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1 Introduction

The object of our investigations is the degenerate equations of the following type

;B(x,t,u) + A(u) = F(x,t), (z,t) € Q, (1.1)

where @ := Q x (0,7), Q is a domain in R" (n € N), A is a differential expression of the elliptic
type, B, F are given functions. The function B may be such that B(z,t,u) = u for every u € R
and for a.e. (x,t) € @1, and B(x,t,u) = 0 for every u € R and for a.e. (z,t) € Q \ Q1, where
(1 is an arbitrary measurable subset of (). These equations are the elliptic-parabolic equations
(see [32]). The various problems for equation (1.1) are investigated in [2], [3], [5], [18], [19], [20],
[31], [32] etc. For the linear B, A corresponding problems are considered in [31], [32]. If the
nonlinear function B independs of the spatial variable x, then the solvability of the problems for
systems of equations (1.1) is proved in [2]. The case of the dependence of the nonlinear function B
only on x and w is considered in [20].

The mentioned above papers are devoted the equations with the constant exponent of nonlinear-
ity, for example, equations (1.1) with A(u) = —div(|Vu|[P=2Vu), where p = const. If the exponent
of nonlinearity p is a function of the variable x, then (1.1) are the equations with variable exponents
of nonlinearity (see [27]). Nowadays, nonlinear differential equations with variable exponents of
nonlinearity actively being studied (see, for example, [1], [4], [6], [7], [8], [9], [10], [11], [12], [13],
[25], [26], [27] and references given there). These equations describe many physical processes
(see [25], [30]) such us electromagnetic fields, electrorheological fluids, image reconstruction pro-
cesses, current flow in variable temperature field. The solutions of these problems belong to some
generalized Lebesgue and Sobolev spaces. The mentioned spaces were firstly introduced in [29].
Properties of these spaces were studied in [16], [22], [24], [28], [29], [33] and others.

In this paper we consider the initial-boundary-value problems for the elliptic-parabolic equa-
tions with variable exponents of nonlinearity. A typical example of the equations being studied here
are

n

O by = (@l Dl PO, ) o Dl fr),(12)
i=1 i

(z,t) € @, where b is a measurable bounded function such that b(z) > 0 for ae. = € €,
ag, . .., a are measurable positive functions, po, ..., p, (the exponents of nonlinearity) are mea-
surable bounded functions such that po(x) > 1, ..., pp(x) > 1 fora.e. x € Q, f is an integrable
function.

Notice that the unique solvability of the initial-boundary-value problems for the equations
similar to (1.2) with b(x) = const > 0 are investigated in [1], [4], [17], [21], [34]. In case
p1(x) = const, ..., pp(x) = const the problems for the equations similar to (1.2) are studied
in [3], [18], [20], [31], [32]. In this paper we consider the mentioned cases together. Such situation
was investigated only in [5], but here we use the weaker conditions for initial date as compared
to [5].
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2 Notation and auxiliary facts

Letn € N, T > 0 be some numbers, |- | be norm of the space R™, i.e. || := (|z1|>+. ..+ |z,|?)"/?

ifx = (z1,...,2,) € R™ Suppose 2 C R” is a bounded domain with the piecewise smooth
boundary 0f), 02 = 'y U I'1, where I'y is the closure of an open set on 0f), in particular, either
Ip=0o0rTy=00T;:=00\ Ty, v=(11,...,Vy,) is a unit outward pointing normal vector on

the 9. Put Q := Q x (0,T), 8o := Ty x (0,T), 5y := Ty x (0,7).

Let us introduce some functional spaces. Let either G = Q or G = Q. Suppose that € L (2),
r(z) > 1forae. v € Q. Consider a linear subspace L,.(.)(G) of the space Ll(G) which consists
of the measurable functions v such that pg,(v) < oo, where pg - (v) == [, [v(z ) dx if G =
Q, and pg,(v) = f lv(z,t)]"® dzdt if G = Q. This is a Banach space W1th respect to the
norm H’UHLT(‘) @) = mf{/\ >0 par(v/A) <1} (see [22, p. 599]) and it is called a generalized
Lebesgue space. Note that if r(z) =ro = const > 1 for a.e. x € Q then || - || Lo (@) equals to the
standard norm || - ||z, () of the Lebesgue space Ly, (G). Note also that the set C (G) is dense in
L,y(G) (see [22, p. 603]). According to [22, p. 599], if eiseiélfr(ﬂ:) > 1, then the space L,(.y(G)
is reflexive and the dual space [L,(.)(G)]* equals L,/(.y(G), where the function ' is defined by the
equality % + ﬁ = 1 for a.e. x € (). But there exist properties of standard Legesgue spaces
that is not valid for generalized Lebesgue spaces (see [33] for more details). Thus the properties of

the generalized Lebesgue spaces are not simple corollaries of the correspondent properties of the
standard Lebesgue spaces (see, for example, the mentioned papers, and Lemmas 1, 2 below).

