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Abstract. We develop the right nabla fractional calculus on time scales. We introduce the related
Riemann-Liouville type fractional integral and Caputo like fractional derivative and prove a frac-
tional Taylor formula with integral remainder.
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1 Background

For the basics of times scales the reader is referred to [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12].

Let T be a time scale, and ĥk : T2 → R, k ∈ N0 = N ∪ {0}, such that ∀ s, t ∈ T, ĥ0 (t, s) = 1,

ĥk+1 (t, s) =

∫ t

s
ĥk (τ, s)∇τ . (1.1)

Here ĥk are ld-continuous in t, and

ĥ∇k (t, s) = ĥk−1 (t, s) , k ∈ N, t ∈ Tk,

with ĥ1 (t, s) = t− s, ∀ s, t ∈ T.

From [3], we write down Taylor’s formula in terms of nabla polynomials:
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Theorem 1 Assume that T = Tk. Let f ∈ Cmld (T,R), m ∈ N, b, t ∈ T. Then

f (t) =

m−1∑
k=0

ĥk (t, b) f∇
k

(b) +

∫ t

b
ĥm−1 (t, ρ (τ)) f∇

m
(τ)∇τ. (1.2)

Call

Rbm (f) (t) :=

∫ t

b
ĥm−1 (t, ρ (τ)) f∇

m
(τ)∇τ = −

∫ b

t
ĥm−1 (t, ρ (τ)) f∇

m
(τ)∇τ. (1.3)

Following [3], we define
ĝ0 (t, s) = 1,

ĝn+1 (t, s) =

∫ t

s
ĝn (ρ (τ) , s)∇τ, n ∈ N, s, t ∈ T. (1.4)

Notice here
ĝ∇n+1 (t, s) = ĝn (ρ (t) , s) , t ∈ Tk,

ĝ1 (t, s) = t− s, ∀ s, t ∈ T.

From [3] we need

Theorem 2 If T = Tk = Tk, and n ∈ N0, then

ĥn (t, s) = (−1)n ĝn (s, t) , ∀ s, t ∈ T. (1.5)

By Theorem 2 we get

Rbm (f) (t) = (−1)m
∫ b

t
ĝm−1 (ρ (τ) , t) f∇

m
(τ)∇τ. (1.6)

We make

Definition 3 Let α ≥ 0 real number. We consider the continuous functions

ĝα : T2 → R,

such that
ĝ0 (t, s) = 1,

ĝα+1 (t, s) =

∫ t

s
ĝα (ρ (τ) , s)∇τ, ∀ s, t ∈ T. (1.7)

We are motivated by the formula∫ x

t

(x− s)µ−1

Γ (µ)

(s− t)ν−1

Γ (ν)
ds =

(x− t)µ+ν−1

Γ (µ+ ν)
, (1.8)

where µ, ν > 0 and Γ the gamma function.

We make
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Assumption 4 Let α, β > 1 and x < t ≤ τ , x, t, τ ∈ T. We assume that∫ ρ(τ)

x
ĝα−1 (ρ (t) , x) ĝβ−1 (ρ (τ) , t)∇t = ĝα+β−1 (ρ (τ) , x) . (1.9)

We call for α, β > 1 and x < t ≤ τ ,

γ (x, τ) :=

∫ τ

ρ(τ)
ĝα−1 (ρ (t) , x) ĝβ−1 (ρ (τ) , t)∇t.

It holds
γ (x, τ) = ν (τ) ĝα−1 (ρ (τ) , x) ĝβ−1 (ρ (τ) , τ) , (1.10)

where ν (τ) := τ − ρ (τ), the backward graininess, see [9], p. 332, under the assumption T = Tk.

2 Results

We need

Definition 5 Let a, b ∈ T, α ≥ 1 and f : [a, b] ∩ T → R. Here f ∈ L1 ((a, b] ∩ T) (Lebesgue ∇-
integrable function on (a, b] ∩ T). We define the right∇-Riemann-Liouville type fractional integral

Jαb−f (t) :=

∫ b

t
ĝα−1 (ρ (τ) , t) f (τ)∇τ, (2.1)

for t ∈ [a, b] ∩ T. Here
∫ b
t ·∇τ =

∫
(t,b] ·∇τ.

