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1 Introduction

Let (X, ||.||) be a complex Banach space. This paper deals with the existence and uniqueness of an
almost automorphic solution of the following nonautonomous neutral functional-differential equa-
tion:

S ult) + (1 u)] = AWult) +glt,w), 1€ 0,0 +) (L.

u, =9 €B (1.2)

where A(t) : D(A(t)) € X — X is a family of densely defined closed linear operators on a
common domain D = D(A(t)), which is independent of ¢ and generates a family of exponentially
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stable evolution operators {U (¢, s) : t > s > —oo}, in the sense that there exist constants M > 0,
¢ > 0 such that
U (¢, )] < Me ¢,

Note that for each x € X, the function (¢, s) — U(t, s)z is continuous and U (¢, s) € L(X,D) for
every t > s, (cf. [17]). The history u; : (—o0,0] — X, defined by u.(6) := u(t + ) for each
0 € (—o0, 0], belongs to an abstract phase space B, that is defined axiomatically. The functions f
and g are continuous functions from R x B to X.

To the best of our knowledge, N’ Guérékata [7] was first to study the exponentially stable almost
automorphic equations and subsequently Goldstein and N’ Guérékata [6] generalized the concept.

In this paper, we prove the existence and uniqueness of an almost automorphic solution of (1.1)
and (1.2). However, Diagana et al. [4] also have considered the same equation as (1.1) and provided
the sufficient conditions for the existence and uniqueness of a pseudo almost periodic solution.

The almost automorphy is the generalization of the almost periodicity. The notion of almost
automorphic functions was introduced by Bochner [1], in his landmark paper and asymptotically
almost automorphic functions were introduced by N’Guérékata [9]. Almost automorphic functions
together with compact almost automorphic functions were extensively studied by Veech and Zaki
[18, 19, 20].

The existence of almost automorphic solutions has been considered by many authors, see e.g.
[16, 14, 15, 2, 5]. Recently authors [16] have proved the existence and uniqueness of almost au-
tomorphic solution of a neutral functional differential equation. For more on neutral functional
differential equations, we refer [10].

Recently Diagana, Henriquez and Hernandez [3] have considered the following equation:

%[u(t) bt )] = Aul®) + g(t,u), t €[00 +b), (1.3)

and have given a set of sufficient conditions for the existence and uniqueness of an almost automor-
phic mild solutions of (1.3). This paper generalizes the results of [3], to the case of a nonautonomous
evolution equation.

2 Preliminaries

In this section we recall certain definitions and lemmas to be used subsequently in this paper.

Definition 2.1 A strongly continuous function f : R — X is said to be almost automorphic if for
every sequence of real numbers { s, },en, there exists a subsequence {s, } nen of {8, }nen such that

g(t) = lim f(t+sn),

n—oo

is well defined for each t € R and

f(t) = lim g(t_sn)a

n—o0

foreacht € R.
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We denote by AA(X), the set of all such functions.

Remark 2.2 The range of an almost automorphic function is relatively compact on X, therefore it
is bounded.

Lemma 2.3 (N’Guérékata [8]), (AA(X), ||.llaa(x)) is a Banach space with the supremum norm
given by,
1fllaacx) = sup || f(B)]-
teR

Let Z and W be two Banach spaces.

Definition 2.4 A continuous function f : R x Z — W is said to be almost automorphic, int € R
for each z € Z if for every real sequence (s),), there exists a subsequence (sy,) such that

g(t,z) == lm f(t+ sp,2)in W,
n—oo
is well defined in W, for each t € R and each z € Z and
f(t,2z) == lim g(t — sp,2) in W,
n—oo

is well defined for eacht € R each z € Z.

We denote by AA(R x Z, W), the set of all such functions.

Theorem 2.5 Let f : R x Z — W be an almost automorphic function int € R for each z € Z
and assume that F satisfies Lipschitz condition in z uniformly int € R. Let ¢ : R — Z be almost
automorphic. Then the function ® : R — W defined by ®(t) = f(t, ¢(t)) is almost automorphic.

Proof. For a proof of the theorem, we refer to N’Guérékata [9]. ]

Definition 2.6 A continuous function f : R — Z is said to be compact almost automorphic,
if for every sequence of real numbers (s)), there exists a subsequence (sy) such that g(t) :=

limy, o0 f(t + sn) and f(t) = limy, 00 g(t — Sn) uniformly on compact subsets of R. The col-
lection of those functions will be denoted by AA.(Z).