Consider the functions p = (pg,...,pn) : @ — R and b : Q — R such that following
conditions are satisfied:
(P) forevery i € {0,1,...,n} p; : 2 — R is a measurable function such

that p; := eiseisrllfpi(az) > 1,pf = essesgtzlppi(x) < +o0,
X

(B)b € Loo(£2), b(x) > 0 forae. x € Q.

Denote by p' = (p},...,p),) : & — R"" the vector-function such that le) + =1 for

ae.z €@ =0,n).

1
()

Now let us give the definitions of the following functional spaces. First, denote by Wz}(~)(Q)

a generalized Sobolev space of functions v € L, ()(£2) such that vy, € L, ()(Q), ..., vz, €
Ly, ((€2). This is a Banach space with respect to the norm

n
lollwa @) = ol @ + D llosll,, @)
i_1

Let I/Tfl( )(Q) be the subspace of Wl( )(Q) that equals to the closure of the space C(Q) := {v €
C1(Q) | v|p, = 0} with respect to the norm || - le @)

Put by definition V? := {v € Wl( ()| b'/2v € Ly(Q)}. It is easy to verify that VDisa
Banach space with respect to the norm

lellvg = lollws oy + 15201 (0.
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Further, denote by Wpl(’g(Q) a space of functions w € Ly, (y(Q) such that wy, € Ly, (1(Q), ...,
Wy, € Ly, y(Q). Consider this space with the norm

ellyzs gy = lellz,yg @ +Z|\ el @

Define Wpl(o) (Q) be the subspace of the space W;(’g (Q) that equals the closure of

@ ={we C@Q)|ws, € CQ) (i =T1,n), wl|s, =0}

with respect to the norm || - [| ;1.0 Q)"
p(-)

By definition, put U? := {w € /VIV/;((;(Q) | b'/2w € C([0,T); Lo(Q))}. It is easy to verify that

this is Banach space with respect to the norm

— 1/2 .
el = s ) + mas [9/2CuCB)llzaco

Clearly, for every w € [U;,’ we have w(-,t) € V;,’ forae. t €[0,7).

Finally, denote by I,y a space of vector-functions (fo, f1,..., fn) such that f; € L, ()(Q), and

fi = 0 a.e. in some rEighborhood of the surface 31 (: = 0,n). Denote by HP the closure of the
space {b'/?v|v € C(Q)} with respect to the norm || - ||, (o)

Note that if b(x) > by = const > 0 for a.e. z € (2, then V;’,) continuously embeds in La(£2), U;f
continuously embeds in Ly(Q), and H® = Ly(2).

3 Statement of the problem and main result

In this paper we consider the problem of the finding the function u : Q — R satisfying (in some
sense) the equation

0 0
g(b(:z:)u) — Z 95 a;j(xz,t,u, Vu) + ap(z, t, u, Vu)
= _Za (z,t) + fo(z,1), (x,t) €Q, (3.1)
the boundary conditions
T :07 (T, 1, )v % :O) 3.2
u(x,t) - ;a (z,t,u, Vu) vi(x) — 3.2)
and the initial condition
(b"2(@)u(@, b)) |i=o = uo(x), = € Q. (3.3)

Here b : Q — [0,4+00), a; : Q x R - R, f; : Q — R (@ = 0,n), up : @ — R are given
real-valued functions. Notice that the equality b = 0 may be studied on any subset of {2 and the
spatial part of the differential expression in the left-hand side of equation (3.1) is elliptic.
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We consider a weak solutions of problem (3.1)—(3.3), and thus we introduce following classes
of the initial data. Define A,(1—3) to be the set of the functions (ao, a1, ...,ay) satisfying the
following assumptions:

(A1) foreveryi € {0,1,...,n}

Q xR > (2,t,5,€) — a;(z,t,5,€) €R

is the Caratheodory function, i.e. a;(x,t,-,-) : R™" — R is the
continuous function for a.e. (z,t) € @, and a;(-,+,5,&) : Q@ = R
is the measurable function for every (s, &) € R1T™;
(A2) forevery i € {0,1,...,n}, forevery (s,£) € R"*" and
fora.e. (z,t) € @ the following estimate is valid
n
lai(z,t,5,8)| < Cl(‘s‘po(x)/pi;(x) + Z I3 ’pj(x)/pi(x)) + hi(z, t),
j=1
where C7 = const > 0, h; € Lp;(.)(Q);
(A3) for every (s1,&L), (s2,€%) € RM™ and for ae. (x,t) € Q the

inequality
3 (ot o0, €) il 52, E3) (€ - €)
+ (;:oz:r,t, s1,€Y) —ao(2,t,89,6%))(s1 — 82) > 0 (34
holds.

