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1 Introduction

In the present study we are interested in the Faedo-Galerkin approximation of solutions to the fol-
lowing class of semilinear evolution equation with a deviated argument in a separable Hilbert space

(HL (1[I, C5-)):

{ dilu(®) +g(tu(t)] + Au(t) = f(t,u(t), ulh(u(t),1)]), (1)
u(0) = wy, 0<t<T < oo '

where A : D(A) C H — H is aclose, densely defined, positive definite, self adjoint linear operator
and satisfies assumption (H1) stated later. Functions f, g and h are suitably defined satisfying
certain conditions to be stated later.

The initial results related to the differential equations with the deviated arguments can be found
in some research papers of the last decade but still a complete theory seems to be missing. For
the initial works on the existence, uniqueness and stability of various types of solutions of different
kinds of differential equations, we refer to [5]-[16] and the references cited in these papers.

The existence and uniqueness of a solution to the following semilinear evolution equation:

%(U(t)+g(t,U(t))) = Au(t) + f(t,u(?), t>0,

u(0) = o, (1.2)

has been studied by Herndndez [4] under the assumptions that A is the infinitesimal generator of
an analytic semigroup of bounded linear operators defined on a Banach space B and f and g are
appropriate continuous functions on [0, 7] x W into B where W is an open subset of B.

Hernandez and Henriquez [11, 12] established some results concerning the existence, unique-
ness and qualitative properties of the solution operator of the following general partial neutral func-
tional differential equation with the unbounded delay:

d
dt

(U(t) - g(t>ut)) Au(t) + f(tv ut)a t> 07
ug = ¢ € Cy, (1.3)

where A generates an analytic semigroup on a Banach space B, g and f are continuous functions
from [0, 00) x Cp into B and for each u : (—o0,b] — B, b > 0 and t € [0, b], u; represents, as
usual, the mapping defined from (—oo, 0] into B by

ut(0) = u(t +6) for 6 € (—o0,0].

Also the approximation of a solution to a nonlinear Sobolev type evolution equation has been
studied by Bahuguna and Shukla [1] in a separable Hilbert space (H, ||.||, (.,.)), where the linear
operator A satisfies the assumption (H 1) stated below so that A generates an analytic semigroup.
The functions f and g are some appropriate continuous functions of their arguments in H. The
Faedo-Galerkin approximations of a solution to the particular case of (1.1) where g,h = 0 and
f(t,u) = M (u) has been considered by Milleta [3]. The more general case has been dealt with by
D. Bahuguna, S.K. Srivastava and S. Singh [2].
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2 Preliminaries and Assumptions

In this section, we shall provide the assumptions, notations, notions and related results needed for
the subsequent sections. We assume that the operator A satisfies the following.

(H1) Ais aclosed, positive definite, self-adjoint, linear operator from the domain D(A) C H of A
into H such that D(A) is dense in H, A has the pure point spectrum

0< A <A <A<

and a corresponding complete orthonormal system of eigenfunctions {u;}, i.e., Au; = \ju;
and (u;,u;) = 6;5, where 0;; = 1 if i = j and zero otherwise.

These assumptions on A guarantee that —A generates an analytic semigroup, denoted by S(t),
t>0.

We mention some notions and preliminaries essential for our purpose. It is well known that
there exist constants A/ > 1 and w > 0 such that

ISt < Me*t, t>0.

Since — A generates the analytic semigroup S(t), t > 0, we may add ¢/ to — A for some constant c,
if necessary, and in what follows we may assume without loss of generality that ||S(¢)]| is uniformly
bounded by M, i.e., ||S(t)|| < M and 0 € p(A). In this case it is possible to define the fractional
power A% for 0 < a < 1 as closed linear operator with domain D(A%) C H (cf. Pazy [17], pp.
69-75 and p. 195). Furthermore, D(A®) is dense in H and the expression

[e]la = [[ A%,

defines a norm on D(A®). Henceforth we represent by H,, the space D(A®) endowed with the
norm ||.||o. Also, for each o > 0, we define H_, = (H, )", the dual space of H, is a Banach space
endowed with the norm ||z||—, = ||[A~%z||. In the view of the facts mentioned above we have the
following result for an analytic semigroup S(t), ¢ > 0 (cf. Pazy [17] pp. 195-196).

