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1 Introduction

Fractional differential equations, of late, have surfaced as an immensely significant topic of investi-
gation due to their growing number of applications in various areas of applied science and engineer-
ing (for details, see [[11}/13,|14,22]]). It has come to the notice that the fractional order differential
equations represent better and precise realistic scenario for describing a large number of physical
phenomena in comparison with those differential equations expressed through usual integer order
derivatives. There are various ways of interpolating the definition of integer order to non-integer
order. Among them, the most widely known ones are Riemann-Liouville and Caputo derivatives.
The main advantage of Caputo’s definition in comparison to the Riemann-Liouville definition is
that it allows consideration of easily interpreted initial conditions in terms of the unknown z or its
derivatives such as x(0) = xq, 2/(0) = x1, etc. (see [6]).

There are several works available in literature which have investigated the existence of mild
solutions of different types of fractional differential equations. However, in many of the works such
as [[12,/19]], the mild solution of a fractional evolution differential equation was defined by gener-
alizing the mild solution definition of integer order evolution equations, which was not considered
appropriate by Lin and Jia [15]. Zhou and his co-researchers [27,30] came out with an appropriate
concept of mild solution for fractional evolution differential equations of order o € (0, 1) by using
Laplace transform and probability density function M, (@), which was defined only for o € (0, 1).
Subsequently, a reasonable number of researchers have used this approach to study the existence
of mild solutions of fractional evolution equations of order o € (0,1). For more information on
mild solutions of fractional differential equations of order o € (1, 2), the readers are referred to the
works in a number of articles such as [[16,|17,[24].

The following fractional evolution equation has been extensively studied when the operator A
is densely defined:

“Dgx(t) = Ax(t) + f(t,z(t), t€[0,b], ac(0,1),

x(0) = xp.

Da Prato and Sinestrari [4]] initiated an investigation of initial value problems with a non-dense
domain wherein they introduced the concept of integral solutions of the following abstract Cauchy
problem:

Z'(t) = Ax(t) + f(t), t€[0,b],
x(0) = xo.

For more details, the readers are referred to some works such as [[7,/8,20]. Gu et al. [10] took up the
following fractional semilinear equation with Caputo derivative:

D& x(t) = Ax(t) + f(t,z(t)), t € (0,b], a € (0,1),
z(0) = xo,
and studied the existence of integral solutions by using the measure of noncompactness.

Fu [9] studied the existence of solutions for the following semilinear neutral functional diffe-

rential equations with nonlocal conditions on a general Banach space X:
d
2 = Ft,a(m(®))] = Alz(t) - F(t, 2(la ()] + G(t, 2(h2(1))), 0=t <a,

z(0) + g(x) = x0 € X.
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Motivated by the works carried out by Gu et al. [[10] and Fu [9]] as mentioned above, the main
objective of our present work is to study the following neutral fractional integro-differential equation
of mixed type for ¢t € [0, b]:

“D [2(t) — u(t,x(1))]

Mﬂw—umx@n+fmx@AH@®JG@@%} ()

where

t b
(Hz)(t) = /O h(t,s,2(s))ds and (Ga)(t) = /0 ot s, 2(s)) ds,

with o € (0,1), J = [0,b] and A : D(A) € X — X as a closed linear operator on a Banach
space X, which is not necessarily densely defined. The state z(-) assumes values in X, and u :
J x X — X is a function which satisfies some assumptions to be specified later. The functions
h:AXxX —>X,g:JxJxX—=Xand f:Jx X x X xX — X are given abstract functions
where A = {(t,s) € J x J | s < t}.

It has been observed that establishing the compactness of the solution operator is not trivial [28]].
In this work, in establishing the existence results, we use Arzela-Ascoli theorem to show the relative
compactness of the solution operator. For additional information, we refer the readers to the works
in [25}26,28]).

The present article is presented as follows: In Section[2] some definitions, theorems and lemmas
relevant to our work are recalled. Section 3| presents the hypotheses, statements and derivations of
the existence theorems for the integral solution of our defined problem. Section 4| presents two
examples which verify two theorems. At the end, the results are precisely summarized in Section 5

2 Preliminaries

Throughout this article, we use the following notations:

(i) X: a Banach space with norm || - || .,
(ii) C'(J, X): the Banach space of all continuous functions from .J to X with the norm

lzllc = sup [[z()]|x,
teJ

(iii) B(X): the Banach space of all bounded linear operators on X,
(iv) LP(J,X), 1 < p < oco: the Banach space of all measurable functions f : J — X with the
following norm:

1
(/s dt)”, 1<p<co,

inf sup || f(t , p = 0.