Now we can give a definition of the weak solution to (3.1)—(3.3).

Definition. If p, b satisfy conditions (P), (B) respectively, ug € H?, (fo, f1,..., fn) € Fp,
(ag,ai,...,a,) € Ap(1—3). The function u € [U]S is called weak solution of problem (3.1)—(3.3)
if u satisfies the initial condition (3.3), that is

lim / Y22 t) — o ()2 da = 0, 3.5)
t—+0
Q

and the integral equality

//{Z a;(x,t,u, Vu) vy, ¢ + ao(z, t,u, Vu) v — b(x) uvgp’} da dt
g =l

://{Zfivxigp—i—fovgp}dmdt (3.6)
g =

holds for every v € V! and ¢ € C§(0,T).
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Denote by A,(1—3,3%) a subset of the functions (ag, a1, ...,a,) € Ay(1—3) satisfying the
following condition:

(A3*) if s1 # sy then the sign ” > 7 in the inequality (3.4) must be
replaced by the sign” > ” for a.e. € Q such that b(x) = 0.
Theorem 1. If p, b satisfy conditions (P), (B) respectively, ug € H?, (fo, f1,..., fn) € Fp,
(ag,at,...,a,) € Ap(1—3,3%), then the weak solution of problem (3.1)—(3.3) is unique.
Denote by A,(1—4) the subset of the functions (ag, a1,...,a,) € Ay(1—3) satisfying the
following property:
(A4) for every (s,&) € RY7 and for ae. (z,t) € Q we have

Zai(xvtasag)gi + a0($7t>5a£)s > Kl(z ‘£l|p1(l’) + |8’p0(x)> - g(a:,t),
i=1 1=1
where g € L1(Q), and K = const > 0.

Note that the function g from above satisfies g(z,t) > 0 for a.e. (z,t) € Q. This follows from
inequality in condition (A4) if §; = ... =§, =0, s = 0.

Theorem 2. If p, b satisfy conditions (P), (B) respectively, ug € H?, (fo, f1,...,fn) € Fpy,
(ag,ai,...,a,) € Ap(1—4) then problem (3.1)—(3.3) has a weak solution u. Moreover, an arbitrary
weak solution u of this problem satisfies following estimate

trenéiég]/ z)|u(z, t)]? dx+// ‘uzl
<y é/{; | filz,t)

where C, C'3 are positive constants depending only on K and p; (i = 0,n).

)+|u(x,t) ]po(x)} da dt

Pi() —I—g(:z:,t)}dxdt—l—Cg / lug(2)[? da, 3.7)

Let A,(1—3,3%,4) be the subset of the functions (ag, a1, ...,a,) € A,(1—3) satisfying the
conditions (A3*) and (A4).

Collorary 1. If p, b satisfy conditions (P), (B) respectively, ug € H®, (fo, f1,..., fa) € Fpy,
(ag,ai,...,a,) € Ay(1—3,3%4) then problem (3.1)—(3.3) has a unique weak solution and esti-
mate (3.7) holds.

4 Auxiliary statements

We need some technical statements that play an important role in obtaining the main results.

Consider a family of functions {w, : R — R | p > 0} such that for every p > 0 we have
wp(z) = (1/p)wi(z/p), z € R, where wi € C3°(R) is a standard mollifier (see [15, p. 629]), i.e.
suppwi C [—1,1], wi(2) > 0, wi(—2) = wi(2) if z € R, [pwi(z)dz = 1.
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For every p > 0 we define the mollification of any ¢ € L1(Q) by the rule

Yoz, t) == /”J(CE,T)OJP(T —t) dr forae. (z,t) € Q,
R

where ¢ (z,t) == { w(f): & i E g: i ; Egzg,

The following statement is well-known for standard Lebesgue spaces (see [15]). For the gener-
alized Lebesgue spaces you can find this statement in [11] (see also the proof of Lemma 1 in [7])
but we will prove Lemma 1 in other way for convenience.

Lemma 1. If 7 € L(£2), r(z) > 1forae. x € €, then for every function f € L,((Q) we
have

fo—f stronglyin L, (Q).
p—0

Proof. It is enough to show that for every € > 0 there exists constant 4 > 0 such that for every
€ (0,6) we have

// \fo(,t) = f(,8)]"@ dedt < . 4.1)
Q

Let {El}j’il C C(Q) be a sequence of functions such that =2 f strongly in L,.()(Q), i.e.
—00

/ 7 1) = Fula, )" dadt — 0 “2)