Lemma 2.1 Suppose that — A is the infinitesimal generator of an analytic semigroup S(t), t > 0
with ||S(t)|| < M fort > 0and 0 € p(—A). Then we have the following properties.

(i) Hy is a Banach space for 0 < a < 1.

(ii) For0 < 6 < a < 1, the embedding H,, — Hj is continuous.

(iii) A% commutes with S(t) and there exists a constant C, > 0 depending on 0 < o < 1 such
that
JA°S(0)] < Cat™®, 0.

For more details on the fractional powers of closed linear operators we refer to Pazy [17].

It can be seen easily that Ci* = C([0,t]; H,), for all ¢ € [0, T, is a Banach space endowed with
the supremum norm,

[¥llt,0 := sup [[¢(r)]la, ¥ € CF.
0<r<t
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We set, C ™ = C((0,T); Ha1) = {y € C3 : [y(t) — y(s) a1 < Lt — 5|, 2, s € [0, 7]}, where
L is a suitable positive constant to be specified later and 0 < o < 1.

We assume the following conditions:

(H2) Let U; C Dom(f) is an open subset of R x H,, x H,_; and for each (¢, u,v) € U; there is
aneighborhood V; C Uj of (¢, u,v). The nonlinear map f : Ry x H, x H,—1 — H satisfies
the following condition,

It 2, 9) = F(s,9.9) < Lyllt = sI™ + [l = ylla + ¥ = Dlla-],
where 0 < 0; < 1,0 <« <1, Ly > 0isaconstant, (t,z,1) € V1, and (s,y,iﬂ) e .

(H3) Let Uz C Dom(h) is an open subset of H,, x R and for each (z,t) € Us there is a neighbor-
hood Vo C Us of (z,t). The map h : H, x Ry — Ry satisfies the following condition,

Az, t) = h(y, s)| < Lile = ylla + |t — %],
where 0 < 6, < 1,0 < a < 1, L, > 0is aconstant, (z,t), (y,s) € Vo and h(.,0) = 0.

(H4) Let Us C Dom(g) is an open subset of [0,7] x H,—_1 and for each (¢,x) € Us there is a
neighborhood V3 C Us of (x,t). There exist positive constants 0 < o < 3 < 1, such that the
function A”g is continuous for (,u) € [0, Ty] x H,_1 such that

|A4%g(t.2) — A%g(s. )| < Ly{lt — sl + & — yllas}, and
AL AP < =p <

where L4, 1 > 0 is positive constants and (z,t), (y,s) € Va.

3 Approximate solutions and convergence

The existence of a solution to (1.1) is closely related to the following integral equation (3.1).

Definition 3.1 A continuous function u : [0, T) — H is said to be a mild solution of equation (1.1)
if u is the solution of the following integral equation

u(t) = S(t)[w(0) + g(0,u0)] — g(t, u(t)) + /0 AS(t — s)g(s, u(s))ds
ds

n / S(t — 8)f (s, u(s), ulh(u(s), 5)))
0
[0 T] (3.1)

and satisfies the initial condition u(0) = uy.

Definition 3.2 By a solution of the problem (1.1), we mean a function v : [0,T] — H satisfying
the following four conditions:
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(i) u() +g(u(.) € Cx7 N CH(0,7), H) N C([0,T], H),

(ii) u(t) € D(A), and f(t,u(t),ulh(u(t),t)]) € Uy,
(iii) glu(t) +g(t,u(t)] + Alu(®)] = f(tu(t), ulh(u(t),t)]) forall t € (0,T),
(iv) u(0) = ug.
Let H,, C H denote the finite subspace spanned by in {ug, u1,--- ,u,} and let P* : H —
H,, be the corresponding projection operator for n = 0,1,2,---. We can prove that assumptions

(H2)-(H3),0 < o < 1 and u € Cf, imply that f(s,u(s), u[h(u(s), s)]) is continuous on [0, Tp].
Therefore, we can show that there exists a positive constant /N such that

1f (s, u(s), ulh(u(s), $)))| < N= Ly[Ty" + R(1 + LLy) + LLyTg?] + No,

where Ny = || f(0, uo, up)||. Similarly with the help of the assumption (H4), we can show easily
that || A%g(t, u(t))|| < Lg[To + B] + [l9(0, uo)||a = M.

