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Abstract. This article concerns the existence of non-oscillatory solutions for non-linear, non-
homogeneous differential equations. In these equations, the unknown function depends on dis-
tributed arguments that can be retarded or advanced and have variable delays. Using contraction
mappings, we show the existence of solutions, and estimate their norms. Then our results are ex-
tended to dynamic equations on times scales, and to difference equations.
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1 Introduction

This article concerns the existence of non-oscillatory solutions for the delay differential equation
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where m > 1, f € C([0,+00),R), g € C(]0,+0) X [a,b] x R,R), p € C([0,+00),R), r; are
positive functions having m — ¢ derivatives on [0, +00). The delay arguments 7(¢) and 6(¢, ) are
continuous functions satisfying conditions specified below, and the integral is defined in the Stieltjes
sense where p is non-decreasing.

Our goal is to study an equation that is more general than those studied in previous publications,
consider various ranges for the coefficient p(¢), and extend these results to dynamic equations on
times scales and to difference equations. With this in mind, we consider (1.1) because it has the
following properties: higher order than the equations studied in [3, 9, 10, 12, 13]; a forcing term
f(t) not considered in [3, 4, 9, 13]; variable delays that include the fixed delays in [4, 9, 13] and the
variable delays in [3, 10, 11, 12, 13]; a variable coefficient p(t) that includes the fixed coefficients in
[4, 9] and the variable coefficients in [3, 11, 12, 13]; and the coefficients r;(¢) not necessarily equal
to 1, as in the above references, except for [11, 12] where 71 (t) is variable.

Oscillation results for delay differential equations can be found in [1, 5, 6, 7, 8], and their
references. Non-oscillation results for equations related to (1.1), can be summarized as follows:
Zhang [13] studied the equation

d
1@ [2(t) +p(t) 2t — )] + Q1(t) 2(t — 61) — Qa(t) x(t — §2) = 0, (1.2)
where 7,01, 09 are non-negative constants, and (1, ()2 are non-negative functions. Kulenovic [9]
studied the equation

d2

a2 [2(t) +pa(t — 7)) + Qi(t) 2(t — d1) — Qa(t) x(t — 62) = 0, (1.3)

where p is a constant not equal to +1. Candan [3] studied the first and second order (k = 1,2)
equations
dk

b d
dtk[x(t)er(t)m(t—r)]Jr/ Q1(t,§)x(t—§)d§—/ @t &zt —&)dE=0, (14

where T is a non-negative constant. Note that equations (1.2)—(1.4) are linear and homogeneous. Li
[10] studied the linear equation
d2
1w [2(t) +p(t) 2(70(t)] + a1(t) (11 (t)) — g2(t) 2(m2(t)) = e(t), (1.5)
on time scales. Chen [4] studied the nonlinear equation

i—i[z(t) +cx(t—7)] 4+ g(t,z(t —5(t)) =0, (1.6)

where ¢ is a constant, ¢ # +1. There, it is assumed that: For each ¢, g(¢,z) is non-decreasing,
xg(t,x) > 0 when x # 0; and for a fixed o > 0, it is assumed that [ s 1g(s, z) ds < oo.

Note that (H3) below is less restrictive than these assumptions. Rath [11] studied the non-linear

non-homogeneous equation
m—1
% () [2(8) + p(0) 2(7(1)]'] + ¢ G (@ (h(1))) = F(2) . (1.7)

In the above references, p(t) is not allowed to oscillate around the values p = 0, —1, +1. However,
Rath [11] found a non-oscillatory solution for (1.7) when p(t) = +1 and 7 is increasing. There it is



EXISTENCE OF NON-OSCILLATORY SOLUTIONS 115

assumed that 7y = - -+ = 7, = land [~ 1/r1(t) dt < co. We do not assume these conditions for
(1.1) and replace ¢(t) G((z(h(t))) in (1.7) with a distributed delay.

