u = N (u). Let € be a positive real number and let : J — [0, 00) be a continuous function.

Definition 2.11 The fixed point equation w = N (u) is said to be Ulam—Hyers stable if there exists
a real number cy > 0 such that for each ¢ > 0 and for each solution v € PC of the inequality
lu(z,y) — (Nu)(z,y)| <€ (x,y) € J, there exists a solution v € PC of the equation u = N (u)
with

]u(x,y)—v(x,yﬂ < €cn, (:E?y) €J.

Definition 2.12 The fixed point equation uw = N (u) is said to be generalized Ulam—Hyers stable if
there exists O € C([0,00),[0,00)), On(0) = 0 such that for each € > 0 and for each solution
u € PC of the inequality |u(z,y) — (Nu)(z,y)| <€ (z,y) € J, there exists a solution v € PC of
the equation v = N (u) with

lu(z,y) —v(z,y)| < On(e), (z,y)€ J

Definition 2.13 The fixed point equation u = N (u) is said to be Ulam—Hyers—Rassias stable with
respect to @ if there exists a real number cy o > 0 such that for each € > 0 and for each solution
u € PC of the inequality |u(z,y) — (Nu)(x,y)| < e®(x,y), (x,y) € J, there exists a solution
v € PC of the equation u = N (u) with

lu(z,y) —v(z,y)| < eeno®(z,y), (z,y) € J

Definition 2.14 The fixed point equation u = N (u) is said to be generalized Ulam—Hyers—Rassias
stable with respect to ® if there exists a real number cy o > 0 such that for each solution u € PC
of the inequality |u(x,y) — (Nu)(z,y)| < ®(z,y), (z,y) € J, there exists a solution v € PC of
the equation w = N (u) with

u(z,y) —v(z,y)| < eno®(z,y), (z,y) €]
Remark 2.15 [t is clear that
(1) Definition 2.11 = Definition 2.12;
(ii) Definition 2.13 = Definition 2.14;
(iii) Definition 2.13 for ®(x,y) = 1 = Definition 2.11.

3 Ulam-Hyers—Rassias Stability Result

In this section, we present the main result for the Ulam stability of the problem (1.1).

Definition 3.1 A function w € PC such that its mixed derivative Dgy exists and is integrable on
Jr, k= 0,...,m, is said to be a solution of the problem (1.1) if
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w(z,y)

(i) the function (x,y) T,y w(z,y)

is absolutely continuous, and

(ii) w satisfies Dy, (%) = g(z,y,w(x,y)) on Jy and the conditions

{w(x;r,y) =w(zy,y) + I(w(z,,y)); y€[0,0], k=1,...,m,
w(z,0) = ¢(z); v € [0,a], w(0,y) =¥(y); y € [0,0],

are satisfied.
Let us start by giving conditions for the Ulam—Hyers stability of problem (1.1).

Theorem 3.2 Assume that the following hypotheses hold:

(Hy) there exists a strictly positive function o € C such that

Fa,y,u) — fa,y,0)| < ale.y)lu—al forall (,y) € J andu,7 € ;

(H2) the function g is Carathéodory, and there exists h € L>°(J,R) such that

lg(z,y,u)| < h(z,y); ae (x,y) € J, forallue R,
(H3) there exists a positive function 3 € C such that

< B(x,y) forall (x,y) € Jandu € R.
\fw | < B(z.y) (z.9)

If
2a"b"2||h|

I .= o o +2 . 1, 3.1
falle [l + 2Bl + sl < G0

then the problem (1.1) has at least one solution on J. Moreover, if the following hypothesis:

(Hy) there exists Ao > 0 such that, for each (x,y) € J and u € R we have
[f(z,y,u)] < Aa®(z,y),

holds, then the fixed point equation w = N (u) is generalized Ulam—Hyers—Rassias stable.

Proof. Let N be the operator defined in Remark 2.9. From [1, Theorem 4.1], we have that the
problem (1.1) has at least one solution on J. Now, we prove the generalized Ulam—Hyers—Rassias
stability of the operator N. Let u € PC be a solution of the inequality |u — N (u)| < ®(x,y) on J,
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and let v be a solution of the fixed point equation © = N (u). Then we have
v(z,y) = f(z,y,v(z,y)) [M(ZE, y)

/ / i )TQ 19(s,t,v(s,t))dtds] f(z,y) € Jo;

U(.T,y) = f(LU, Y, U(:L“,y)) |:/L($, y)

) I )
" Z < f@,0,v(z7, 0)))

1,y, v(z,y))

/ / )1y — )2 g (s, t,0(s, 1) dt ds
Tio1

/xk/ i )TQ 1g(S,t,v(s,t)) dtds} f(z,y) € k=1,

\

Then, for each (z,y) € J, it follows that

u(e, y) —v(@,y)| = [ulz, y) —(

Thus, for each (z,y) € Jo, we have

u(z,y) —v(z,y)| < (z,y) + |f(z, ¥, ulz,y)) — flz,y,0 ( )|
1‘—8 'r1 1 o 7‘2—1
w(x,y) / / ) g(s,t,u(s,t))dtds
+1f(@,y,v

$—S 7”1 1 _ )?"2 1
/ / lg(s,t,u(s,t)) — g(s,t,v(s,t))| dtds

< ®(z,y) + H@Hoo|u(33 y) (37 )l
Il + e
(1 +r)T(1 4 rg)
2017‘1()7‘2“}1/”[/00
F(l +7"1)F(1 ‘|‘T2)

)\CD(I)(xa y)