We define
gn Ry X H— H; gn(t,u(t)) = g(t, P u(t)) .

and

fo Ry X H X H — H; fu(t,ut), ulh(u(s), s)]) = f(t, P"u(t), P"u[(h(u(t),1))])

We set
W ={uecknCH " :u0) =uo, |lu—muollna <R}

Clearly, W is a closed and bounded subset of C%;l.

Theorem 3.3 Ler us assume that the assumptions (HI)—(H4) are satisfied and ug € D(A®) for 0 <
«a < 1. Then there exists a unique u,, € C%O_l N C%O such that F,u, = uy foreachn =0,1,2,...,
i.e., uy satisfies the approximate integral equation

t
un(t) = S(t)[U(O)Jrgn(O,UO)]—gn(t,U(t))wL/o AS(t = 5))gn(s, u(s)) ds

t
+/ S(t — s)fu(s,u(s),u[h(u(s),s)])ds,t € [0, Tp] . (3.2)
0
Proof. For a fixed R > 0, we choose 0 < Ty = Tp(av, B, ug) < T such that

TS
caH_ﬁLgOfa + CoLy[2+ LL,)Ty > <1—17 (3.3)

where 17 = 4L, || A% #~1|| < 1 and T < min (dy, d2) with

1
B—a

dy = (f(ﬂ - a)(cl—f—a—,BLg)_l) ; (3.4)

-

11—«

dy = (fu —a)(C,[2 + LLh}Lf)—1> (3.5)
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and satisfying the following

_ R
1(S(t) = 1) Ao + gn (0, uo)]|| + [[A*P|| Ly [Ty + R] < 5 (3.6)
forall t € [0, Tp].
TS T R
< —. .
Ca+1_6Nlﬂ—a+CaN1—a_ 5 (3.7
For more details of choosing such a Tj, we refer Theorem 2.2 of [10].
We define a map F,, : W — W given by
t
(Fuu)(6) = SO10) + gu0.10)] = gu(t.0(0) + [ AS(t = 5)gn(s,u(s)) ds
¢
—i—/ S(t — ) fn(s,u(s),u[h(u(s),s)])ds,t € [0, Tp].
0
3.9)

In order to prove this theorem first we need to show that F,u € C%O_l for any u € C%O_l. Clearly,
Fn: CF, — C.

IquC%;l, Ty >to >t1 >0, and 0 < @ < 1, then we get

[(Fnu)(ta) — (Fau)(t1)lla—
< [[(S(t2) — S(t1))(uo + gn (0, uo))lla—1

H AT AP g (b2, ulta)) — AP gu(tr, u(t))]
t1
) S(tz — 5) = S(t1 = 5)) A% [lgn(s, u(s)) |l ds

+ [ 80— )4 (s, u(s)) ] ds
+ " S(ts — 8) — S(tr — ) A || fuls, u(s), ulh(u(s), 5)) | ds

+ Sty — 8) A ||| (s, u(s), u[h(u(s), s)])| ds. (3.9)

t1

For the first part of right hand side of (3.9), we have,
1S (t2) — S(t1))(uo + gn (0, w0))l[a—1
to
< [ 1A (5) o+ g2 (000

t1

— / T 11A%S(5) (o + gn(0, uo)) | ds

t1

to
S/t 1S I[l[wolla + 11 A2 (191 (0, uo))|| 5 ds]
< Ci(ty — t1) (3.10)
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where C1 = [||uo||o + |A*~?|[llgn (0, uo) || 5] M.
For the second part of right hand side of (3.9), we can see that
1A% Y[ A% g (t2, u(t2)) — APgn(tr, u(ty))]
< AP Lg[(t2 — 1) + Ju(t2) — u(tr)la-1]
< AT [Lg (1 + L)) (k2 — t1)
< Co(te —t1).

(3.11)

where Cy = || A*"#=1||[L,(1+ L)]. To handle the third and fifth part of the right hand side of (3.9),

observe that,
to—1t1
[S(t2 =) = S(t1 = 8)[a-1 < / |A*~ES" (1) S (81 — s)| dl
0

to—11
< / IS AS(t1 — 5] dl
0
< MCa(tQ — tl)(tl — S)ia.