Note that the Stieltjes integral allows the delay in (1.1) to include the delays in (1.2)—(1.7). Also
note that an appropriate choice of the variable delays 7 and 4, allows (1.1) to be an ordinary, an
advanced, a retarded, or a neutral differential equation.

2 Results

By a solution, we mean a function x € C([tg, +00), R) such that z(t) + p(t) z(7(t)) is m times
continuous differentiable and satisfies (1.1) for ¢ > ty. We assume that an initial condition for (1.1)
is available; i.e., a function ¢ defined on a sufficiently large interval [—t*, to], where z(¢) = ¢(t).

A solution is said to be oscillatory if it has zeros of arbitrarily large value; otherwise the solution
is non-oscillatory.

In this article, we use the following assumptions.
(H1) The delay 7(t) is m times continuous differentiable and lim;_,~, 7(¢) = oo.
(H2) The delay ¢ is in C(]0, 00) X [a, b], R) and satisfies

o i (16— o
AR 20, 008 = o0

(H3) The nonlinearity g satisfies g(t,£,0) = 0 and the Lipschitz condition

‘g(t,f,l’) _g(taé’y)‘ < K(t,f)‘l’ - y!,

forall ¢ > 0, all £ € [a,b], and all x, y in some interval [— M, My]. Furthermore, we assume
that

0o 1 00 1 00 b
/0 e /51 S /nl/a K (50, &) dp(€) dsp--- dsy < 00, (2.1

(H4) The right-hand side of (1.1) satisfies

1 e 1 oo
/o r1<sl>/31 '”rsn_lcsno/sn1'f<5“)'d8n'“d51<oo- 22)

Note that assumptions (H3) and (H4) reduce the effect that g and f have on the solution of (1.1), as
t — oo.

For simplicity of notation we define the operators

Ll = S (rs ) 5 (rca®) -+ S (0 S2(0) ), 2.3)

=)

3

S

=
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Then (1.1) can be written as

b
Lon[2(t) + p(t) 2(7(1))] +/ 9(t,&,x(5(¢,€))) dp(€) = f(1).

—~

Note that L,, [L,[z]] = z.

In our first result p(t) can oscillate about zero, but within certain bounds.

Theorem 2.1 Assume (H1)-(H4) and that there exists a constant py such that |p(t)| < p1 < 1/2
forallt > 0. Then for each constant M in (0, Mo(1 — 2p1)/6], there exist a time ty and a solution
of (1.1) satisfying

Proof. Using (2.1), (2.2) and (2.3), we select £, > 0 such that

o~ b J— —~ J—
Eul [ KGO au@] () < 75 alfONE) <52 @)

Then select a time ¢y such that t,, < ¢, t, < 7(t), and t, < §(t,&)) forall t > tp and all £ € [a, b].

First we find a positive solution in the set of continuous functions

By ={z: M <z(t) < for t > tp}.

1—2p
Note that this set is bounded, closed, convex, and complete under the supremum norm ||z| =
SUpP;>y, |2(t)|. As standard technique, we transform (1.1) into an integral equation, and define an
operator whose fixed points yield solutions of (1.1). Let

G1[z](to) if t < tg,
Glo)(t) = § S22 — p(t) a(r (1))

L[ [0 (€. 2(5(-€)) dp(€) — FO)] () it > o

Certainly G1[x](t) being the integral of continuous functions is a continuous. For each x in B,
using that |p(¢)| < p; < 1/2 and (2.5), we have

M(7 - 2p1) 6M 6M (1-2p) M _ 6M
Gilz](t) < 5 =
M (7 — 2p1) 6M 6M  (1-2p1) M
Gi[2](t) > - - -5 =M.
1[2(8) = 2(1—2p1) L 2p1 (1—2p1) 3 2

Therefore, G1 maps Bj into Bj. For any two functions x1, 9 in By, using that 0 < p(t) < p; <
1/2 and (2.5), we have

1-2p; p1+1

|G1[z1](t) — G1[z2] ()| < prllo1 — 22| + 3

|21 — 22| = lz1 — 22| .
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Since p; < 1/2, it follows that plTH < 1 and that (1 is a contraction mapping in the complete set
Bj. Then there exists a function z in B; such that G1[z] = z. Applying the operator L,, to this
equality, we show that x is a solution of (1.1).