Let us denote by AP(Z), the set of all functions { f; f : R — Z} such that f is almost periodic.
AP(Z),AA.(Z) and AA(Z) are closed subsets of (BC(R, Z), ||.||oc) With
AP(Z) Cc AA.(Z) Cc AA(Z) c BC(R, Z)

A proof of next lemma follows in view of the above statement.

Lemma 2.7 N’Guérékata [8], AA(Z) endowed with sup norm is a Banach space.

Definition 2.8 A continuous function f : Rx Z — W, (t,u) — f(t,u) is said to be compact almost
automorphic, if for every sequence of real numbers (s))) there exists a subsequence (sy,) such that
g(t,z) := im0 f(t + Sn,2) and f(t,z) = limy, 00 g(t — Sp, 2) in W, uniformly on compact
subsets of R, for each z € Z. The collection of those functions will be denoted by AA(Z, W ).
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Now we will give a definition of fading memory space (phase space) B, axiomatically using
ideas and notations developed in [13]. More precisely, B will denote the vector space of functions
xt @ (—00,0] — X, defined as z4(s) = z(t + s) for s € R™, endowed with a seminorm denoted
by ||.||5- A Banach space (B, ||.||z) which consists of such functions ¢ : (—o0,0] — X, is called a
“fading memory space”, if it satisfies the following axioms.

(A) If x : (—o0,0 + a) — X with a > 0, is continuous on [0, 0 + a) and =, € B, then for each
t € [o,0 4 a) the following conditions hold:
(i) z¢isin B,
i) [l2(t)| < Hllwlls,
Gii) |zulls < K(t — o) sup{[a(s)] : o < 5 < t} + M(t — ) |55,
where H > 0 is a constant, and K, M : [0,00) — [1,00) are functions such that K (.) and
M (.) are respectively continuous and locally bounded, and H, K, M are independent of x(.).

(A1) If x(.) is a function as in (A), then x; is a B valued continuous function on [0, 0 + a).
(B) The space B is complete.

(C2) If (¢™)nen is a sequence of continuous functions with compact support defined from (—oo, 0]
into X, which converges to ¢ uniformly on compact subsets of (—oo, 0] and if {¢"} is a
cauchy sequence in B3, then ¢ € B and ¢ — ¢ in B.

Remark 2.9 Throughout the rest of the paper, by axiom (C2), there exists a constant £ > 0 such
that ||¢||g < £supy< ||P|lg for every ¢ € BC((—o0,0]; X), see proposition 7.1.1 of [13].

Definition 2.10 Ler S(t) : B — B be a Cy semigroup defined by S(t)p(0) = ¢(0) on [—t,0]
and S(t)p(0) = ¢(t + 0) on (—oo,—t]. The phase space B is called a fading memory space if
IIS(t)¢|lg — 0 ast — oo for each ¢ € B with ¢p(0) = 0.

Remark 2.11 Throughout this paper we suppose the existence of a constant K > 0, such that
max{K (t), M(t)} < K foreacht > 0. We observe that this condition is verified, for example if B
is a fading memory space, see, e.g., proposition 7.1.5 of [13] for details.

3 Main results

In this section, we prove the existence and uniqueness of an almost automorphic solution of system
(1.1), (1.2). For that we first mention some assumptions, then prove certain lemmas, required for
the proof of our main result.

We shall assume the following conditions:

(H1) We assume that the operators A(t) and U(r, s) commute that is,

A)U(r,s) = Ul(r,s)A(t).
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(H2) The function s — A(s)U(t, s), defined from (—oo, t) into £(X) is strongly measurable and
there exists a nonincreasing function H : [0,00) — [0,00) and vy > 0 with e % H(s) €
L'([0, 00)) such that

|A(s)U(t,8)|| < e " HE —s), t>s.

(H3) U(t,s) € bAA(X), that is for every sequence (s},) of real numbers, there is a subsequence
(sn) such that

Ut + sn, s+ sn) —Ult,s)|| <e.

(H4) The functions f : R x B — X, g : R x B — X are almost automorphic with respect to the
first variable and are Lipschitz continuous with respect to the second variable, that is there
exist continuous and bounded functions L¢, L, : R — (0, 00) such that

1t 2) = fE )l < Ly(t)-[lz = yll,
lg(t, ) — g(t y)|| < Lg(t)-[lz —yl-

Now we give a definition of the mild solution of system (1.1) and (1.2).

Definition 3.1 A continuous function v : [o,0 +b) — X, b > 0, is called mild solution for
the neutral system (1.1) and (1.2) on [0,0 + b), if us € B for every s € R and the function
s — A(s)U(t, s) f(s,us) is integrable on [o,t) for every o <t < o + b, and

u(t) = U(t,0)(6(0) + f(0,9)) — f(t, ur) — / A(s)U(t, ) f(s,us)ds

t
+/ U(t,s)g(s,us)ds, teo,0+0b).