Now we use the inequality (3.12) to get the bound for fifth part as given below,

/0 1 1(S(ta — 5) = S(tr — ) A || fu(s, u(s), ulh(u(s), s)])| ds
< C3(tg — t1),

1—
T, “
11—«

where C3 = NMC,,

. Similarly for third part we have,

/0 l 1(S(ta = s) = S(ts — ) A P|| | A g (s, u(s))])]| ds
< Cy(ta —t)

where Cy = N1 M CaTol +2=8 For the bound of the sixth part, we have,

/ 1S (2 — ) A [ fuls, uls), ulh(u(s), 5))) | ds

t1
< Cs(ty — 1),

where C5 = ||A%~1||M N. Finally for the fourth part we have the following

/ 1Stz — $) A7 A%gu (s, u(s)) | ds

t1
< Cg(ta — t1),

where Cg = || A*P|| M Ny,

3.12)

(3.13)

(3.14)

(3.15)

(3.16)

We use the inequalities (3.10), (3.11), (3.14)—(3.16) in inequality (3.9) to get the following

inequality,

[(Fru)(te) — (Fou)(t1)|la—1 < Llt2 — t],

3.17)
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where, L = max{C;, i = 1,2,---6}. Hence, F,, : C%O_I — C%O_l follows.

Our next task is to show that F,, : W — W. Now, for t € (0,7p] and u € W, we have

[(Fnu)(t) = uolla < [I(S() = I)A%[uo + gn (0, uo)]]|
HIAY 1A% g (t, u(t))) — A% (0,u(0))]

+/ 1St — 5) AT 2| A%gn (s, u(s)))) | ds
0

+/ 15(t = s)A%[[[| fu(s, u(s), ulh(u(s), 5)])[ ds
0

< ||(S(t) = I)A[ug + gn (0, u0)]|| + | A*P||Lg[T} + R]
B—a Tol—Oé

T
Claa—pN1 =2 CaN :
+C1ta-p 15—a+ N T

Hence, from inequalities (3.6) and (3.7), we get
[Fru —uolmy,0 < R.
Therefore, F, : W — W.
Now, if t € (0,Tp] and u,v € W, then

[(Frnu)(t) = (Fnv)(B) o
< 1A A7 ga (2, u(t) — A%ga(t, o(t))l]

t
+/0 1St — 5) AT 0)[[| APgn(s,u(s))) — APgn(s,v(s))l| ds.
t
+/0 15(t = s)A%[[[| fu(s, u(s), ulh(u(s), 5)])
= Iu(s,v(s), v[h(v(s), s)])| ds. (3.18)

We have the following inequalities,

14%gn (t, u(t))) = A%gn(t, v(D))I| < LgllA™ [[lw = vl 7y,0, (3.19)

[fn(s,u(s), ulh(u(s), s)]) = fu(s,v(s), v[(v(s), s)])]
< L2+ LIyl — vllz 0 (3.20)

We use the inequalities (3.19) and (3.20) in the inequality (3.18), we get

(B—a)
e T,
[(Fauw)(t) = (Fao)(@)lla < [(LgllA*7 1H+Cl+a76Lgﬂoﬁ)
(1-a)
+Co L2+ LLy)-"—]||u — 0|73 a- (3.21)

11—«

Hence from inequality (3.3), we get the following inequality given below

| Fru — -’rn”HTma <|lu— U”To,oz'
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Therefore, the map F,, has a unique fixed point u,, € ¥V which is given by,

un(t) = S(#)[uo + gn(0,u0)] — gn(t, u(t)) +/0 AS(t = 5)gn(s, u(s))) ds,

/ S(t — 8) fals, u(s), ulh(u(s), s)]) ds, ¢ € [0,Ty).
(3.22)

Hence, the mild solution u,, of equation (1.1) is given by the equation (3.22) and belong to W,
hence, the theorem is proved. U

Lemma 3.4 Let (HI)-(H3) hold. If ug € D(A®), then u,(t) € D(AY) for all t € (0,Tp] where
0 <9 < B < 1. Furthermore, if ug € D(A), then u,(t) € D(A”) for all t € [0, Tp], where
0<¥I<B<L