El(x)t)7 (Iat) E@)
For every | € N we put hy(z,t) =< hy(z,0), z€Q, t<0,

h(z,T), z€Q, t>T.
Thus h; € C(Q x R). Let

hyp(z,t) = /hl(a:,T)wp(T —t)dr, (z,t) e QAxR, p>0.
R

Take an arbitrary [ € N and p > 0. Using the well-known inequality
(a+b+c)? <371 (a?+ b7+ 1), a,b,c > 0,q > 1, we get

//\fp:ct fx, t)"@ dedt<3™ - 1[//|fpxt hy p(z, H)|"® dz dt
//\h,p z,t) — hy(z, 1)@ da:dt—i—//]hl z,t) — fa, t)]"@ dedt|, (4.3)

where T := esssup ().
e
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Consider the first integral of the right-hand side of inequality (4.3). Using the Holder inequality,
fora.e. x € {2 we get

|folx,t) = hyp(z,t)| = / (f($, T) — hi(x, 7))wy(T —t)dr

|7—¢|<p

-~ oy Ll 1
< 04( / |f(x,7) — hy(z, T)‘r(m)dT) (@) 27 p 7-(13:)7

[7—t|<p

where Cy > 0 is some constant independent of [, p. From this after simple transformations we have

0
/ o) — iy (s 67 ) dardt < C [ / / (ha(, 8)"@ d dt
Q —p Q
T+p
+ / /\h,(x,t)r"(x) dxdt+//yf(g:,t)—hl(x,t)r@) dxdt], 4.4)
T Q Q

where the constant Cs > 0 does not depends on p and [.

Combining (4.4) with (4.3), we obtain

/ \fo(,t) = fa,t)["® da dt
Q

<Gl [[176.0) = mia, 07 @ dwdt+ [ [y ot) ~ bile, 0 do dt
Q Q

0 T+p

+//|hl(x,t)]7"(x) dzdt + / /yhl(x,t)y“x) dz dt|, (4.5)

—p Q T Q

where Cs > 0 is independent of p, [.

Fix € > 0. Taking into account (4.2), we choose the number /. € N such that

Co / / 7 0) — (o, O d e < 4.6)
Q
We can prove that
h ,t) — hy(x,t)| —0 4.7
s [y ) = (e 0] @)

for every fixed [ € N in the standard way. Since (4.7) holds, there exists §; > 0 such that

max |k ,(x,t) = hy (z,t)| <1
(z,1)eQ
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if p € (0,d1). Hence, for every p € (0,071) we get

/ / by, p(2, ) —hy_ (2, )" da dt <mes, 1 1Q max |y ,(z,t)—hy_(z,1)],
(2,)€Q

where mes,, ;1@ is the Lebesgue measure of the set (). Then there exists d2 € (0, d1) such that

Cs / \hip(, t) — by, )| dz dt <§ (4.8)
for all p € (0, d2).
Since mes,+1{Q X (—p,0)} = pmes,Q —+>OO, and mes,+1{Q x (I,T + p)} =
p—

pmes; ) —>O 0, using the absolute continuity of the Lebesgue integral, we choose a number
prt

d € (0, 02) such that for every p € (0, ) the inequality

T+p

CG //]hlE 2, )@ dx dt + / /]hl z, )@ dxdt} <= 4.9

—p Q
holds. Therefore, from (4.5) in view of (4.6), (4.8), (4.9) it follows (4.1). [J

Lemma 2. Suppose that b satisfies condition (B), and w € V[N/pl(o) (Q) such that b'/2w € Ly(Q),
and the identity

// { Zgivmitp + govp — bwv«p’} dzdt =0, v € Vg, 0 € Cy0,T), (4.10)
i=1

holds for some functions g; € L (7)(Q) (j = 0,7n). Then b'/2w € C([0,T); L2(Q)) and for every
6 € C'([0,T]),v € Vb, and tl,tg E [0,T7, t1 < t2, we have

H(tg)/b(x)w(a:,tg)v(x) dx—@(tl)/b(:c)w(x,m)v(x) dz

Q Q

to n
+ // { > giva, 0 + gov) — bwv&'} dzdt =0, @.11)
t1 Q =1

/b )|w(z,t2)| dx—ﬁtl/b )|w(z,t1)| 2dx
Q Q

1 n
—2//b\w]29’dxdt+//{Zgiwzi—l—ggw}ﬁdxdtzo. (4.12)
t1 Q oo =1

Proof. We use some ideas of the proof from [32, Proposition 1.2, p. 106]. Let us construct
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functions
w(z,—t), -T<t<0,
w(z,t) = w(zx,t), 0<t<T,
w(z, 2T —t), T <t<2T,
_gi(xa _t)a —T<t<0,
gi(z,t) = gi(x, 1), 0<t<T, (i=0,n).