Now we find a negative solution of (1.1) in the set

6 M
BQ {x 1_ 2p1 S x(t) S M fort = to}
Let
Galz|(to) ift < to,
Gal](t) = § 22 () (7 (1))

L[ [ 90, €.2(5(.6)) du(€) — FO] (1) ift > to.
For each z in By, using that 0 < p(¢) < p; < 1/2 and (2.5), we have

6.M
1—2p;

< Golz](t) < —M .

Therefore, G maps Bs into Bsy. For any two functions 1, z2 in Bs, using that |p(¢)| < p; < 1/2
and (2.5), we have

|Ga[z1](t) — Galz2](t)] <

Since p; < 1/2, it follows that % < 1 and that G5 has a fixed point in Be, which is a solution of
(1.1). This completes the proof. ([l

Next we consider wider ranges for p(t), but p(t) can not approach +1.

Theorem 2.2 Assume (H1)-(H4) and that one of the following two conditions is satisfied: 0 <
p(t) <pa < 1lforallt >0, or—1 < —py < p(t) < 0forallt > 0. Then for each constant M in
(0, Mo(1 — p2) /6], there exist a time ty and a solution of (1.1) satisfying

6 M

M <z(t) <
- ()_1—]92

V>t .
Also there exists a solution of (1.1) satisfying —% < x(t) < =M forall t > to.

Proof. Using (2.1), we select £, > 0 such that

M
5 (2.6)

~ b — ~
Enl [ K28 dn(@)(t) < =52 LnllfO(E) <

Then tg > t. such that ¢, < 7(t), and ¢, < 6(¢,&)) forall t > tp and all € [a, b].

First assume that 0 < p(t) < p2 < 1. We shall find a positive solution in the set

M
Bg,:{ac:MSx(t)Sl6 fort >t} .

— D2
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Define the operator
G3[I‘] (to) if t < tg,
Gale)(t) = { M0 _ ) a(r (1))

~Lon[ f; 9 & 2(3(-,€))) (&) = FO)] (1) ift > o
For each z in B, using that 0 < p(t) < py < 1 and (2.6), we have

M (7 + 5p2) 6M (1—-p) M _ 6M
Galelt) < 2(1 —p2) 0 (1—=p2) 3 2 1-py
M (7 + 5ps) 6M 6M (1—pa) M

Therefore, G3 maps Bs into Bs. For any two functions 1, z2 in Bs, using that 0 < p(t) < ps < 1

and (2.6), we have

Galn](9) ~ Galaal(9)] < 225

Since pa < 1, it follows that % < 1 and that G5 is a contraction mapping in Bs. Then there

exists a function z in such that G3 x = z. Computing n derivatives, we show that z is a solution of

(1.1).

Now assuming that 0 < p(¢) < p2 < 1, we find a negative solution in the set

21 — @2l .

6 M
By={xz:— <z(t) <=M fort > ty}.

1—p2
Let
Gy [1‘] (to) if t < tg,
Galel(6) = § M3 _ ) (1)

~Ln[ [} (- & 2(3(-,€))) (&) = FO] () ift > o
For each x in By, using that 0 < p(t) < py < 1 and (2.6), we have

M(2
_ M2 +p) < Galz](t) < —M .
1—p2
Therefore, G4 maps By into By. For any two functions 1, z2 in By, using that 0 < p(t) < ps < 1

and (2.5), we have

(Galo) ) - Galaal(1)] < 222

Since p; < 1, it follows that % < 1 and that G4 has a fixed point in By, which is solution of

(1.1).

Now assuming that —1 < —py < p(t) < 0, we find a positive solution in the set

lz1 — @2l .