2L

[lv]loo

A‘Pq)(xay)v
and for each (z,y) € Ji, k=1,...,m, we get
lu(z,y) —v(z,y)| < ®(z,y) + [f(z,y,u(z,y)) — f(@,y,v(z,y))]

k _
" a(a ) L(u(e;,0)
9) @3( (! you(a),y) f(scr,o,uw,o»)
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/ / )1y — )2 g (s, tu(s, b)) dt ds
Ti—1

/ / x_sm i (m)t)r2 lg(s’t’“(37t))dtds

+ | f (2, y,v(z,9))|
Zk: Lu(z;,y)  Li(v(zy,y)) ‘

P f(l’fayaU(wT,y)) f g0t y)

,0)) Li(v(z;,0)) ‘
Ou(x L0)  f(a,0,0(z7,0))

1 o Y r1—1 —1
R —t T2
T (r) Z/ml/(x )"y — 1)

X |g(s,t,u(s,t)) — g(s,t,v(s,t))|dtds

xr — 5 7“1—1 t)’f‘g—].
/ / T(r)0 ( ) lg(s, t,u(s,t)) — g(s,t,v(s,t))|dtds

2L
< q’(l‘,y) + L|U(.§[I,y) - U(l'ay)| + H

oo

X

T Ae®(z,y).

Hence, by (3.1) for each (z,y) € J, k =0, ..., m, we get

1 2LAe
w(x,y) —v(x,y)| < <1+ )@x,y

=:cnoP(z,y).

Consequently, the fixed point equation u = N (u) is generalized Ulam—Hyers—Rassias stable. [

4 More existence and Ulam stability results

Now we present (without proof) some existence and Ulam stability results to the following problem

pp (MmN e
Dj, (o)) o ule ) () € 7= [0.0] < 03]

U(JJ,O) - (p(l‘); T e [O,CL], u(07y> = w(y>§ S [07 b]7

“4.1)

where a,b > 0, 0 = (0,0), “Dy, is the Caputo’s fractional derivative of order r = (ry,72) € (0, 1] x
(0,1], f: J xR = R*, g: J x R — R are given continuous function, and ¢ € AC([0,a]),y) €
AC([0, b)) with ¢(0) = (0).

Remark 4.1 Solutions of the problem (4.1) are solutions of the fixed point equation u = N (u)
where N : C — C is the operator defined by

_ B r1 1 t)T'Q—l
(Nu)(z,y) = f(z,y,u(x, [ x,y) / / (7“2) g(s,t,u(s,t))dtds|.
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Theorem 4.2 Assume that hypotheses (Hy) and (Hs) hold. If

a1 b"||h|| pee
1+ 7)1+ re)

ol e + g7 <1, “2)

then the problem (4.1) has at least one solution on J. Moreover, if the hypothesis (Hy) holds, then

the fixed point equation uw = N (u) is generalized Ulam—Hyers—Rassias stable.

S An Example

As an application of our results we consider the following problem:

“Dy M =g(z,y,u(z,y)); (z X A g -
Dek (f(%y,u(:z:,y))) _g( 'Y ( vy))’ ( ,y)G [051] [0,1], 75 2,]45 0,1,

u (%+y) =u (%iy) +1 (u ({y)) sy el0,1], G-1)
u(z,0) = (), w(0,y) =¥(y); z,y € [0, 1],

where 6 = (3,0), f,g: [0,1] x [0,1] x R =R, [1: R = R, ¢,¢: [0,1] = R,

T, Y,u) = e$+y+10(1—|— ”LLD, g\r,y,u) = eI+y+8(1+U2)’
and
8 + ¢—10)2
= o L
512e10(1 + |u|)
cem10 ifzel0,1],
p(z) = 2,10 ; 1
xTr-e y ifz e (53 1]7
and

U(y) =ye 10 forally € [0,1].
We can see that the solutions of the problem (5.1) are solutions of the fixed point equation u = A(u)

where A: PC([0,1] x [0,1],R) — PC([0,1] x [0, 1], R) is the operator defined by

(Au)(:l:,y) = f(x,y,u(x,y))[u(m,y) +I§g(x,y,u(x,y))], if (CE,y) € Jo:= [Oa %] X [07 1]9

(Au)(xvy) = f(xvyau(xvy)) u(x,y)+

(h(u(y) Ll ,0)
FE Ty u T y)) T, 0,u(ET,0))
+ Ig(L,y,u(

W)+ @y u(ey)], i (ey) € Jii= (5,1 x 0,1]

1
2
1
2

\

1
The function f is continuous and satisfies (H1) with a(x,y) = Then [|a/|oc = —5- Also,
e

et ty+10°

1
the function g satisfies (Hs) with h(z,y) = and so ||h[|L~ = —. The condition (H3)
e

er+y+8 ’
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81 Tty 81 2
holds with (i, y) = ~——. This gives [|8]loc = ===

The condition (3.1) holds with a = b = 1, m = 1. Indeed, I'(1 + r;) > %; i =1,2. A simple
computation shows that

. A simple computation gives ||u||c < 4e.

2arlbr2 ||h||Loo
L(1+r)T'(1+re)

L=l [uuuoo T 2m| Bl +

1[ 81le? 8}
< de+ ——+ —

el0 256 ' €8
< 1.
Finally, we can see that the hypothesis (Hy) is satisfied with ®(z,y) = —77s and Ao = 1.
e

Consequently, Theorem 3.2 implies that the problem (5.1) has a solution defined on [0, 1] x [0, 1],
and the fixed point equation u = A(u) is generalized Ulam—Hyers—Rassias stable.
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