—gi(z,2T —t), T <t<2T

Firstly we prove the equality

2T .
Give.p+Govy —bwvy ydrdt =0 (4.13)
| [{Xaw }

“r o =l

for every ¢ € C’é (=T,2T7),v € VZ’,) . It is easy to show that equality (4.13) holds for every v € V?,
and arbitrary ¢ € C}(—T,2T) such that supp ¢ C (—=T,0) U (0,T) U (T,2T) (notice that it is
enough to make the corresponding substitution of variable ¢ into identity (4.10)).

Suppose that suppy N {0,7} # 0. It can be assumed without loss of gen-
erality that supppy <C (=7,7), 0 € suppy. Then for every m € N choose
a function Y, € CYR) such that: 1) |x.(t)] < 1, |x,,(#)] < 2m, and

Xm(—t) = xm(t) if t € Ry 2) xm(t) = 1ift € (—00,=2/m) U (2/m,+00);

3) xm(t) = 0if t € (—1/m,1/m) (for example, we may put x,,,(t) = 1 sin(mm(t — 52)) + 3

if t € (£, 2)). It is understood that for every ¢ € R\{0} we have x(t) —y 1. Therefore
m——+00

equality (4.13) is fulfilled for v € Vlf and with ¢ instead of x,,, where m € N. The simple
transformations yield

T n
//{Z@vxi@—i—/g\ovap—b@vgp’}xmdwdt
“ro =1
2/m
— / /b@vg@xgndxdt:O, (4.14)
—2/m Q

where m € N, v € sz, o € CYH~T,2T), suppp C (=T, T).

Consider the second term of the left-hand side of (4.14). Notice that o(t) —p(—t) = 2¢'(£(t)) ¢,
where t > 0 and () is some number between —t and ¢. Then after simple transformations we
obtain

2/m 2/m
/ /bﬁ)\v © Xy, dz dt =2 / /t Xom (8) @' (€(2))b(z)w(z, t) v(x) dz dt. (4.15)
—2/m Q 1/m Q

Note that

[t xm (1) €' (1)) b(@)w (@, t) v(@) | < Crlb(a)w(z,t) v(@)], (4.16)
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(z,t) € Q x (0,T), where C7 > 0 is some independent of m constant, and the right-hand side of
the inequality (4.16) belongs to L;(Q). From (4.15) by (4.16) we have

2/m
-~ /
/ /bwvgpxm dxdtm_j_)oo 0. 4.17)
—2/m Q

Letting m — 400 in (4.14) and taking into account (4.17) and the Dominated Convergence
Theorem (see [15, p. 648]) we obtain (4.13).

Now let {w, | p > 0} be the functions from the beginning of this subsection. Choose a number
ko € N such that 1/ko < T'/2. By definition, for each k > k¢ put

Bz, 7) = / D t) w1t — 1) dt,
R

Gl T) = / Gie it — ) db, i€ {0,....n},
R

fora.e. z € Q and forevery 7 € [-T/2,T].

According to Lemma 3.1, we have

@ —> @ in Loy (2 x (=T/2,T)), (4.18)

@’”kﬁo@ in L, (Qx(-T/2,T)), i=1n, (4.19)

bl/%kk—> BV in Ly(Q x (~T/2,T)), (4.20)
—00

/g\i,kkjo@' in Ly (Qx (=T7/2,T)), i=0,n. (4.21)

Note that b*/%@y, € C([~T/2,T]; L*(Q)), k > ko.

For each 7 € [T'/2,T], k > ko, substituting wy /(- — 7) instead of ¢(-) in (4.13), and using the
simple transformations, we get

/{b(m)({i@k(w, T)v(x) —I—Z Gik(x,T) Vg, () +go (2, T) v(:v)} dz=0. (4.22)
i=1

Q
Let k,1 € N be arbitrary numbers such that k,[ > ko. Put Wy := Wy, — Wy, Gi gt = Gik — Gil

(1 = 0,n). The difference between (4.22) and the same equality with & = [ equals

i=1

/{b(:c) ;_ﬁ)\kl(x, T)v(x) —i—Z@-,kl(x, T) Vg, () +Go ki (x, 7) v(x) } dz=0, (4.23)
Q
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where v € V2, 7 € [-T/2, T].

Take a function § € C'(R). For every 7 € [~T/2, T the functions @y (-, 7) 0(7) belongs to
v € Vb, Substituting @y (-, 7) §(7) instead of v(-) in (4.23), integrating the obtained equality over
T € (t1,t2) (=T/2 < t; <ty <T), we have

¢
1 ~ 2 T=t2 L[ N 2,1
5 [ @@ P de— 2 [ [ b@)dwte 1R dedr
=t
Q t1 Q

to n
—|—//{ §i7kl<w7 T)(@kl(w, T)):vl —i—/g\o’kl(a}, T)’L/U\kl(x, T)} 9(7‘) dzdr=0. 4.24)
i Q i=1

Now suppose

0<O(r)<1 if 7eR, O(r)=0 if 7<-T/2,
O(ry=1 if >0, |0'(7)|<4/T if 7€[-T/2,0].