Proof. From Theorem 3.3, we have the existence of a unique u,, € Cf; N C’%O_l satisfying (3.22).
Part (a) of Theorem 2.6.13 in Pazy [17] implies that for t > 0and 0 < ¥ < 1, S(¢) : H — D(AY)
and for 0 < ¥ < B < 1, D(AP) C D(AY). (H2)~(H4) implies that the map t +— APg(t, u,(t)
is Holder continuous on [0, 7p] with the exponent p = min{~y, ¥} since the Holder continuity of
Uy, can be easily established using the similar arguments from (3.9) to (3.16). It follows that (cf.
Theorem 4.3.2 in [17])

/t S(t — 5)APgn(s,un(s))ds € D(A).

Also from Theorem 1.2.4 in PZzy [17], we have S(t)z € D(A) if x € D(A). The required result
follows from these facts and the fact that D(A) C D(AY) for0 <9 < 1. O
Lemma 3.5 Let (H1) and (H2) hold. If ug € D(A®) and to € (0, Tp] then

lun(@)|lo < Uy, a<id<pB, telte,To], n=12---,
for some constant Uy,, dependent of to and

lun()|ly <Up, 0<V¥<a, te€[0,Tp], n=1,2,---,
for some constant Uy. Moreover, if ug € D(A), then there exists a constant Uy, such that

lun(t)]y <Up, 0<VI<pB, tel0,Tp], n=12,---
Proof. First, we assume that ug € D(A%). Applying AY on both the sides of (3.22) and using (iii)
of Lemma (2.1), for ¢ € [tg, Tp] and o < 9 < 3, we have

lun(®)]ly <IA”S(E) (1o + 9 (0, uo) || + | AP | A% g (t, un(8))]

t
+/ |AMPZES(t = 8)I| | A%gn(s, un(s)) | ds

/ 15t = $)A”|| || fu(s, wn(s), unlh(un(s), s)))|| ds

<Coty” (fuoll + llgn(0, uo]l) + | A"~ 7| Ny

T, (=9 7,09

N
5 Q9+Cﬁ 1=

+ Cl+19 6N1 < Ut()'
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Again, for t € [0,Tp] and 0 < ¥ < «, ug € D(A”) and

lun(®)llo <M (A w0l + 119 (0, doll9) + | A” =7 Ny

ToB=) T,1=7)

_gN{—— N
+ Cr49-8 15_19 + Cy -

< Up.

Furthermore, if ug € D(A) then ug € D(AY) for 0 < ¥ < (3 and we can easily get the required
estimate. This completes the proof of the proposition. (]

4 Convergence of Solutions

In this section we establish the convergence of the solution u,, € X (Tp) of the approximate integral
equation (3.22) to a unique solution u of (3.1).

Theorem 4.1 Let (HI)—(H4) hold. If uy € D(A®), then for any ty € (0, To),

lim sup |un (t) — wum(t)|la = 0.
M=00 fn>m, to<t<To}

Proof. Let0 < a < ¢ < . Forn > m, we have

[ (&t (8), wun [P(un (£), 0)]) = fon (£, tan (£), thm [Pt (2), D)) )|
St un(t), un [h(un (), 1)]) = fo (b, wm (), um[h(um(t), ]|
Ffn (& (), [ (8),8)]) = fon (£, wn (£), tom [ (i (), )] )]
< Lp(1+ LLp)[[lun(t) = um(®)lla + [|(P" = P™)um(t)]]o]-

Also,

I(P™ = P™)um(t)]|o < |A*77(P" = P™)A%um (1)] < 1A% ().

9—
Am ¢

Thus, we have

[ (8, wn (), tn[P(un (2), 0)]) = fin (E, i (£), i [A(um (£), )]
< Lp(1+ LLp) [|un(t) = um(t)o + Aﬁl_a 1A% wm ()]

m

Similarly

HA’Bgn(t, un(t)) - Aﬁgm@a um(t))H
< HAﬁgn(t’ un(t)) - Aﬂgn(t, Um(t))H + ||Aﬁgn(t, um(t)) - Aﬁgm(t, um(t))H

< LollA™ [llun(t) — wm ()l + Xgl_a 1A% (1)1

m
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Now, for 0 < t{, < to, we may write

[un () = um(t)lla
< [15(t) A% (gn (0, o) = gm (0, uo))||
+ (1A% A% (t, un (1)) — A% g (t, um (D))

+( /0 [ YA (0= A0 (5,10 (5)) — A ()]

([ e 1A= s (5) 51, 5))
— s, (), (5), ) .