1fllzr =

Theorem 2.1 (Hélder’s inequality) [28] Consider p,q > 1 with 1/p + 1/q = 1. Then, for f €
LP(J, X)and g € L1(J, X), 1 <p < o0,

fge L'(J.X) and | fall,, < Ifllolgll,.-
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Theorem 2.2 (Bochner’s theorem) [29] A measurable function f : J — X is said to be Bochner
integrable if || f|| is Lebesgue integrable.

Definition 2.1 [29] The following integral defines the Riemann-Liouville fractional integral of
order a > 0 of a function f € L(J) with lower limit 0:

I8 (1) = r(la)/o (t— )21 f(s)ds, >0

provided the right-hand side is pointwise defined on [0, c0), where I'(-) is the gamma function.

Definition 2.2 [29] The following integral defines the Caputo derivative of order « of a function
f € LY(J) with lower limit 0:

t
— [ = s s = e, 1o,

DS f(t) = Tn—a)

where n = [a] denotes the least integer greater than or equal to c.

For an abstract function f with values in X, the integrals appearing in Definitions 2.1 and
are taken in Bochner’s sense.

Definition 2.3 [2|] Let X be a Banach space and §2 . be the bounded subsets of X. The Kuratowski
measure of noncompactness is the map o : Q, — [0,00) defined for B € Q. by

a(B) =inf{e > 0|B C U, B; and diam(B;) < e fori = 1,2,...,n},
where diam(B;) = sup{||x — y|| : z,y € B;}.
Lemma 2.1 [2|] The Kuratowski measure of noncompactness satisfies the following properties:
(i) a(B) = 0 iff B is relatively compact set,

(ll) By C By = a(Bl) < O{(BQ),
(iii) a(B1 + Ba) < a(B1) + a(Ba).

Lemma 2.2 /3] Let X be a Banach space, and let D C X be bounded. Then there exists a
countable set Dy C D such that

a(D) < 2a(Dy).
Lemma 2.3 [I] Let X be a Banach space, and let D C C(J, X) be equicontinuous and bounded.

Then o(D(t)) is continuous on J and

ac(D) = max a(D(t)).

Lemma 2.4 [I8] Let {x,,}°° | be a sequence of Bochner integrable functions from J into X with

|lzn(t)|] < m(t) for almostallt € J and everyn € N,

where m € L(J,RT). Then the function (t) = a({xn};;o:l) € L(J,R") and it satisfies

a({/otzxn(s) ds‘n € N}) < 2/0t¢(s) ds.
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Theorem 2.3 /5] Let X be a Banach space and S C X be a bounded, closed and convex set in
X and Q : S — S be a condensing map which means that o(Q(S)) < a(S). Then Q has a fixed
point in S.

Theorem 2.4 (Krasnoselskii’s fixed point theorem) [23]] Let X be a Banach space, and S be a
bounded, closed and convex subset of X. Let P and ) map S into X such that

(i) Px + Qy € S whenever x,y € S,

(i) P is a contraction mapping,

(iii) @ is compact and continuous.

Then there exists z € S such that Pz + Qz = z.

Theorem 2.5 (Darbo-Sadovskii’s fixed point theorem) [28] If S is a bounded, closed and convex
subset of a Banach space X and the continuous mapping QQ : S — S is an a-contraction, then the
mapping ) has at least one fixed point in S.

Throughout this article, it is assumed that the operator A : D(A) C X — X satisfies the
Hille-Yosida condition, i.e., there exist M > 0 and a constant w € R such that (w, c0) C p(A) and

sup{()\—w)”HR(/\:A) ‘neN,)\>w} <M,

Ml

where p(A) is the resolvent set of A, and R(\ : A) denotes the resolvent of A.

Let Ay be the part of A in D(A) defined by

D(Ag) = {x e D(A)‘A:c c W},
Aoz = Az.

Then Ag generates a Cy-semigroup {7'(t)}+>0 on D(A). Assume that {T'(¢)};>0 is uniformly
bounded, i.e., there exists A > 1 such that

sup ||T'(t) < M.

|
t€[0,00) BeO

Problem (I.1]) is now equivalent to the following integral equation:

x(t) = xo — u(0,2(0)) + u(t, z(t))
1

- t —g)et x(s) — uls.x(s S, x(s x)(s T)\s S .
e [ =97 [AG) — uls.a(0) + Fs.a(e). (Ha) o). (G)(s))] ds. 1€ [0

Based on the information available in [10], we present the following definition and results:
Assuming f to be continuous and xy € D(A), the integral solution of problem (I.I)) is defined as
follows.