M
B5:{x:M§a:(t)§16

fort >t} .
— D2

Define the operator
Gs[z](to) ift < to,
Gs[2](t) = { L — p(t) a(7(t))
~Ln[ [? (€ 2(5(-€))) dp(€) — FO)] () it > o
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For each x in Bs, using that —1 < —ps < p(t) < 0 and (2.6), we have

™ 6M 6M (1-p) M  6M
Gslz(t) < — 2
slrl) = +p21—p2+(1—p2) 3 2 1—py’

™ 6M 6M (1-— M
Gs[z](t) > = — p - (L=pa) M,

2 l—p2 (I-p2) 3 2

Therefore, G5 maps Bs into Bs. For any two functions x1,x2 in Bs, using that —1 < —py <
p(t) < 0and (2.6), we have

2p2 +1

|Gsl1](t) = Gslz2](t)] < =

[z1 — @2]|-

Since po < 1, it follows that 2’%7“ < 1 and that G5 has a fixed point in Bs, which is a solution of

(1.1).

Now assuming that —1 < —py < p(t) < 0, we find a negative solution in the set

BG:{a::—l 5 <xz(t) < —M fort > tp}.
— P2
Let
GG[(L’](tO) if ¢ S t(),
Glal(t) = —M—po < (®)

Lon[ J; 90+ 2(3(-,€))) du(§) = F()] () ift > to.
For each z in Bg, using that —1 < ps < p( ) < 0 and (2.6), we have
B 6M
1—p2

< Gel7](t) < —M.

Therefore, G¢ maps Bg into Bg. For any two functions x1, x9 in Bg, using that —1 < ps < p(t) <0
and (2.6), we have

2ps +1
|Ge[x1](t) — Gglaa](?)] < p23 [z1 — @2]|-
Since po < 1, it follows that 2’%7“ < 1 and that G has a fixed point in Bg, which is a solution of
(1.1). This completes the proof. (]

Theorem 2.3 Assume (H1)—(H4), 7(t) is strictly increasing, and that one of the following two

conditions is satisfied: 1 < p3 < p(t) < pyforallt >0, or —py < p(t) < —p3 < —1forallt > 0.

Then for each constant M in (0, %], there exist a time tg and a solution of (1.1) satisfying

3Mp,
p3 —

M<z(t) < vt > tq.
Also there exists a solution of (1.1) satisfying —% <z(t) < =M forallt > t.

Proof. Using (2.1), we select . > 0 such that

M
- 2.7)

b — ~
Eul [ KG9 au©) ) < 22, TallfOe) <
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Since 7(t) is strictly increasing and lim; ,oo 7(t) = oo, the function 7 is invertible and
lim; oo 7~ 1(t) = 0o, Then we select tg > t,, such that t, < 771(¢), and t, < §(t,&)) for all
t > tpandall £ € [a,b].

First assuming that 1 < p3 < p(t) < p4, we find a positive solution in the set

M
Br={z: M <a(t) < P fort > ).
ps—1
Define the operator
Grla to) o
Gl = s 2o+ 25+ =)

L[ J; 90, € 2(8(. ) du(©) — FOL @) ift = to.
For each x in By, using that 1 < p3 < p(t) < p4 and (2.7), we have

< 3Mpy

M < Grla(r) < Do

Therefore, G7 maps By into By. For any two functions x1, x2 in By, using that 1 < p3 < p(t) < ps

and (2.7), we have
2 1
(Grlea](8) = Grlaa] (D] < (5~ + 3)llz1 — 2] -
P33
Since p3 > 1, it follows that % + % < 1 and that G5 is a contraction mapping in B7. Then G7 has
a fixed point which is a solution of (1.1).

Now assuming that 1 < p3 < p(t) < p4, we find a negative solution in the set

M
By = {w: — P < 4(4) < —M fort > to}.
p3—1
Define the operator
Galel(t) = | sy [ = M(2pa-+ 22 + ) = a7 1)

L[ [ g(,€,2(5(-,€))) du(€) — ()] (7'_1(75))} ift>tg.