We estimate the first term as

15 () A%(9n (0, u0) = gm (0, uo))|
< M| A*7|| | APg(0, P"ug) — A%g(0, P™uo)|
< M| AP L |(P™ — P™) A% .

The first and the third integrals are estimated as

/0 AP ()| [ A ga(s, un(s)) — A%gm(s, um(s))] ds

< 201+a—5N1 (tO - t())_(H-a_B)tE)?
to
/0 [AS(E = )| [[fn(s, un(s), un[h(un(s), $)]) = frm(s, tm(s), um[h(um(s), s)])|| ds
< 2C, Nty — ty) ™ “tp-

For the second and the fourth integrals, we have

t
| A BS (1 — )| | A%gn (s, 1n(5)) — APg (5, um(s)) | s

t

t
_ 1
< Ciya-—plyllA 1\|/t,[Hun(8)—um($)Ha+ )\ﬁ_aHAﬁum(S)\HdS
0 m

Uy, Ty B—)

< CHa_BLgHAlH(W

b [ =) — )l ts),

to

t
/t, [A%S(t = s)[[[| fn(s, un(s), un[h(un(s), 8)]) = fin(s, um(s), um[h(um(s), s)])| ds

t
< Caly(1+ LL) [ luas) = n(9)]lo + 55 4% (9] ds

0 m

Ut/TO(lia) t
< CoLp(1+LL °+/ t = 5)" 7w () = win(s)lla ds ).
< CaLy(U+ L) (32— oy + , (=97 ) = sl )
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Therefore,

lun (t) = wm (t)lla SM AP Lg||(P™ — P™) A%uq|

Uy
a—pB—-1 _ t
o [ T () ummuﬁ%a)
Cira—pi CaN N\, Uy
th 4+ Clyg—
(to - t6>1+a—6 (to — t6)0‘> 0 B )\fn—a
¢ /CoLi(1+LLy)  Cria-—pLyg|| A7
" /te ( (t — s)ne=DH+L (¢ — s)nla=fH)+1 ) [un(s) = um(s)|la ds,

+2(

Where (1-a) (B—a)
To\ =@ I\
Cap = CoLs(1+ LLy) T CryapLgllA7Y Ta

Since ||A“A~L||L, < 1, we have

1
(1= [JA>=F=1||Ly)
Cl—l—a—ﬁNl CQN > ’
t C 70}
(tO _ t6)1+a—,8 + (t[) _ ta)a 0ot a,f )\?n_a

t(Caly(14LLy)  CisasLelA7!]
+/ <<t_s)n<a1>“ (t — s)ma-B)+1 )l (s) = (5l s

U%

9 \9—
A

[t () = um (t)[la <

{MIP" = Py Avug] + 4

+2(

to
Lemma 5.6.7 in [17] implies that there exists a constant C such that
[tn(t) = wm(t)|la

1
<
~ (1= A2 L)

Clia s CaN .,
+ 2((750 —yras T = t6)a>t0}a

Uté
Aﬁfa
m

{MII(P" = P™) A% + (|| A*7H | Lg + Cayp)

Taking supremum over [to, Tp] and letting m — oo, we obtain

lim sup Hun(t) — Um (t) Ha
M= (n>m,teto, To]}

2 Cl—l—a—,BNl CaN /
< t,C.
(1 [|Ae=FL L) <(to —tp)tre=h " (to — té)a) 0

As t{, is arbitrary, the right hand side may be made as small as desired by taking ¢(, sufficiently small.
This completes the proof of the proposition. ([l

Corollary 4.1 Ifug € D(A) then

lim sup |tun(t) — um(t)]|o = 0.
M09 (n>m, 0<t<Tp}
Proof. Propositions 3.4 and 3.5 imply that in the proof of Proposition 4.1 we may take ¢ty = 0.

