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Abstract. In this paper, we establish the existence and uniqueness of a strong solution for a semi-
linear fractional differential equation by using Rothe’s method. Thereafter, we show the continuous
dependence of the solution on the initial data and the stability of the solution.
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1 Introduction

Consider the following semilinear fractional differential equation in a Banach space X

Dou(t) + Au(t) = f(t,u(t)), te(0,T], (1.1)
U(O) = U, (1'2)

where D (0 < o < 1) denotes the standard Riemann—Liouville fractional derivative of order c,
—A: D(A) C X — X is the infinitesimal generator of a Cy-semigroup S(¢), ¢ > 0 of contractions
in X, ug € D(A), the domain of A, and the map f is continuous from I x D(A) into X. Here
I=10,T].

Fractional differentiation and integration are the generalization of the ordinary differentiation
and integration to arbitrary non-integral order. Fractional calculus is a powerful tool which plays
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an important role in the study of nonlinear oscillations of earthquakes and the modeling of multi-
scale problems. Fractional differential equations have been recently applied to engineering, physics,
signal processing and fractional dynamics problems etc. As indicated in [6], fractional differential
equations involving Riemann-Liouville differential operator of fractional order 0 < « < 1, appear
to be important in many physical problems. So they deserve an independent study parallel to the
well known theory of ordinary differential equations.

Zhou [7] has established the existence and uniqueness of solutions for the following system of
fractional differential equations by using Schauder’s fixed point theorem

D%(t) = f(t,2(@)),
.’L’(to) = Xy,

where D® (0 < « < 1) denotes the fractional derivative in the sense of Caputo’s definition.

Wang and Zhou [8] have proved the existence and uniqueness of a mild solution and established
the optimal control in the a-norm for the following semilinear fractional evolution equations by
using the fractional calculus, singular version Gronwall inequality and Leray—Schauder fixed point
theorem

Dizx(t) = —Az(t)+ f(t,x(t)), te][0,T],
z(0) = o,

where DY is the Caputo fractional derivative of order 0 < ¢ < 1, —A : D(A) — X is the
infinitesimal generator of a compact analytic semigroup of uniformly bounded linear operators and
f:J x X, — X is locally Lipschitz continuous in X,. Here X, = D(A%) (0 < a < 1) is
a Banach space with the norm ||z||, = ||A%x]|| for z € X,. For the approximation of fractional
derivatives, we refer the readers to [4].

In this paper our aim is to use Rothe’s method, also known as method of semidiscretization
in time or the method of lines, to prove the existence and uniqueness of solution for a semilinear
fractional differential equation and to study the continuous dependence of the solution on initial
data and the stability of solution.

Since 1930, various classical types of initial boundary value problem have been investigated by
many authors using the method of time discretization; see for instance [9] and [15] and references
therein. The method of time discretization is a very efficient tool in the study of an approximate
solution and its convergence to the solution of the problem. This method has been used by many
authors to study the solutions of abstract cauchy problems with classical conditions.

For more applications of the Rothe’s method to the parabolic boundary value problem, we refer
the readers to [11, 12, 18-20], and the references therein.

In Rothe’s method or the method of semidiscretization, we replace the time derivative by the
corresponding difference quotients and we obtain a system of time independent equations. By using
the m—accretivity of the operator these systems are guaranteed to have unique solutions. Using these
approximate solutions we define the Rothe’s sequence. After proving some a priori estimates for
approximate solutions, we prove the convergence of the Rothe’s sequence to the unique solution of
the given problem.

The plan of the rest of the paper is as follows. In Section 2, we state all the assumptions and
preliminaries. In Section 3, we state the main result. In the last section, we state and prove all the
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lemmas that are required to prove the main result and at the end of this section, we prove the main
result.

2 Assumptions and Preliminaries

Definition 2.1 The fractional order integral of a function f(t) of order oo > 0 is defined by

D) = gy [ (=) ar

For convenience throughout the paper, we denote D, “ by D~°.

Definition 2.2 The Riemann-Liouville derivative of order 0 < o < 1 of a function f(t) is defined

- o1 d [ )
Oth(t)_F(l—a)dt/o —s)0

Definition 2.3 The solution of (1.1)—(1.2) is stable if for every € > 0, there exists a § > 0 s.t.
lu(t)|| < e whenever |upl <9, Vtel0,T].

Definition 2.4 Let X be a Banach space and let X* be its dual. For every x € X we define the
duality map J as

J(@)={a": a* € X* and (2%,2) = |lz]* = []2"[*},

where (x*, ) denotes the value of ©* at x.