For each z in Bg, using that 1 < p3 < p(t) < p4 and (2.7), we have

< Gglz)(t) < =M.

Therefore, Gg maps Bs into Bs. For any two functions z1, z3 in Bg, using that 1 < p3 < p(t) < py4

and (2.7), we have )
1
|Gslza](t) — Gslaa](t)] < (371?3 + §) |21 — 2| -

Since p3 > 1, it follows that % + % < 1 and that Gy is a contraction mapping in Bg. Then Gg has
a fixed point which is a solution of (1.1).
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Now assuming that —py < p(t) < —p3 < —1, we find a positive solution in the set

M
e M<at) < p‘ifortzto}.

p3 —
Define the operator
Gg[IL’] (t()) if ¢ S t(),
Golu](t) = W[ M<2p4 L) —a(r (1)
L[ J7 90 2(8(,€) du(©) = FOIH®)] it > to.
For each z in Bz, using that —py < p(t) < —p3 < —1 and (2.7), we have
3Mpy
M < Golz](t) < o1

Therefore, Gg maps By into By. For any two functions x;, 9 in By, using —ps < p(t) < —p3 <
—1 and (2.7), we have

2

Golea)(t) — Golea)(8)] < (3 -+ Dller — ]l

Since p3 > 1, it follows that ﬁ + % < 1 and that Gg is a contraction mapping in Bg. Then Gg has
a fixed point which is a solution of (1.1).

Now assuming that —py < p(t) < —p3 < —1, we find a negative solution in the set
<uz(t) < —Mfort >tp}.

Define the operator

Grol](to) itt < to,
Guole](®) = § iy My = 3+ gy = ) = 2 (0)
L[ f7 9,6, 2(5(,€) du(€) = FOI®)] it > to.

For each x in By, using —p4 < p(t) < —ps < —1 and (2.7), we have

3M
—pgﬁGlo[ 1(t) < —M.
3ps —2p3 — 1

Therefore, G19 maps By into Byg. For any two functions x1,z2 in By, using —py < p(t) <
—p3 < —1 and (2.7), we have

Guoler)(t) = Guoleal)] < (5~ + 3)lla1 — 2]

Since p3 > 1, it follows that ﬁ + % < 1 and that G¢ is a contraction mapping in B1g. Then G1g
has a fixed point which is a solution of (1.1). This completes the proof. O
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Next, we allow p(t) to reach £1. However, p(¢) must be constant. In this section, we follow the
strategy in [11] where they assumed that ry,,_o(t) = - -+ = ro(t) = 1 and [;°1/r; < co. We do not
assume these conditions here, and correct two of their mistakes, as explained below. The main tool
is the Schauder fixed point theorem that reads as follows: Let B be a closed, convex and non-empty
subset of a Banach space X. Let G : B — B be a continuous mapping such that G(B) is relatively
compact in X. Then G has at least one fixed point in B.

Under the assumption that 7 is increasing (strictly increasing), its inverse 7! exists and is also
increasing. We define its iterated inverses as follows:

=t T_z(t) = 7'_1(7'_1<t)), 7_3(15) = 7'_1<7'_1(7'_1(t))),

First we claim that lim; ., 77! (¢) = co. On the contrary suppose that there exists an upper bound,
a > 77Y¢t) for all t € R. Since 7 is increasing, t = 7(771(t)) < 7(«a) for all t € R, which is
a contradiction. Assuming that 7(¢) < ¢ for all ¢, since 7~ is increasing, we have t < 771(¢) <
772(t) < .... Next we claim that

lim 77%(t) = 00

11— 00
On the contrary suppose that the sequence #; := 7 (¢) is bounded above. Then {t;} being increas-
ing, it converges to a finite number, lim;_,, t; = a < co. Since 7 is increasing, from the inequality
t; < 77 Yt;) < a, we have 7(t;) < t; < 7(a). In the limit, @ = lim; ,o0 t; < 7(a), which
contradicts 7(t) < t for all £.