Taking t; = —T'/2 and ty =t € [0,T] in (4.24) we obtain

0
4
max /b(m)\ﬁ?kl(x,t)de < T / /b(x)ﬁ?kl(x,T)dedT

t€[0,T]
~T/2 Q
T n
2 [ {3 Gite. 0l (@ute )l + oo D @l ) dodr. @25)
—T20 =1

From (4.25), taking into account (4.18)—(4.21), we get

W2 @, — 0 in C([0,T]; La(R)).
k,l——+o0

This yields that {b'/2@, }3° | is a Cauchy sequence in the space C([0, T); Lo(Q)) and

b'2@, — 2@ in C([0,T); Ly()). (4.26)

k—+o0

Hence b'/%w € C([0,T]; L2(Q)).

Take an arbitrary function § € C'([0, T]), and take any points t1,ts € [0, 7] such that t; < ts.
Multiplying (4.22) by 6(7) and integrating the obtained equality over T € [t1, t2] we get

/ / b(z) [;T wk(x,f)] v(z) 0(r) dz dr

+ // { Z@;k(% )0, (2)0(T) + Goe(z, T)v(2) 0(7) } dz dr = 0. 4.27)
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Using the formula of integration by parts for first term in the left-hand side of (4.27), and letting
k — 400 in obtained identity, in view of (4.21), (4.26), we get (4.11).

For each 7 € [T/2,T), k > ko, substituting in (4.22) wy(-, 7)0(7) instead of v(-), we integrate
this equality over 7 € (1, t2). Similarly to (4.24) we get

5 [@la ) Poe)

Q

T=t2

T=t1

[2)
1
dz — 2//b(x)]@k(x,7)]29’(7) dzdr
t1 Q

+ / / {3 Girl@, )@, 7)), + Gop(w, ) Bk(w,7) } 6(r) dudr =0, (4.28)

i Q =1

Letting k — —+o00 in (4.28), and using (4.18)-(4.21), (4.26) we get (4.12). [J

5 Proof of the main results

For every functions w € L;1(Q) such that wy,, ..., wg, € Li1(Q) we denote

aj(w)(z,t) :== aj(z,t,w(x,t), Vw(z,t), (z,t)€Q, j=0,n.

Proof of Theorem 2.1. Suppose that problem (3.1)—(3.3) has two weak solutions u; and us.
Consider the difference between (3.6) with u = wuy and (3.6) with u = w;. By Lemma 3.2 with
w=u; —u 0 =1t =0,to =7 € (0,T], we get (see (4.12))

;/b(x)wQ(x,T) dx+/T/{Zn:(ai(U1) = ai(u2))(u1,z, — U2,;)
o 0o =t

+ (ap(uy) — ap(uz))(ug — UQ)} dedt =0, 7€(0,7).

This equality and (A3) yield b(z)w?(x,t) = 0 and

n

> (ai(ur) — ai(uz)) (w12, — v2,2,) + (a0(ur) — ao(uz))(uy — uz) =0

=1

for a.e. (x,t) € Q. The first equality implies that w(x,t) = 0 for a.e. (z,t) € G, where G :
{(z,t) | b(z) > 0, t € (0,T)}. The second equality and condition (.43*) imply that w(z,t) =
fora.e. (z,t) € Q\G. Therefore, w(z,t) = 0 for a.e. (z,t) € Q.

Oo

Proof of Theorem 2.2. We use Galerkin’s method. Let {w; | j € N} be a linear independent set
of the functions from C (ﬁ) whose finite linear combinations are dense in Vg , and, additionally,
the finite linear combinations of the functions {b'/ 2w;|j € N} are dense in HP. Then we take a
sequence {ug ., = >4y o wy Foo_; of the finite linear combinations of the functions {w; | j € N}
such that

HUO — bl/ZUQmHLQ(Q) mjo 0. (51)
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Notice that for every 7 € [0, 1] and for a.e. x € Q2 we have

[6Y/2(2) = (b() +m)"*Puom(@)? < 4(b(x) + 1) uom ()]

Then, taking into account the Dominated Convergence Theorem (see [15, p. 648]), for every m € N
we get

1920 = 5+ ) Py 3,0

Therefore there exists a sequence of positive numbers {7, }>>_, such that ,, — 0, and
m—o0

16Y 200, — (b + 77m)1/2u0,mHL2(Q) = 0. (5.2)
Put by definition
b (x) :=b(z) +1nm, meN, xell (5.3)

Therefore, taking into account (5.1) and (5.2), we have

1o — b om0 — 0. (5.4)