Remark 3.2 In general the operator function s — A(s)U(t, s) is not integrable over (—oo, t). If
£ and IC are the constants appearing in the Remarks 2.9 and 2.11 respectively and f satisfies (H3),
then from Bochner’s criterion of integrability of functions and the following estimate

[A(S)U(E,8) f (s, us)ll < [[ASUE, 8)llex)-1f (s, us) [ x

< eVt — s (Lf(s)(M(s)HuSHB + K (s)l|ulloo) + [ £(s, O)H)

< e IH(E - ) (Lf(s)(2 + DEuloo + \If(570)||> ,
it follows that the function s — A(s) U(t, s) f(s, us) is integrable on (—oo, t) for each t > 0.

Now the following definition of a mild solution of equations (1.1) and (1.2) is well defined.

Definition 3.3 A function u € AA.(X) is an almost automorphic solution to neutral system (1.1)
and (1.2) provided that the function s — A(s)U(t, s)f(s,us), is integrable on (—oo,t) for each
t € R and the following holds:

t

u(t) = —f(t,u) — /_ A(s)U(t,s) f(s,us)ds —|—/ Ul(t,s)g(s,us)ds, t € R.

—0o0
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Lemma 3.4 For u € AA.(X), the function Fu defined by

(Fu)(t) := / U(t,s)u(s)ds,

—00

is also compact almost automorphic.

Proof. First we observe that F'u is bounded. Since u is compact almost automorphic, so is bounded
(say ||u|| < Mj). Hence

[(Fu)(@)] < /_ [T, s)| [lu(s)]| ds
< /t Me <=9 £y ds
MM,
—
(

<

Thus F'u is bounded. Now we show that (F'u)(t) is compact almost automorphic with respect to
t € R. Since u € AA.(X), for any sequence (s,),en of real numbers, fix a subsequence (sp)neN
and v € BC(R, X) such that

u(t + sp) — v(t) asn — ocoand v(t — sp,) — u(t) asn — oo,

holds on compact subsets of R. Now from Bochner’s criterion of integrability of functions and the
following estimate

U, s)u(s)ll < Me™ ) Julloo, (3.1

we have that the function s — U(t, s)u(s) is integrable over (—oo,t), t € R. Further by the
Lebesgue dominated convergence theorem and (3.1), it follows that (Fu)(t + s,,) converges to

(Go)(t) == / U(t,s)v(s)ds,

for all t € R. To show that the convergence is uniform on compact subsets of R, let X C R be an
arbitrary compact set and let € > 0. Fix L > 0, such that & C [5£, L], with |[u(s+s,) —v(s)|| < €

and [|[U(t + sn, s+ sn) = U(t, s)|| < e.

For each t € K, one has

|(Fu)(t+ sn) — (Gv)(@®)|| = | 3 U(t+sn,s+sn)u(s+sn)ds—/ Ul(t,s)v(s)ds||

—00

< / WU (t+ sp, s+ sp)|| l|u(s + sn) —v(s)| ds

— 00

t (100 s o) - U oty s

t t
< / Me<<t8)eds+/ ellulloo ds . (3.2)

— 00

This implies that (F'u)(t + s,) — (Gv)(t) as n — oo, uniformly on K. One can similarly prove
that (Gu)(t — s,,) — (Fv)(t) as n — oo. This completes the proof of the lemma. O



ALMOST AUTOMORPHIC SOLUTIONS OF NEUTRAL DIFFERENTIAL EQUATIONS 23

Lemma 3.5 Foru € AA.(X), the function Fu, defined by

(Fu)(t) :== /_ A(s)U(t,s)u(s)ds,

is also compact almost automorphic.

Proof. It can be easily verified that, F'u is bounded in a similar way as in Lemma 3.4. Now we
show that F'u is compact almost automorphic. Since u is a compact almost automorphic function
on X, for a given sequence (s),)necn of real numbers, we fix a subsequence (s, )nen and a function
v € BC(R, X) such that
u(t + sp) — v(t) asn — oo, v(t — s,) — u(t) asn — oo,

uniformly on compact subsets of R. Using Bochner’s criterion for integrable functions and the
following estimate

IA@)U (¢, s)u(s)l| < eI H( — s)|u(s)]], (3.3)

we have the function s — A(s)U(t, s)u(s) is integrable over (—oo,t), for each ¢ € R. Now, the
Lebesgue dominated convergence theorem and the estimate (3.3), implies that

t
(Fu)(t+sn):/ A(s+ sp)U(t + sp, s+ sn)u(s+sp)ds teR, neN,

—0o0

converges to
t
Gu(t) :== / A(s)U(t,s)v(s)ds, teR.