Theorem 2.4 Assume (H1)-(H4), 7(t) is strictly increasing and 7(t) < t for all t > 0. Then for
each constant M in (0, My /3], there exist a time ty and a solution of (1.1) with p(t) = 1 satisfying
M <z(t) <3M Vt>t.

Also there exists a solution satisfying —3M < x(t) < —M for all t > t.

Under the additional assumptions

Z/ 1/ y / /Ksn, du(€) dsp -+ dsy <00, (2.8)
~ Jeioyri(sn) Joy Teui(sum1)

[e.9]

Z/Ti(o) ri(s1) /51 Ton_y (Sn-1) /Sn1 F(sn)] ds el (29)

=1

there exists a solution of (1.1) with p(t) = —1 satisfying M < z(t) < 3M forallt > ty. Also there
exists a solution satisfying —3M < x(t) < —M forall t > t.

Proof. Since lim;_, Tfl(t) = 00, using (2.1) and (2.2), we select ¢, > 0 such that

>
Z/ -

Then we select ty > t., such that t, < 7(t), and ¢, < §(¢,§)) forall ¢ > ¢y and all £ € [a, b].

) dp(€) dsn -+ dsi <,

flsp)| dsp---dsy < 5
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First we assume that p(t) = 1, we look for positive solutions in the set
By ={x: M <xz(t) <3Mfort > ty}.
Define the operator
G11x](to) if t < tp,
Gule](t) = y2M - 3, f:—_<2219>(t> T AR vy
< oo [y 9Co&2(8(,€))) du(€) = f(sn)] dsn---dsy ift > to.

The assumption 7(¢) < t guarantees the continuity of G1[z](t). If there is an open interval (t3,%4)
such that 7(t3) = t3 and 7(t) # ¢ on this interval, then G11[z] can not be continuous at ¢3. This
detail was overlooked in [11, p. 11]

Clearly for all z € By1,2M — M < G11[z](t) < 2M + M. Next we show that G11(B1) is a
collection of equi-continuous functions.

For each ¢ > 0 and ¢; > tg, we need to find a § > 0 (independent of x € Bj;) such that
|G11[x](t) — G11[z](t1)| < € for all ¢ for which |t — ¢;| < 6.

From (2.1) and (2.2), select a to > tg, such that

o0

(t2) b
>/ S [ MK (51,9 du(€) + 1£(s,)] dy - dy

1 F—(2i—1) (t2) 1 (81)

[ee) 1 b .
S /’Tl(tQ) 7,.1(51) /a\ BMK(Sn,é-) d:u(g) + |f(8n’ dsn"'dSl < Z

Then |G11[x](t) — G11[z](t1)| < e/2 forall t;,t > ty and all x € By;.

Since lim; oo 7(t1) = 00, there exists an integer N such that to < 772V (¢1). Let

F = sup / / BMK (s, &) dp(&) + | f( sn}dsn .
t0<51<t2 Tl
For ¢ such that t; < ¢t < 77 %(t1), wehave 77 1(ty) < 771(t) < 7~ (tl) and

—(2i— 1)

|G[z](t) — Gulz t1|<2/ F

(2i— 1) tl

l\D\m

Using the continuity of 7~ there exists §; > 0 such that |t — t1] < 0; implies
@Dy ¢
[
For the case ¢ < t1, we just reverse the roles of ¢ and ¢1. By choosing § = min{J; : 1 <i < N}, we

have the desired equi-continuity. Next by the Arzela-Ascoli theorem, the set G11(B11) is compact.
By the Schauder theorem there is a fixed point = in By;. For this fixed point we have

z(t) +x(7(t)) = Gulz]( +Gn[ [(r(t))

1
—4AM — / / =
7"1 Sl 7ﬁSn—l (Snfl)

/[/ 906,250 €)) dpl€) = f(50)] ds -+~ s
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Applying the operator L,, in both sides of this equation, we show that x is a solution to (1.1) with
p(t) = 1.