With the help of theorems 3.3 and 4.1 For the convergence of the solution w, (t) of the approxi-
mate integral equation (3.22) we have the following result. O
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Theorem 4.2 Let (HI)—(H4) hold and let ug € D(A®). Then there exists a unique function u,, € W
Un(tz = S(t)[u(0) + gn(0,u0)] — gn(t, un(t))
+/0 AS(t = $)ga(s, un(s)) ds
/ St — 8)fn(5, tn(5), tn o (un(s), 5)]) ds, £ € [0, Th)
andu € W
u(t) = S()[u(0) + g(0,uo)] — g(t, u(?))
+/t AS(t — sg(s, u(s)) ds + /Ot S(t — 5)f(s, u(s), ulh(u(s), s)]) ds, ¢ € [0,T)]

0

such that u,, — u as n — oo in YW and u satisfies (3.1) on [0, Tp].

5 Faedo-Galerkin Approximations

For any 0 < t < Tp, we have a unique v € W satisfying the integral equation
u(t) = S(t)[u(0) 4+ g(0,up)] — g(t, u(t / AS(t — s)g(s,u(s))ds
+ /Ot S(t—s)f(s,u(s),u[h(u(s),s)])ds, t €[0,Tp]. (5.1)
Also, we have a unique solution u,, € X, (Tp) of the approximate integral equation
un(t) = S#)[u(0) + gn(0,u0)] — gn(t, un(t)) + /Ot AS(t = 5)gn (s, un(s)) ds

/ S(t — ) Fa(5, tun(s), tnln (un(s), $)]) ds, £ € [0, Ty). 52)

n

If we project (5.2) onto H,,, we get the Faedo-Galerkin approximation ., (t) = P™u,(t) satisfying

in(t) = S(t)[u(O)Jrgn(O,uO)]gn(t,ﬂn(t))+/ AS(t = s)gn(s, in(s)) ds

/ S(t — 8) fn(s,tn(s), Un(hn(tn(s),s)))ds, t € [0,Tp). (5.3)

The solution w of (5.1) and 4, of (5.3), have the representation
= Zai(t)ui, ai(t) = (u(t),u;), i=0,1,...; (5.4)
Za Yui, () = (Gn(t),us), i=0,1,...; (5.5)

As a consequence of Theorems 3.3 and 4.1, we have the following result.
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Theorem 5.1 Let (HI)—(H4) hold and let uy € D(A®). Then there exists a unique function t,, € W
t
nlt) = S@(0) + (0, u0)] = g (t, 10 1) + [ AS(E— 5)gn(s,(s)) d
0
t
+/ S(t - S)fn(37 ﬁn(s)a an[hn(an(s)a 3)]) ds, t e [07 TO]
0

andu € W
u(t) = S)[u(0) +g(0,uo)] — gn(t,a(t))

+/0 AS(t = 5)g(s,u(s)) ds

+/ S(t—s)f(s,u(s),ulh(u(s),s)])ds, t € [0,To]
0

such that G, — wasn — oo in W and u satisfies (3.1) on [0, Tp].

Now, we shall show the convergence of o (t) — «;(t). It can easily be checked that

o0

Au(t) = (1)) = A% Y (ealt) = af (D)us]| = D_ A (ault) = af (1)) s
1=0

=0

Thus, we have
|A“[u(t) — an(D]IP =) A (au(t) — o} (1))
i=0

We have the following convergence theorem.
Theorem 5.1 Ler (H1) and (H2) hold. Then we have the following.

(a) If ug € D(A®), then for any 0 < to < Ty,

n

lim  sup [Z)\?a(ai(t) —agl(t))ﬂ ~0.

n—oo
to<t<Tp - {3

(b) If up € D(A), then

lim sup { A2 (i (t) — alM(t 2} =0.
fim sup [ 3208 au(t)~ of(0)

The assertion of this theorem follows from the facts mentioned above and the following result.

Proposition 5.2 Let (H1) and (H2) hold and let Ty be any number such that 0 < Ty < tyax, then

we have the following.