By [8] we get that J1
b−f (t) =

∫ b
t f (τ)∇τ is absolutely continuous in t ∈ [a, b] ∩ T.

Lemma 6 Let α > 1, f ∈ L1 ((a, b] ∩ T), f : [a, b] ∩ T → R. Assume that ĝα−1 (ρ (τ) , t) is
Lebesgue ∇-measurable on ([a, b] ∩ T)2; a, b ∈ T. Then Jαb−f ∈ L1 ([a, b] ∩ T), that is Jαb−f is
finite a.e.

Proof. By Tietze’s extension theorem of General Topology we easily derive that the continu-
ous function ĝα−1 on ([a, b] ∩ T)2 is bounded, since its continuous extension Gα−1 on [a, b]2 is
bounded. Notice that ([a, b] ∩ T)2 is a closed subset of [a, b]2.

So there exists M > 0 such that |ĝa−1 (s, t)| ≤M , ∀ (s, t) ∈ ([a, b] ∩ T)2 .

Let id denote the identity map. We see that

(ρ, id) (((a, b] ∩ T)× ([a, b] ∩ T)) ⊆ ([a, b] ∩ T)2 .

Therefore |ĝα−1 (ρ (τ) , t)| ≤ M , ∀ (τ, t) ∈ ((a, b] ∩ T) × ([a, b] ∩ T) , since (ρ (τ) , t) ∈
([a, b] ∩ T)2 .

Define K : Ω := ([a, b] ∩ T)2 → R, by

K (τ, t) :=

{
ĝα−1 (ρ (τ) , t) , if a ≤ t < τ ≤ b,
0, if a ≤ τ ≤ t ≤ b,
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where t, τ ∈ T.

Clearly K is Lebesgue ∇-measurable on Ω, since the restriction of a measurable function to a
measurable subset of its domain is measurable function and the union of two measurable functions
over disjoint domains is measurable. Notice that |K (τ, t)| ≤M , ∀ (τ, t) ∈ ([a, b] ∩ T)2.

Next we consider the repeated double Lebesgue∇-integral∫ b

a

(∫ b

a
|K (τ, t)| |f (τ)| ∇t

)
∇τ =

∫ b

a
|f (τ)|

(∫ b

a
|K (τ, t)| ∇t

)
∇τ

≤M (b− a)

∫ b

a
|f (τ)| ∇τ = M (b− a) ‖f‖L1((a,b]∩T) <∞.

By Tonelli’s theorem we derive that (τ, t)→ K (τ, t) f (τ) is Lebesgue∇-integrable over Ω.

Let now the characteristic function

χ(t,b] (τ) =

{
1, if τ ∈ (t, b]
0, else,

where τ ∈ [a, b] ∩ T.

Then the function (τ, t)→ χ(t,b] (τ)K (τ, t) f (τ) is Lebesgue∇-integrable over Ω.

Hence by Fubini’s theorem we get that∫ b

a
χ(t,b] (τ)K (τ, t) f (τ)∇τ =

∫ b

t
ĝα−1 (ρ (τ) , t) f (τ)∇τ = Jαb−f (t)

is Lebesgue∇-integrable on [a, b] ∩ T, proving the claim. �

We make

Assumption 7 From now on we assume that ĝα−1 (ρ (·) , ·) is continuous on ([a, b] ∩ T)2, for any
α > 1.

We give

Definition 8 Let f ∈ L1 ((a, b] ∩ T) . We define the right backward graininess deviation functional
of f as follows

θ (f, α, β, b,T, x) :=

∫ b

x
f (τ) γ (x, τ)∇τ. (2.2)

It holds

θ (f, α, β, b,T, x) =

∫ b

x
f (τ) ν (τ) ĝα−1 (ρ (τ) , x) ĝβ−1 (ρ (τ) , τ)∇τ, (2.3)

under the assumption T = Tk.