Now, we show that convergence is uniform on compact subsets of R. Let € > 0 and K C R be an
arbitrary compact subset. Fix L > 0, N, € N such that K C [=£, £] and the following holds,

202
o0
/ e 7P H(s)ds < e,
L

2

HU(5+3n)—U(5)H <e, n>Ng s€ [_LvL]
Here ||u||oo := sup;eg ||u(t)]|: For each t € K, we have,
[(Fu)(t + sn) — (Go) (@)

< / |A(s + sn) U(t + sn, s+ sp)|| |u(s + sn) — v(s)| ds

—00

t
- (||A<s+sn> Ut + 505 + sa)]| + |AWU, s)H) Ju(s)] ds

—0o0

L
< / 2e 7 H(t — ) (Ju(s + s0) — v(s)|| + [Ju]|oo) ds

—00

+/ 2¢ 7 H(t — s) (uls + sn) — v(s)]| + [Jullo) ds
—L

00 t+L
< / 2e 7 H(s) (2 lulloo + Hu||oo) ds + / 2e¢ 7°H(s) (e + ||u||oo) ds
t+L 0
< 6||u|oo/L =1 H (s) d8+26/ =% H (s) ds—|—2||u||oo/L =7 H(s) ds
L 0 Z

2

26(4||UHOO+/ e 7P H(s) ds).
0

2

IN
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This proves the convergence is uniform on K. In a similar manner one can also show that (Gv)(t —
Sn) — (Fu)(t) as n — oo. This completes the proof of lemma. O

Lemma 3.6 See [3], Let u € AA.(X), then the function s — ug belongs to AA.(B).

Proof. A proof of the lemma goes along the same line as in [3]. For the sake of convenience
we give a proof here again. For a given sequence (s},),en of real numbers, we fix a subsequence
(8n)nen and a function v € BC(R, X) such that u(s + s,,) — v(s) uniformly on compact subsets
of R. Since B satisfies axiom (C2) in proposition 7.1.1 of [12], we infer that us45, — vs in B for
each s € R. Let K C R be an arbitrary compact set and let L > 0 such that KX C [—L, L]. For
€ > 0, we fix N, 1, € N such that

llu(s + sp) —v(s)|| <€ se€[-L,L],

[u—r+s, —v-Ll <

whenever n > N, 1. ]

Proposition 3.7 Under the assumptions (H1)—(H4), there exists unique almost automorphic mild
solution of equations (1.1) and (1.2), whenever © < 1, where

¢ t
0= <Lf + Sup/ e S Ht —s) Ly(s)ds + Msup/ e~ C(t=s) Ly(s) ds) £,
teR J—oco teR J —oco

where Ly = sup,cg Lf(t) and £ is the constant appearing in Remark 2.9.

Proof. First, we define the operator I : AA.(X) — C(R, X) by

Tu(t) = —f(t,ur) — / A(s)U(t,s) f(s,us)ds + / Ul(t,s)g(s,us)ds, t € R.

—00

From the previous assumptions and the lemmas one can easily see that I'u is well defined and
continuous. We show that the map I is strict contraction. For u,v € AA.(X), we have

ITu(®) =To@f < Lg(t)|lus — vell5

t
+/ Ly(s)e =) H(t — s) |lus — vs| 5 ds

o0
t
M / =) I (5)|[uty — vl ds

IN

t
<Lf + Sup/ e V) H(t — s) L¢(s)ds
teR J—o0

teR J —oc0
< Ol|u — v|co-

t
+M Sup/ e St L (s) ds)SHu — V|00

From our assertion, I is a strict contraction. By the Banach contraction theorem, I" has a unique
fixed point in AA.(X).
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4 Example

In this section we present the example considered by [3], we show the existence and uniqueness of
almost automorphic solution of the following partial differential equation.

0 T
8[u<t,x>+ [ [ et s dnds}
ot —o0 J0

82

0
= Wu(t, x) + ag(t) u(t,x) + / a(s)u(t + s, z)ds, 4.1)
ult,0) = u(t, ) =0, 4.2)
for (t,z) € R x [0, 7]. 0

Equations of the type (4.1) and (4.2) (see [11]), arise in control systems described by abstract
retarded functional differential equations with the feedback control governed by a proportional
integro-differential law. Now we introduce some related background.