Definition 2.5 By a strong solution of the problem (1.1)—(1.2), we mean an abstract function u such
that the following conditions are satisfied:

(i) ue C(I,X)and u € D(A),
(ii) D% exists and is continuous on I, where 0 < o < 1,

(iii) w satisfies (1.1) a.e. on I, with the initial condition u(0) = ug € D(A).

Lemma 2.6 (Theorem 1.4.3, [5]) If — A is the infinitesimal generator of a Cy-semigroup of con-
tractions, then A is m—accretive, i.e.,

(Au, J(u)) >0, for we D(A),

where J is the duality mapping and R(I + \A) = X for A\ > 0, I is the identity operator on X and
R(-) is the range of an operator.

We assume the following assumption:

(H) There exists a constant k; > 0 such that

1f(tw) = f(s,0) < Rallt = s| + [Ju = oll],  ¥E,s €[0,T], Yu,v € D(A).
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3 Main Result

Theorem 3.1 Suppose that H is satisfied and A is m—accretive. Then problem (1.1)—(1.2) has a
unique strong solution on I. Furthermore the solutions u; (i = 1,2) corresponding to the initial
data uy, (i = 1,2) satisfy the following estimates

T%k
at) = a0 < b~ w8l exp 57 s )

If, in addition, f satisfies the following condition
1 (& u(®)] < k2llu@)]l,
then the solution of (1.1)—(1.2) is stable.

4 Discretization and a priori estimates

To apply the method of time discretization, we divide the interval [0, T into the subintervals of
length h,, = % and replace the equations (1.1)—(1.2) by the following approximate equations,

n __ n
ui — auj_y

ho J —|—AU;L = f( ?,U?fl), ]:17 y T (41)
n
W@ = uo. (42)

Existence of unique u} € D(A) satisfying (4.1)—(4.2) is a consequence of the m—accretivity of A.
Let fo = f(0, uo).

Now we construct the Rothe’s sequence {U"(¢)} of functions from [ into D(A) defined by

ug, for te[—7,0],

u't) = —n 4.3
Q W+ S — el ) in TP = (), )

Now we prove the convergence of the sequence {U"} to the unique solution of the problem as
n — oc. For this first we prove the some estimates for u} and = 7;;; 2=1 using H. Throughout the

paper we denote the generic constant by C', which may have different value in the same discussion.

Lemma 4.1 There exists a constant C (independent of n, j and h,,) such that

Hu?’ —u|| < C.

Proof. Taking j = 1in (4.1) and using (4.2), we get

ul — au
S A = f(8] o).

n
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Subtracting %Uo + Awuyg, from both sides of above equation, we get
ul —ug + hi (Aul — Aug) = hy[f(], uo) — Aug) — (1 — a)up.
Applying J(u}' — up) on both sides, we get
{ui —uo, J(uf — o)) + hiy ((Auf — Auog), J (u' — uo)
= (hq (F (1, u0) — Aug) — (1 — a)uo, J(u) — uo)).

By using m—accretivity of A and the definition of duality map J, we get

[ut = woll < ARTILF (T, wo) || + [[Auoll] + (1 — @) |uoll
< b ILF (5 wo) = £ (0, wo) [| + [1/(0, wo) || + [[Auol[] + (1 — a)[uoll-

Using H, we get

ha k|67 4 [1.£ (0, wo) [ + [[Auoll] + (1 — a)|uoll
TR T + || foll + | Auoll] + (1 = a)[Juol| = C (say).

luf —wuoll <
<

We will prove this result by induction. For this we assume that
|lult —uol| <C, Vi<j.

Now we show that
l — uoll < C.

Subtracting h%(uo — augp) + Aug from both sides of (4.1), we get
(v —wo) + hy (Auj — Aug) = auj_y — uo) + hy[f (], uj_,) — Aug] — (1 — a)uo.