Definition 2.4 A function x : J — X is said to be an integral solution of (L)) if

reC(J,X), If[x(t)—u(t,x(t))] € D(A) forte[0,b],
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and

x(t) = xo — u(0,2(0)) + u(t, z(t)) + F?a)/o (t — ) La(s) — u(s, z(s))] ds

1

7t_3a_18$8 2\(s ) (s)) ds |
+F(O‘)/o(t ) (s, x(s), (Hz)(s), (Gz)(s)) ds, t € [0,b]

Remark 2.1 If z is an integral solution of problem (1.1)), it can be shown that x(t) — u(t, xz(t)) €
D(A) fort € J.

Now, we consider the following auxiliary problem:
CDF [2(t) — u(t, x(8))] = Aola(t) — u(t,x(t))] + f(t, z(t), (Hz)(1), (Gx)(t)), t € [0, b],} @1
x(0) = xo. '
The integral solution of takes the following form:
(t) = xo — u(0,2(0)) + u(t, z(t)) + Aolgy [x(t) — u(t, 2(1))]
+ I (8 x(t), (Ha)(t), (Ge)(1))- 2.2)

Let By = M\ — A)*l. Then, since Byx — = as A — +oo for z € D(A), we have the following
lemma:

Lemma 2.5 [10] The integral solution of [2.2) can be written in the following form:

x(t) = u(t,z(t)) + Sa(t)[xo — u(0,z(0))]

+ lim K (t —s) Bxf(s,z(s), (Hz)(s), (Gz)(s))ds,

A—00
where
Sa(t) = I;T*Ka(t), Kalt) =t Pa(t),
Pu(t) = /0 w0 M. (0)T(1°0) db.
Here

Mo (6) = ée—l—wa(e %) and

Yo (0) = iZ(—n"le(ml)Wsm(nm), 0 € (0,00).
n=0 ’

M,(0) is a probability density function on (0, 00) satisfying

1

M, (6) >0, /OooMa(e)dez 1, /OooeMa(e)dez Tasa)

Lemma 2.6 [|/0] For any fixed t > 0, { K, (t) }+>0 and {Su(t) }+>0 are linear operators, and for
any x € D(A),

Mite— 1

IKalt)olx < Sy

[zl and [[Sa(t)zlx < M||z|-
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Lemma 2.7 [10] {K(t)}+>0 and {Sa(t) }1>0 are strongly continuous, i.e., for any v € D(A) and
0<t; <ty <h,

| Ka(to)r — Ko(t)z|y — 0 and ||Sa(t2)r — Sa(ti)z||, — 0,

asty — t1.

Lemma 2.8 [29] For any fixedt > 0, P,(t) is a linear and bounded operator, and

|Pa(t)z] < Fﬁ)uxux for any x € D(A).

Lemma 2.9 [2]] Assume that {T(t)}+~0 is compact. Then T'(t) is continuous in the uniform
operator topology for t > 0, i.e., {T(t) }+~0 is equicontinuous.

3 Main Results

Our first result is based on Banach fixed point theorem. Here we use the following assumptions:
1
(H1)(i) there exist a constant 1 € (0, ) and functions Iy, l2, I3 € L°1 (J,R™") such that

£t z1, 91, 21) — f(E, 22,92, 22) |1« < ()| — @2l + L2(8)|lyr — yell + 13(8)[[21 — 22|,

forall z;,y;,2, € X,i=1,2andt € J.
1
(i) there exist a constant a € (0, ) and a function [ € L2 (J,R™) such that

|f(t,z,y, )|, <I(t), forallz,y,z € X and t € J.
(H2) for the function u : J x X — X, there exists a constant L; > 0 such that
|lu(t, z1) — u(t, z2)|| x < Lil|lz1 — 22|y, Vt€ Jandzy, 20 € X.

(H3) there exist constants Lo, L3 > 0 such that
t
| / [hlt,s,2) = h(t,5,y)]ds| < Lalle = gl
0 e

b
| [Cott.s0) = att.scas| < Lala =y,

forallz,y € X.

Theorem 3.1 Assume that hypotheses (H1)—(H3) hold. Then there exists a unique integral solution

of in C(J, D(A)) provided

MM pa—ai
— (M +1)L —{z Lol|l Lalll }7 1.
§1=(M+1) 1+F(a) HIHI]ﬁ—F 2”2HLLT11+ 3||3||LO%1 (a—a1>1‘0‘1 <

1—aq
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Proof. Define Q : C(J,D(A)) — C(J,D(A)) by
Qu(t) = u(t, x(t)) + Sa(t)[xo — u(0,2(0))]

+ lim ; K, (t—s)Bxf(s,x(s),(Hz)(s), (Gx)(s))ds, te€ J.