If T = R, then θ (f, α, β, b,T, x) = 0.

We give the following semigroup property of right ∇-Riemann-Liouville type fractional inte-
grals.



BASICS OF RIGHT NABLA FRACTIONAL CALCULUS ON TIME SCALES 115

Theorem 9 Let the time scale T such that a, b ∈ T, f ∈ L1 ((a, b] ∩ T) ; α, β > 1. Then

Jαb−J
β
b−f (x) = Jα+βb− f (x) + θ (f, α, β, b,T, x) , ∀ x ∈ [a, b] ∩ T. (2.4)

Proof. For β > 1 we have

Jβb−f (t) =

∫ b

t
ĝβ−1 (ρ (τ) , t) f (τ)∇τ.

We observe that

Jαb−J
β
b−f (x) =

∫ b

x
ĝα−1 (ρ (t) , x) Jβb−f (t)∇t =∫ b

x
ĝα−1 (ρ (t) , x)

(∫ b

t
ĝβ−1 (ρ (τ) , t) f (τ)∇τ

)
∇t =∫ b

x

(∫ b

t
ĝα−1 (ρ (t) , x) ĝβ−1 (ρ (τ) , t) f (τ)∇τ

)
∇t =: (∗) .

Clearly here it holds
|ĝα−1 (ρ (t) , x)| ≤M1, ∀ t, x ∈ [a, b] ∩ T,

and
|ĝβ−1 (ρ (τ) , t)| ≤M2, ∀ τ, t ∈ [a, b] ∩ T,

where M1,M2 > 0.

Hence∣∣∣Jαb−Jβb−f (x)
∣∣∣ ≤ ∫ b

x

(∫ b

t
|ĝα−1 (ρ (t) , x)| |ĝβ−1 (ρ (τ) , t)| |f (τ)| ∇τ

)
∇t ≤

M1M2

(∫ b

x

(∫ b

t
|f (τ)| ∇τ

)
∇t
)
≤M1M2

(∫ b

x

(∫ b

a
|f (τ)| ∇τ

)
∇t
)
≤

M1M2 (b− a) ‖f‖L1((a,b]∩T) <∞.

Therefore Jαb−J
β
b−f (x) exists, ∀ x ∈ [a, b] ∩ T. Consequently by Fubini’s theorem we have

(∗) =

∫ b

x

(∫ τ

x
ĝα−1 (ρ (t) , x) ĝβ−1 (ρ (τ) , t) f (τ)∇t

)
∇τ =

∫ b

x
f (τ)

(∫ τ

x
ĝα−1 (ρ (t) , x) ĝβ−1 (ρ (τ) , t)∇t

)
∇τ

(x < t ≤ τ )

(1.9)
=

∫ b

x
f (τ)

(
ĝα+β−1 (ρ (τ) , x) +

∫ τ

ρ(τ)
ĝα−1 (ρ (t) , x) ĝβ−1 (ρ (τ) , t)∇t

)
∇τ

=

∫ b

x
ĝα+β−1 (ρ (τ) , x) f (τ)∇τ +

∫ b

x
f (τ) γ (x, τ)∇τ

= Jα+βb− f (x) +

∫ b

x
f (τ) γ (x, τ)∇τ.
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So we have that

Jαb−J
β
b−f (x) = Jα+βb− f (x) +

∫ b

x
f (τ) γ (x, τ)∇τ

= Jα+βb− f (x) + θ (f, α, β, b,T, x) ,

proving the claim. �

We make

Remark 10 Let µ > 2 : m − 1 < µ ≤ m ∈ N, i.e. m = dµe (ceiling of number), ν̃ = m − µ
(0 ≤ ν̃ < 1). Let f ∈ Cmld ([a, b] ∩ T). Clearly here ([10]) f∇

m
is a Lebesgue ∇-integrable

function. We define the right nabla fractional derivative on T of order µ− 1 as follows:

∇µ−1b− f (t) = (−1)m
(
J ν̃+1
b− f∇

m
)

(t) = (−1)m
∫ b

t
ĝν̃ (ρ (τ) , t) f∇

m
(τ)∇τ, (2.5)

∀ t ∈ [a, b] ∩ T.