Applying J (u;‘ — ug) on both sides and using using m-accretivity of A, we get

n_

(uj —wo, J(uj —uo)) < aluj_y —uo, J(u] —ug)) 4+ hy(f(t], uj_y), J(u] —ug))

J j 1
—hp (Aug, J(uj — ug)) — (1 — a)(uo, J(u] — uo)).
By using the definition of duality map .J, we get

[ — uoll < alluf_y —woll + h3[ILF (], wi_ )|l + [ Auoll] + (1 — @) [uo]l-

By using H and induction hypothesis, we get

[uj —uoll < aC+ hylki([t7] + C) + [ foll + | Auoll] + (1 = a)|uoll
lu? —woll < aC+T[ks(T +C) + | foll + | duol] + (1 — )uo]
= C (say).
This completes the proof of lemma. O

Lemma 4.2 There exists a constant C' (independent of n, j and h.,) such that
u? - au?_l

<C.
he s¢
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Proof. Taking j = 1in (4.1), we get

u} — au
e (G

h’n
Subtracting avAug and applying J(u}' — cugy) from both sides of the above equation, we get

1
fa ul — aug, J(uf — aug)) + {Auf — adup, J(uy — aug))

= (f(#, up) — adug, J(uf — aug)).

By using m—accretivity of A and the definition of duality map .J, we get

ul — aug
|| < 1w + allAug]l.
n
Using H, we get:
ul — augd
| S Rl ol + allAuol
n

< KT + [l foll] + af|Auo|| = C (say).
We will prove this result by induction. For this we assume that

n n

hg

<C, Vi<j.

Now we show that

no__

uj

n

< C.
hi

Subtracting « time of (4.1) written for 7 — 1, from the same equation written for j, we get

JTOM o W1 Ty e _ pgn -
ha - ho + Auj —aAuj g = f( '7%;1) —af( jflaujf2)‘
n n

u

Applying J (u? — au}‘_l) to both sides and using the m—accretivity of A, we get

u” — auﬂ_l un_l — au”_2
[ S| T I )l allf )]
n n
Using H, we get
u” — ou™_ u? | —aul
| <o 2 R 1]+ gy~ wol)
n n

Faky([tf] + l[uj—o —uoll) + (1 + )l fol-
Using Lemma 4.1 and the induction hypothesis, we get

n_
uj —oui_y

o <aCH+ki(l1+a)(T+C)+ (1+a)|fol =C (say).

This completes the proof of lemma.
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Now we define a sequence of step functions { X" (¢)} as

XMt) = (4.4)

ul, e (gt

Remark 4.3 From Lemma 4.1 and Lemma 4.2, it follows that the functions U™ (t) are uniformly
Lipschitz continuous on (0,T] and U™ (t) — X™(t) — 0in X as n — oo on (0,T]. Furthermore
sequences {U"(t)} and { X" (t)} are uniformly bounded in X.

We denote

fUE) = f(ufg) -
Using (4.3) and (4.4) in (4.1), we get:
DeU™(t) + AX"(t) = (1), 4.5)
where D® denotes the fractional derivative in (0, 7.
Integrating above between the limits O to ¢, we get

L t —g) L "s)ds = ug — U™ L ! — ) () ds
F(a)/o(t )YTAX"(s)d o—U (t)-i—r(a)/o(t )X (s) ds. (4.6)

Lemma 4.4 There exist u € C([0,T], D(A)) such that U™ — u, as n — oo. Moreover u is
Lipschitz continuous on [0, T.

Proof. Subtracting (4.5) written for m from the same equation written for n, and applying
J(X™(t) — X™(t)) on both sides, also using m—accretivity of A, we get

(DEU™(t) = DOU™(t), J(XT() = X™(8))) < (f*(8) = [7 (), J(X(t) = X™(2)))-
Using above equation and the fact
DU (t) = U™ = (D*(U™(t) = U™ (1)), J(U"(¢) = U™(1))) ,
we conclude that

DU () = UmOIF < (18 = f"(@), JU(E) ~ U™ (1)

Now using the definition of duality map, we get
DU () = U™ @)|P < [1f7(1) = frOMU™(E) = U™ (@] + enm (t) 4.7)

where
enm () = [ID*(U" () = U™ @) + [1/"(8) = f" (O] €m ()
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and
€

am () = U™ () = X" (@) + U™ () = X" (@)

According to Remark 4.3, €, €),,,, — 0 as n,m — oc.
Using H, we get

@) = " O = @ ufy) = FE wy)]

< kfl 8 =8 | Fllufy = wl]-
Using (4.3) and Lemma 4.2, we get
1F*(8) = Ol < Fallt] = 8" + Chy + Chin] + k1 [U(8) = U™ (@)]] -
Using above inequality in (4.7), we get
DU () = U™ (O)? < enm(t) + ko |U™ () = U™(0)]7

where
enm(t) = E1[|t] — 17" + Chy + Chp]|U™(t) = U™ (1) + €nm(t) -

It is clear that €/, — 0 as n,m — oc.
Integrating between the limits 0 to ¢, and using Definition 2.1, we get

lo™ () — um @) Sg(t)+rlz;)/0 (t =) H[U"(s) = U™ (s)]|* ds,

where

o) = F(la) /0 (t— )1 () ds.