(a) If ug € D(A®), then for any 0 < to < Ty,

lim sup | A%t (t) — G ()] = O,
0 {n>m,to<t<Tp}
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(b) If ug € D(A), then

lim sup | A%t (t) — i (2)]]| = 0.
=00 (1 >m,0<t<Tp}

Proof. Forn > m, we have

[ A [n (t) = am (D] = | A [P un (8) = P um (8)]]
< 1P [un(t) = um(®)]lla + [1(P™ = P™)umlla

1
< Jun(t) = um(t)[la + i—a 1At
m
If ug € D(A®) then the result in (a) follows from Proposition 4.1. If ug € D(A), (b) follows from
Corollary 4.1. g

6 Examples

Let X = L?(0,1). We consider the following partial differential equations with a deviated argu-
ment,

Ofw(t, z) + du fr(t,w(t, z))] — O2w(t, x)]
:fg(a:,w(t,x))—|—f3(t,:17,w(t,x)), T e (Oal)v t>0,
w(t,0) =w(t,1)=0,tec[0,T], 0<T < o0,

’LU(O,.’L‘) =1up, T € (Oa 1)7

6.1

where
fo(z,w(t,x)) = /0 K (z,s)w(s, h(t)(a1|w(s,t)| + bi|ws(s,t)])) ds.

The function f3 : R4 x [0,1] x R — R is measurable in x, locally Holder continuous in ¢, locally
Lipschitz continuous in v and uniformly in x. Further we assume that a;,b; > 0, (a1,b1) # (0,0),
h : Ry — Ry is locally Holder continuous in ¢ with 2(0) = O and K : [0, 1] x [0,1] — R.

We define an operator A as follows,
Au = —u" with uw € D(A) = {u € H}(0,1) N H*(0,1) v" € X}. (6.2)
Here clearly the operator A is self-adjoint with compact resolvent and is the infinitesimal gen-

erator of an analytic semigroup S(t). Now we take o = 1/2, D(A'/?) = H}(0,1) is the Banach
space endowed with the norm,

|2]l1j2 = |42z, = € D(A"?)
and we denote this space by X /5. Also, for ¢ € [0, T, we denote
C;* = C([0,4); D(A'?)),

endowed with the sup norm

4]

v1j2 = sup ()]s ¥ EC
0<r<t
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We observe some properties of the operators A and A'/2 defined by (6.2). For u € D(A) and
A € R, with Au = —u" = Au, we have (Au, u) = (Au, u); that is,

(—u,u) = [u'[7> = Mulf,
so A > 0. A solution v of Au = Au is of the form
u(x) = C cos(VAz) + Dsin(vVAz)
and the conditions 1u(0) = u(1) = 0 imply that C = 0 and A = \,, = n?72, n € N. Thus, for each
n € N, the corresponding solution is given by
un(z) = Dsin(y/ Anz).

We have (u,, u,,) = 0 for n # m and {(u,,u,) = 1 and hence D = /2. For u € D(A), there
exists a sequence of real numbers {«, } such that

u(@) = onun(x), > (an)’ <+oo and Y (An)*(an)? < +o0.

neN neN neN

A1/2u(w) = Z \/E ap, Up ()

neN
withu € D(AY2); thatis, 3", .y Anlam)? < +00. X 1
2

index with the equivalent norm ||.|| _1 = Y% | |{., u,)|?. For more details on the Sobolev space of
2

‘We have

= H'(0,1) is a Sobolev space of negative

negative index, we refer to Gal [10].

The equation (6.1) can be reformulated as the following abstract equation in X = L2(0,1):

S ult) + gl u®)] + Au(t) = (6 u(t),ulh(u(t), 1)) >0
u(0) =y, (6.3)

where u(t) = w(t, .) thatis u(t)(r) = w(t,x), z € (0, 1). The function g : Ry x X5 — X, such
that g(t, u(t))(x) = 0, f1(t,w(t, z)) and the operator A is same as in equation (6.2).

The function f : Ry x X5 X X_1/5 — X, is given by
f(taw’g)(x) :f2($,£)+f3(t,x,1!1), (64)
where f2 : [0,1] x X — H}(0,1) is given by

Rt = [ K, 65
and f3 : R x [0,1] x H?(0,1) — HZ(0,1) satisfies the following
1fa(t, 2, V)| < Qa, ) (1 + [Pl 52(0,1)) (6.6)

with Q(.,t) € X and @ is continuous in its second argument. We can easily verified that the
function f is satisfied the assumptions (H1)—(H4). For more details see [10].
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