Let X = (L2[0,7]; [.||2), with || f]l2 == (fy | /()] d:v)% Define the linear operator A by
D(A) ={ue X :u" € X,u(0) = u(r) = 0}, and Au := ",

for all w € D(A). Where A is the infinitesimal generator of an analytic semigroup (7'(t))>0 on
X, such that A has a discrete spectrum with the eigenvalues of the form —n?, n € N; whose

corresponding (normalized) eigenfunctions are given by z,,(§) := \/g sin (n€). Also the following
properties hold true.

(@) {zn : n € N} is an orthonormal basis for X.

(b) Foru € X, T(H)u = 3250 e ™ (u, 2,) 2, and Au = — 5°°° n? (u, 2,,) 2, for all u €
D(A).

(c) It is possible to define the fractional power (—A)*, 0 < a < 1 of A, as a closed linear
operator over its domain D(—A)®. Precisely, the operator (—A)® : D(—A)* C X — X is
given by (—A)%u = Y% | n?* (u, z,) 2y, for all u € D((—A)%), where

D((—A)*) = {u(.) €X: inm (U, 2) 20 € X}.

n=1

(d) If X, denotes the space D((—A)“) endowed with the graph norm ||. ||, then X, is a Banach
space. Moreover the injection X, — Xpg is continuous for 0 < 3 < o < 1 and there exist
some constants C\,, 6, > 0 such that

C e dat

1Tl z(xa,x) < o

fort > 0.

For the phase space, we choose the space B = C, x LP(p,X), r > 0, 1 < p < oo. Hereby we
follow the terminology of [13], where g is replaced by p to avoid confusion with the function g



26  Indira Mishra and Dhirendra Bahuguna, J. Nonl. Evol. Equ. Appl. 2012 (2012) 17-28

that we previously considered. This illustrates that the function p : (—oo, —7) — R is a positive
(Lebesgue) integrable function and that there exists a nonnegative locally bounded function v on
(—00,0] such that p(§ + ) < y(&)p(d), for all &€ < 0 and 6 € (—oo, —7)\Ng, where N¢ C
(—o0, —7) is a set whose Lebesgue measure is zero. The space C, x LP(p, X') denotes the collection
of functions ¢ : (—o0, 0] — X, such that ¢(.) is continuous on [—r, 0], (Lebesgue) measurable and
pll#ll,* is (Lebesgue) integrable on (—oo, —r). The seminorm on B is defined by

)5 = prM@M+</4M®Mwﬂfw>p

€[—r,0] —00

In what follows we assume that p(.) is a continuous function satisfying assumptions (g-5)—(g-7),
Theorem 1.3.8 in [13]. Under the previous assumptions, B3 is a fading memory space, which satisfies
the axioms (A), (A1), (B) and (C2), see Theorem 1.3.8 in [13] for details.

Let us mention that equations of type (4.1) and (4.2), arise for instance in control systems
described by an abstract retarded functional differential equation with feedback control governed
by the proportional integro-differential law, (see example 4.2 of [11]) for details.

Throughout the rest of this section we assume that » = 0,p = 2 and use the notations of the
Remarks 2.9 and 2.11. In addition to the above mentioned assumptions, we suppose the following
conditions hold.

(i) The functions b(.), 680 (1,m,¢), i = 1,2 are Lebesgue measurable with b(r,n,7) =
0, b(r,n,0) = 0 for every (7,7) and

Ny —max{/ / / <3C’ (T,T],C)>2d7]d7d<2i:0,1}<OO.

(ii) The function a(.),7 = 1,2 is continuous with L = (ffoo “;((Ss)) ds)? < oo.

Under the previous conditions, we define the operators f,g : R x B — X by

- /_(; /OW b(s,m, %) (s, ) dnds,

0
9@@@%=%@M@+/ a(s) (s, z) ds,

—0o

which enables us to transform the system (4.1) and (4.2) into the abstract system (1.1) and (1.2).

Obviously f, g are continuous. Moreover, with the help of (i), it is easy to see that f has values in

Y = [D(—A)%] and that f(¢,.) : B — X is a bounded linear operator with || f(t,.)[|z(v,x) <
2 )

v Np for each t € R. It is to be noted that Y — X is continuously embedded. Furthermore for

eacht € R, g(t,.) is a bounded linear operator with ||g(¢,.)|| < L. The following result is an easy
consequence of Proposition 3.7.

Theorem 4.1 Assume the assumptions of the Proposition 3.7, that is (HI1)-(H4) hold and all the
conditions/assumptions, mentioned in the Example 4, hold true. Then the system (4.1) and (4.2) has
a unique almost automorphic solution whenever;

— ,/N1<1+20§+5;1> +L<1.
2
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