A—00

Then with the help of (H1)(ii), H6lder’s inequality and Bochner’s theorem, it can be shown that )
is well-defined on C'(J, D(A)).

Letz,y € C(J, D(A)). Then for any ¢ € [0, b], we have

1(Qz)(t) = (Qu)(B)]]

< lu(t, z(8)) — u(t, y(8)llx + [1Sa(®)[u(0, 2(0)) = u(0,y(0)]|«

i [ Kalt =) BAlf (s, (), () (s), (Ga)(s)) = Fs. (5), (Hy)(s), (Gu) ()] s
< L1+ M)z — yllo

L / (t— )2 £ (5. 2(5), (Ha)(s), (Gx)(5)) — £(s,9(5), (Hy)(s), (Gy)())]ds]lx
F(@) 0

< Li(1+ M)l =yl
+ ]Fw(i\j/o (t —s)2! [h(s)”x(s) —y(8)||x + la(s)||(Hz)(s) — (Hy)(s)]|

+13(s)[[(Gx)(s) — (Gy)(S)Hx] ds
<&l —yle-

Therefore, by using Banach fixed point theorem, we conclude that there exists a unique integral
solution of our problem in C(J, D(A)). This completes the proof of the theorem. O

In order to establish the next result, we introduce the following additional assumptions:
(H4) T'(t),t > 0 is compact.
(H5)(i) for each ¢ € [0, b], the function f(t,-,-,-) : X x X x X — X is continuous and for each
(z,y,2) € X x X x X, the function f(-,z,y,2) : J — X is strongly measurable.
(i) there exists a function [ € L(J,R™) such that

&le C(RY), lim I () =0
t—0t
and
|f(t,z,y,2)||, <I(t) forall z,y,z € X and for ¢ € [0, b].
(H6) u : J x X — X is continuous and there exists L1 > 0 such that
llu(t, z1) — u(t,z2)| y < Li|lz1 — x2||, foreacht € [0,b] and all z1, 22 € X,
and let My = sup ||u(t,0) -
teJ

(H7)(i) for each (¢, s) € A, the function h(t, s,-) : X — X is continuous, and for each x € X, the
function h(-,-,x) : A — X is strongly measurable.
(i) there exists a function my,(t, s) € C(A,R™) such that

It s,2) ] < ma(t,s)llly, for (t,s) € A, @ € X
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t

and H* = sup/ mp(t,s)ds < oo.
teJ JO

(H8)(i) for each (t,s) € J x J, the function g(¢, s, -) : X — X is continuous, and for each x € X,

the function g(-, -, z) : J x J — X is strongly measurable.
(i) There exists a function mgy(t, s) € C(J x J,R") such that

lg(t,s,2)llx < mg(t,s)llly, for (t,5) € Jx J, € X

b
and G* = sup/ my(t, s)ds < oo.
teJ JO

For our second existence result, we use Krasnoselskii’s fixed point theorem.

Theorem 3.2 Assume that hypotheses (H4)—(H8) hold. Then (1.1)) has an integral solution in
C(J, D(A)) provided

(M+1)L <

N | =

Proof. Choose r > 2§ where {3 = Mo+ M ||xo| —I—MHu(O,x(()))HX+JFM(—aM) fg(t—s)afll(s) ds.
Define two operators P and Q on B, = {x € C(J, D(A)) : |z||, < r} by

(Pz)(t) = u(t,z(t)) + Sa(t)[zo — u(0,2(0))],

(Qx)(t) = )\li_)m Ko (t — s)Bxf(s,x(s), (Hz)(s), (Gz)(s)) ds.
% Jo
Step I: To show that Pz + Qy € B, whenever x,y € B,.
For any ¢ € [0, b], we have
[(Pz) (@)l < llult,z(t)) = u(t,0)]x + Mo + M|lzo — u(0,2(0))]|x
< Liflzlle + Mo + M|zl + M{|u(0, z(0))[

and
@ t —8)* | f(s, z(s x)(s x)(s s
[(Qy)(B)« < I'a) /O (t =) | f(s,2(s), (Hz)(s), (Gz)(s))| x d
@ t —5)* Y(s)ds
<F(a)/0(t )Y (s) ds.
Therefore,

1(P2)(t) + (Qu)(1)].« B
< Lyr + My + Mjzoll + M|u(0,2(0)]5 + ﬁfj‘j /O (t - )" "1i(s) ds

<r

— )

which implies that Pz + Qy € B,.