Applying Gronwall’s inequality we conclude that there exist u € C([0,7], D(A)) such that
U" — wasn — oco. As each U™ is uniformly Lipschitz continuous, u is Lipschitz continuous.

This completes the proof of lemma. U

Remark 4.5 By Remark 4.3 and Lemma 4.4, we conclude that X™(t) — u(t) as n — oco. Again
according to Remark 4.3, sequence { AX™(t)} is uniformly bounded in (0, T). So by Lemma 2.5 [3],
we have AX"(t) — Au(t). Here — denote weak convergence in X.

Proof of Theorem 3.1. Now for every x* € X*, t € (0,7, from (4.6) we have

L t —Sail n(g). x* s = uo. ) — n z*
r<a>/0<<t )T AX"(s),2%) ds = (ug,x*) — (U"(t),2%)
1 ! _Safl nsx* s
e [ =) s

By using bounded convergence theorem and Lemma 4.4, we get

i t _S"‘*lus 2Vds = un. ) — (u 2
o [ 9 e a5 = (o) — 0%

L t —8) (s, uls)), ") ds
e (€= 9 () ds.
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As Au(t) is Bochner integrable on (0, 7], from the above equation, we obtain
D%+ Au(t) = f(t,u(t)), ae.te (0,T]. (4.8)

Clearly u € C([0,T],X) and differentiable a.e. on (0,7 with u(t) € D(A) a.e. on (0,7 and
u(0) = ug satisfying (4.8). Hence it will be a strong solution of the problem (1.1)—(1.2) on [0, 7.

Next we show the uniqueness of this strong solution. For this we assume that u; and ug are two
strong solutions of the problem (1.1)—(1.2). Let u = u; — uo, then from (4.8), we have

D%u(t) + Auy(t) — Aug(t) = f(t,ua(t)) — f(E,uz(t)), te€(0,T].
Applying J(uq(t) — uz(t)) on both sides and using m—accretivity of A, we get
D*(u(t), J(u(t))) < (f(tur(t)) = f(t, ua(t)), J (u(t))) -
By using H, we get
D|u()|* < Kallu(®)]*.
Integrating between the limit O to ¢, we get

ko
~ I'a)

Applying Gronwall’s inequality, we obtain

[ =9 tu) as.
0

uw(t) =0, te€(0,T] = ui(t) =us2(t), Vte (0,77,

which yields the uniqueness of the strong solution of (1.1)—(1.2).
Next we show the continuous dependence of the above solution on the initial data.

We are given that u; and us are two strong solutions corresponding to the initial data ug and u?
respectively.

From (4.8), we have
D*(u(t) — ua(t)) + Aur(t) — Aus () = f(t, ua(t)) — f(t, ua(t)).
Applying J(uq(t) — ua(t)) and using m—accretivity of A, we get
D*((ur(t) = ua(t)), J(ui(t) —ua(t)) < (f(tua(t)) — f(t ua(t)), J(ur(t) — ua(t))) .
Using the definition of duality map and H, we get
Dlur () = ua(®)|* < kullur () — ua(t)]*.
Integrating and using Definition 2.1, we get

Ky
['(a)

lur (8) = ua (B)]]* = flug — w|* <

/0 (£ — )2 us(s) — ua(s)||? ds.
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Applying Grownwall’s inequality, we obtain

lun(t) = u2@)[* < lup — g exp (r@) /0 (t =) ds)

T4
s (1) — ua(®)I < b — ud|>exp <2r<a+1>) '

In the last, we will prove the stability of the problem (1.1)—(1.2).
Applying J(u(t)) on the both sides of (4.8), we get
D (u(t), J(u(t))) + (Au(t), J (u(t)) < (f(t,u(?)), J (u(t))) -
By using the m—accretivity of A and the definition of duality map, we get:

Du®)|* < It u@)lu@)]
< kallu®)|®.

Integrating and using Definition 2.1, we get

ks
['(a)

Applying Grownwall’s inequality, we obtain
WO < o) exp (2 /t<t—s>a-1ds)
- I'(a) Jo

1u(0)* exp <F(IZT1)> '

lu@)[* < [lu(0)]* + !A(t—SWWUQNVd&

IN

This implies that

lu(®)] < wh Juoll < hal”
u € whenever U, € ex —_—— .
0 P\ or(a 1)

This completes the proof of the main result.
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