According to Galerkin’s method, for every m € N we put
m
t) = Zcm,k(t)wk($)7 (.Z', t) € Qa
=1

where ¢,,.1, . .., ¢m,m are solutions of the Cauchy problem for the system of ordinary differential
equations

n

/bmumtwj dx + / { Z(ai(um> — fi)wj

Q o =1
+ (ao(uo) = foJwy f dw =0, j=T,m, (5.5)
um’tzo = Uo,m- (56)
The linear independence of functions wy, . .., wp, yields that the matrix (aj’;)}";_; is positive-

definite, where ak = fQ mwrwjde (k,j =1 m) Thus the system of ordinary differential equa-
tions (5.5) can be transformed to the normal form. Hence, according to the theorems of existence
and extension of the solution to this problem (see [14]), we get the global solution ¢q s, . . . .., C;m
of problem (5.5), (5.6). This solution is defined on the interval [0,7,), where T,,, < T. Here
the braces )" means either ”)” or ”]”. Further we will get the estimates that imply the equality
[0,T,,) = [0,T].

Multiply the equation of system (5.5) with number j € {1,...,m} by ¢, ; and sum over j €
{1,...,m}. Integrating the obtained equality over ¢t € [0, 7] C [0,T},), and using the integration-
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by-parts formula, we have

;/bm(x)]um(x,T)\de _ ;/bm(x)\uo,m(x)ﬁdx

Q Q

T n

* // { > it )t z; + aO(Um)um} dz dt

Q =1

0
= //{iflum,ml +f0um}d:1:dt, 7€ (0, T). (5.7)
0 Q

i=1
Further we need Young’s inequality in the form

_1 /
ab<elal"™® 4+ =" @ abeR, ¢>1, 0<e<]l, (5.8)

for ae. = € Q, where r € L>(Q), r(z) > 1, r'(x) := r(z)/(r(z) — 1) for ae. = € Q,
ri=ess igrzlfr(m).
xe

Take an arbitrary value ¢ € (0, 1). From (5.7), using condition (A4) and inequality (5.8) with
small enough ¢ € (0, 1) (for example, € = £ min{1, K1} > 0), we get

/bm($)|um(l‘,7')’2d$+K1//{Z‘um7xi($’t)|pi(m)
Q 0o =1

(e, Pt < 08//2 i, O PE@ da dt
Q =0

0
+2//g(a:,t) dxdt+/bm(x)|uovm(a:)]2da:, 7€ (0, T). (5.9)
0 Q Q

From (5.4) it follows that the sequence { [, by ()ug,,(z)dz}pe_; is bounded. Hence
from (5.9) we get the following estimates

/bm(x)U?n(m) dz < Cy, (5.10)
Q
/ / {37 (2, D) + i (, )2} dzat < Coo, (5.11)
0o =t

where C, C1g > 0 are independent of m, T,,,. Estimate (5.10) implies that there exists an indepen-
dent of T,,, constant that bounds the functions ¢y, 1, ..., ¢ m on [0, Tp,). Thus [0, T,,,) = [0, T].

Condition (A2) and estimates (5.11) yield

a0 @ s < e, i<, 612
Q
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where C'11 > 0 is independent of m.

Since the spaces L, ()(Q), Ly ()(Q) (@ = 0,n) are reflexive (see [22, p. 600]), and esti-
mates (5.10)-(5.12) hold, we obtain the existence of subsequence (we call it {u,, },men again), the
functions vy € Lo(€2), u € Loo(0, T L2(2)), u € Lyy(y(Q), and x; € Ly (1(Q) (@ = 0,n) such

that ug, € Ly,y(Q) (i = 1,n), and

b}n{Q(-)um(-,T)mjov*(-) weakly in Lo (Q), (5.13)
b1/2ummjo>o U x—weaklyin Loo(0,T; La(Q)), (5.14)

U — U weakly in W()(Q), (5.15)
a;(Um,) 2 Xi weaklyin Ly ((Q) (i=1,n). (5.16)

Let us prove that u is a weak solution of problem (3.1)—(3.3). First note that

bl/2 — bY/? stronglyin Ly(€) and almost everywhere on (2. (5.17)
m—00

Now let us prove that
U(x,t) = 0% (x)u(x,t) forae. (z,t) € Q. (5.18)
Indeed, take a function ¢ € C(Q ) Then (5.14) yields that

// b- 2w, dz dt — //ﬁz/;dmdt. (5.19)

Taking into account (5.17) and the Dominated Convergence Theorem (see [15, p. 648]) it is
easy to show that b%Q@D — b2 in Ly (@Q). Hence, by (5.15) we obtain
m—0o0

/ / Umbl/ 1 da dt — / / ub'/%4p dz dt. (5.20)
Q Q
Relations (5.19), (5.20) imply that for every 1) € C(Q) the equality

~ _ 1/2
é/mpdxdt é/b wp dz dt

holds, i.e. equality (5.18) is true.