To show the existence of a negative solution, we use the set
312 = {33‘ :—3M < ZL‘(t) < —M fort > to},
and the operator

Glg[l'] (to) if t < tp,
_ 0o T2t [e'e]
G12[$] (t) =94 —2M - Zi:l ff(gig)(t) Fl(lsl) fsl rsn—l%sn_l)

stO:,1 [fabg<7§7'r(5(>£))) dﬂ(&) - f(sn)] dsp---dsy ift>tp.

Next we set p(t) = —1. Note that if ¢ > ¢, then fTof,-(t
non-negative. If there is time o > 0 such that 7(t3) = to, then 77%(ty) < t5 for all i. In this case
it is impossible to satisfy assumptions (2.8) and (2.9), and G3[z|(t2) = oo, as defined below. To

avid this difficulty, we assume that 7(¢) < ¢ for all ¢. This detail was overlooked in [11, p. 11].

) < frofi(tl)’ as long as the integrand is

Since the series in (2.8) and (2.9) converge, there is an integer /N such that

e 00 oo oo b 1

S [T [ K09 dn(© sy s <

i=N T_i(O) Tl(sl) 81 Sn—1 Ja 6
>/ [ [T s s < B
=N 7-77.')(0) Lt (81) S1 Sn—1 2

Then we select ¢y > t,, such that ¢, < 7(¢), and t, < §(t,€)) forallt > tg and all £ € [a,b]. We
will look for positive solutions in the set

Bis={x: M <=z(t) <3M fort > ty}.
Define the operator
Ghslz](to) if't < to,
Guslz)(t) = § 2M — 3272, [ rl(lsl) Jo ﬁ

X fSOTil [ffg(,é’,x(&(,f))) d,u(f) - f(sn)] dsy---dsy ift >tp.

Clearly for all x € B3, 2M — M < Gi3[z](t) < 2M + M. Next we show that G13(B3) is a
collection of equi-continuous functions.

From (2.8) and (2.9), select an integer /N such that

€

00 0o 1 ~ ,
z:z]:\[/T‘(O) 7‘1(51) /51 /a BMK(Snaé) dl”’(f) + |f(5n)‘d8n d81 < 5

Then fort > t1 > 0,

N7t g 00
|G13[z](t) — Gislx](t1)| <Z/ / ---dsn---dsl—i—g
=177 S1

—i(ty) 7“1(81)
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Using the continuity of 7~ there exists §; > 0 such that |t —t1] < 0; implies

T7Ht) 1 0o .
/T—i(n) r1(s1) /31 2N

For the case ¢ < t1, we just reverse the roles of ¢ and ;. By choosing 6 = min{d; : 1 <7 < N},
we have the equi-continuity of G13(Bi3). Next by the Arzela-Ascoli theorem, the set G13(Bi3) is
compact. By the Schauder theorem there is a fixed point z in Bj3. For this fixed point we have

2(t) — x(7(t)) = Gus2](t) — Gualz](7(2))

N
¢ r1(s1) s1 Tsp_1(Sn—1)

o] b
[ e o ) au© - fsa)] asn-- s

Applying the operator L,, in both sides of this equation, we show that x is a solution to (1.1) with
p(t) = —1.
To show the existence of a negative solution, we use the set
By ={z:-3M < xz(t) < —M fort > to},
and the operator
G13[x](to) if t < tp,
Gualo](t) = § —2M = 3222 [Zi) mtey Jor m

< S Ly 9( €6 (3(59)) du(€) = f(sn)] dsn - dsy ift > to.
This completes the proof. g

3 Dynamic and difference equations

In this section we extend the previous results to equations on times scales, and to a discrete version
of (1.1). First, we find non-oscillatory solutions to the dynamic equation

(rm_l(t) ( . (Tl(t) (z(t) + p(t) CC(T(”))A)A o >A>
4 /abg(t,g,x(é(t,g) AL = f(t),

A

(3.1)

on a time scale T. This is, the variable ¢ belongs to a non-empty closed subset T of real numbers.
We assume that sup T = oo, and that if T is right dense at a point ¢, then T is also right dense at
the points 7(¢) and §(¢, ) for all £ € [a, b]. Derivatives are understood as Hilger derivatives (also
called A derivatives); see the book by Bohner [2] for information about time scales.