Notice ∇µ−1b− f ∈ C ([a, b] ∩ T), by a simple argument using the dominated convergence theo-
rem in Lebesgue∇-sense.

If µ = m, then ν̃ = 0, then

∇m−1b− f (t) = (−1)m
∫ b

t
f∇

m
(τ)∇τ = (−1)m

(
f∇

m−1
(b)− f∇m−1

(t)
)
. (2.6)

More generally, by [8], given that f∇
m−1

is everywhere finite and absolutely continuous on
[a, b] ∩ T, then f∇

m
exists ∇-a.e. and is Lebesgue ∇-integrable on (t, b] ∩ T, ∀ t ∈ [a, b] ∩ T, and

one can plug it into (2.5).

Remark 11 We observe that

Jµ−1b− ∇
µ−1
b− f (t) = (−1)m

(
Jµ−1b− J ν̃+1

b− f∇
m

(t)
)

(2.4)
= (−1)m

(
Jµ−1+ν̃+1
b− f∇

m
(t) + θ

(
f∇

m
, µ− 1, ν̃ + 1, b,T, t

))
= (−1)m

(
Jmb−f

∇m
(t) + θ

(
f∇

m
, µ− 1, ν̃ + 1, b,T, t

))
. (2.7)

Hence we proved that

Jµ−1b− ∇
µ−1
b− f (t) + (−1)m+1 θ

(
f∇

m
, µ− 1, ν̃ + 1, b,T, t

)
=

(−1)m
(
Jmb−f

∇m
(t)
)

= (−1)m
(∫ b

t
ĝm−1 (ρ (τ) , t) f∇

m
(τ)∇τ

)
(1.6)
=
(
Rbm (f)

)
(t) , (2.8)

under the assumption T = Tk = Tk.

We have established the following right nabla time scales Taylor formula.
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Theorem 12 Assume T = Tk = Tk. Let f ∈ Cmld (T), m ∈ N, a, b ∈ T, with µ > 2 : m − 1 <
µ ≤ m, ν̃ = m− µ. Then

f (t) =

m−1∑
k=0

ĥk (t, b) f∇
k

(b) + Jµ−1b− ∇
µ−1
b− f (t) +

(−1)m+1 θ
(
f∇

m
, µ− 1, ν̃ + 1, b,T, t

)
, (2.9)

∀ t ∈ [a, b] ∩ T.

Remark 13 One can rewrite (2.9) as follows

f (t) =

m−1∑
k=0

ĥk (t, b) f∇
k

(b) +

(−1)m+1
∫ b

t
f∇

m
(τ) ν (τ) ĝµ−2 (ρ (τ) , t) ĝν̃ (ρ (τ) , τ)∇τ

+

∫ b

t
ĝµ−2 (ρ (τ) , t)

(
∇µ−1b− f

)
(τ)∇τ, (2.10)

∀ t ∈ [a, b] ∩ T.

Corollary 14 In the assumptions of Theorem 12, additionally assume that f∇
k

(b) = 0, k =
0, 1, ...,m− 1. Then

A (t) := f (t) + (−1)m θ
(
f∇

m
, µ− 1, ν̃ + 1, b,T, t

)
=

∫ b

t
ĝµ−2 (ρ (τ) , t)

(
∇µ−1b− f

)
(τ)∇τ, (2.11)

∀ t ∈ [a, b] ∩ T.

Remark 15 Notice (by [8]) that
(
Jµ−1b− ∇

µ−1
b− f

)
(t) and θ(f∇

m
, µ−1, ν̃+1, b, T, t) are absolutely

continuous functions on [a, b] ∩ T.

One can use (2.10) and (2.11) to establish right fractional nabla inequalities on time scales of
Poincaré type, Sobolev type, Opial type, Ostrowski type and Hilbert-Pachpatte type, etc, analogous
to [1]. To keep the article short we avoid this similar task.

Our theory is not void because it is valid when T = R, see also [1].
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