Fix the numbers j,m € N such that m > j. Multiplying the equation of system (5.5) with
number j by the function § € C'([0,7]) we integrate the obtained equality in ¢ € [0, 7). Letting
m — 00, and taking into account (5.4), (5.6), (5.13)—(5.18), we get

o(T) / D2(2)0, (2)w; () dar — 6(0) / D2 (2 g () ()
Q

// buw; 6’ dazdtJr// — fi)wja, (Xoffo)wj}eda:dt:(). (5.21)
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This equality yields that for every v € sz and 0 € C'([0,T]) the equality

0(T) / b2 (z)v, (z)v(x) dz — 6(0) / b2 (2 )ug(x)v(x) do

Q
// buvd dz dt + // — fi)vz, + (x0 — fo)v}H dedt =0 (5.22)

holds.

Notice that if we take § = ¢ € C}(0,T) in (5.22) then for every v € Vf, and p € C}(0,T) we
have the equality

// — fi)vz, 0 + (xo — fo)ve — buvy’ } dxdt = 0. (5.23)

According to Lemma 3.2, (5.23) implies that
b'/2u e C([0,T); La(9)) (5.24)

and for every v € V) and § € C*([0,T]) the equality

/ b (z) dz — 0(0) / b(a)u(z, 0)o(z) do

Q
// buvd’ dzx dt + // — fi)vz, + (x0 — fo)v}ﬁ dedt=0 (5.25)

holds.
From (5.22) and (5.25) we get

b2 (z)u(z,0) = up(x), b*(x)u(z,T) = v.(x) forae. zeQ. (5.26)

In view of (5.15) and (5.24) we conclude that u € Ugg’ . First equality from (5.26) implies (3.5).
According to (5.23) to prove (3.6) it is enough to show that the equality

// levxlg0+xm)g0 dxdt—// )y, p+ap(u)v ga} do dt (5.27)

is valid for every v € VZ and ¢ € C& (0, 7). For this we use the monotonicity method (see [23]).
Take an arbitrary function w € Wpl’g (Q). Using condition (.A3) for every m € N we have

Wi = é/ { g(ai(UM) — a;(w))(Umz; — W, )

+ (ao(tm) — ao(w)) (um — w)} dedt > 0.
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Hence,

n

Wi, = // Zaz U ) U, z; —l—ao(um)um}dazdt
=1

n

// Z i (Um )Wz, + a5 (W) (U2, — Wa,)]

+ ag(um)w + ap(w)(um — w)} dzdt >0, meN.

From (5.28), using (5.7) with 7 = T', we obtain

Wiy = // Zfzumzl —i—foum}dxdt— /b () [um (z, T2 da

;/ m (@) | o m (2 |2 dx—// al U )Wy,

+ a; (W) (Um,z; — Wa,)] + ao(wm)w + ag(w) (tm — w)} dzdt >0,
where m € N.
Taking into account (5.13) and the second equality of (5.26) we have
lim inf 1622 (Yt (- D) Loy = B2 ()l T |y

By (5.4), (5.15), (5.16), (5.30), from (5.29) we get

0< 77%i_r}noosupI/Vm < // {zn;fluzz + fou} dz dt
Q =

—5 [ @l DP do+ 5 [ @) do
Q

Q

_//{ Zn: [XiWs, + ai(w)(uz, — wg,)] + xow + ao(w)(u — w)} da dt.
Q =1

From (5.23), using Lemma 3.2 with # = 1 and first equality of (5.26), we obtain

// szuml + Xou} // Zfzuml + fou} dx dt

1
2/b Yu(z, T)]? dz + = /|u0 2 da.

Q
Thus, (5.31) and (5.32) imply that

// i — ai(w))(ug, —wxi)+(X0—ao(w))(u—w)}dxdt20,

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)



SOLVABILITY OF ANISOTROPIC ELLIPTIC-PARABOLIC EQUATIONS 85

Using the standard monotonous method, we get (5.27). Therefore u is a weak solution of prob-
lem (3.1)—(3.3).

Finally let us prove estimate (3.7). Take arbitrary weak solution u to problem (3.1)—(3.3).

From (3.6), using Lemma 2 with § = 1, t; = 0, to = 7 € (0, T (see (4.12)), we get

;/b(m)IU(w,T)F dx—i—/T/{iai(u)um —|—ao(u)u} da dt
Q T 0 Q =1
://{ifiuxi+fou} d$dt+/b(x)|u0(x)2 de.
0o =1

Q

From this similar as to show inequality (5.9), taking into account (.44), (5.8), we obtain (3.7). [
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