We assume that the following functions are rd-continuous on their domains. f : T — R,
g:Tx[a,b]x RxR—-R,p: T—-R,7:T—R,7:T—Tand¢:T x [a,b] x R — R. Also
we assume r; is positive and has m — ¢ derivatives.

By a solution we mean a function x, from T to R, that satisfies (3.1) for all ¢ in [ty, o0) N T. To
state our results, assumptions (H1)—(H4) need some modifications:
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(H1’) The delay 7(t) is m times differentiable and lim;_, o 7(¢) = oc.
(H2’) The delay ¢ is rd-continuous, and satisfies

li in 4(t, &) = oco.
tﬂéloa?glgb(’f) 00

(H3’) The nonlinearity g satisfies g(¢,&,0) = 0 and the Lipschitz condition

‘g(ta€>x) _g(ta€>y)‘ < K(t7£)‘$ - y’a

forallt > 0, all £ € [a, ], and all z, y in some interval [— My, My]. Furthermore, we assume
that

[e%S) 1 ) 1 ) b
/0 ) /81 .'.77"3”_1(57%1) /Sn1 /a K(sp,&) AL Asy -+ - Asy < 0. (3.2)

(H4’) The right-hand side of (3.1) satisfies

o 1 o0 1 o]
/0 r1(s1) /51 “'7“snl(sn—1)/sn1 Fsn)[ Asn- - Asy < 00 (3.3)

The statements in Theorems 2.1 and 2.2 hold with obvious changes in notation. For Theorems
2.3 and 2.4, we need the additional assumption that if T is right dense at a point ¢, then T is right
dense at 7~ 1(¢). Other than this, translating the previous results to time scales is a straight forward
process.

Next, we find non-oscillatory sequences that satisfy a discrete version of (1.1). Functions of ¢
are replaced by sequences with index n: x(t) by x,, p(t) by p,, and so on. Let A be the forward
difference operator

ATy = Tpi1 — Tn

We consider the m-order difference equation

A(rm,lﬁnA< e A(rl,nA(xn —|—pnx7(n))) . )) + Eb:g(n, & Tsne) = - (3.4)
t=a

where a,b, m,n,£ are non-negative integers, f,g,p,x real-valued sequences. The delays are
integer-valued functions: 7 : Z* — 7Z, § : ZT x Z — 7 that satisfy the assumptions stated below.
The coefficients r; ,, are positive sequences, and the operator A refers to the variable n. Note that
there are no differentiability conditions, and that assumptions (H1)-(H4) need some modifications:

(H1”) The delay 7 satisfies lim,,_,o, 7(n) = oo.
(H2”) The delay ¢ satisfies lim,, oo min,<¢<p (1, §) = oo.
(H3”) The non linearity g satisfies g(n, £, 0) = 0 and the Lipschitz condition
lg(n, &, 2) —g(n, & y)| < K(n, &)z —yl,
foralln > 0, all ¢ € [a, b], and all x, y in some interval [— My, Mp]. Furthermore, we assume

that

oS) 00 b

Zrl Z"'¥ > D) K(sm,é) < oo (3.5)

Tm=lsm—1 g =5 | t=a
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(H4”) The right-hand side of (3.4) satisfies

o

S S ) < oo 36

T1,s T"m—1,8m—
L sp=s1 Ml g =S o1

O

Translating the results in Theorems 2.1-2.4 to sequences satisfying (3.4) is straight forward
process.

Concluding remarks

We found non-oscillatory solutions for various ranges of the coefficient p(t), in particular when it
oscillates about zero. However, we are unable to obtain the same results when p(t) oscillates about
+1. This remains an open question.
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