Step II: To show that P is a contraction.
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It can be easily shown that P is a contraction.
Step I1I: To show that () is compact and continuous. We show it in several steps.
(i) To show that {Qz | z € B, } is equicontinuous:
Letx € B, and 0 = t1 < t9 < b. Then
MM

(Q)(t2) — (Qu)(t1)]lx < T /(:2 (t2 = 5)* I £ (s,2(s), (Hz)(5), (Gz)(5))l|  ds

< MMIS I(ta) — Oasty — 0.
For 0 < t; < to < b, we have

1(Qe)(t2) — @)t
@ " — ) Y(s)ds + —— " —5) L — (ty — ) I(s) ds
< Fay | te= i ds+ 55 [l = 0m 7 = e = 9 ()

t1

I 1
+ M/ (tr — 5| Palta — ) — Palt — 5) o, 1(5) ds
0

< ]F”(fg\ /:(t2 _ 5)ey(s) ds—/otl(tl 5o 1(s) ds

2MM [ a—1 _ s a—1 s)ds
T | =T = =)
A [ = Pt = 5) = Paty = 5) L9 05
=0+ 1+ I3,
where
MM [t o f o
Ile(a)‘/o (1 — 5) ll(s)ds—/o (t1 — 5)°Li(s) ds,
QMM & o o
h= /O [t — )21 — (£ — 5)°1i(s) ds,

- t1
I = M/ (tr = 5)* V[ Palta — 5) — Palts — ) (5) ds.
0

Since Il € C(J, R™), therefore it follows that I; — 0 as to — t;.

For I, we have
[(t1 =) 1 = (t2 — )" 1i(s) < (t1 — 9)* ()

and fot '(t; — s)*1I(s) ds exists. Therefore, by using Lebesgue’s dominated convergence theorem,
we can conclude that Iy — 0 as t5 — t1.

Now,

- t1
I = M/ (tr — )7 1| Palts — ) — Palts — 5) o 1(5) ds.
0
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For € > 0 small enough, we have

o t1—e
I = M/ (tr — )7 1| Palts — 5) — Palts — 5[ 0 (5) ds
0

t1

+M (t1 _3)a_1||Pa(t2_5)_Pa(t1 _S)HB(X)Z(S)dS
t1—e€
- tll
< M/ (t1 — 5)* t(s)ds sup ||Pa(ta —s) — Pa(t; — 5)||B<X)
0 s€[0,t1—¢]

2

£ 200 [ s [ -0

2MM (M7 L et e 1(s) ds
5 A R e CE R O

= I31 + I3z + I33.

From (H4), it follows that I3; — 0 as to — t;. It can also be shown that both I35 and I33 tend to
zero as € — 0 (applying similar arguments as shown for I; — 0 and Iy, — 0 as to — ¢1). Thus,
|(Qz)(t2) — (Qz)(t1)|| x — 0independent of x € B, as ta — t1, which implies that {Qz|z € B, }
is equicontinuous.

(ii) To show that () is continuous:

Let {z,}>%, C B, such that z,, — z(n — o0) in B,. Using (H5)(i), (H7), (H8) and
Lebesgue’s dominated convergence theorem, it follows that

f(s,2n(s), (Han)(s), (Gn)(s)) —f(s,2(s), (Hz)(s), (Gz)(s)) as n — 0.
Now for each t € J, we have
(t = 8)*7HIf (s, 20(5), (Haa)(s), (Gza)(5)) — f(s,2(5), (Ha)(s), (Gz)(s)) |« < 2(t —5)*7H(s)
and 2(t — 5)*~tI(s) is integrable for s € [0,t] and t € [0, b]. Therefore, by Lebesgue’s dominated

convergence theorem, as n — co, we obtain

/0 (t = 8) M| (5, 2n(s), (Han)(s), (Gzn)(s)) = f(s,2(s), (Hz)(s), (Gx)(s))[| x ds — 0.
For t € [0, b,
1(Qzn)(t) — (Qz)(t)|

MM t a1 - S, TS TS TS S
< 2 L= 0 156 (Ha) 51, )5 — 5,2, () ), (G 5D

—> 0asn — oo.

Therefore, () is continuous.
(iii) To show that () is uniformly bounded:
From the inequality
MM

t a—1
@Ol < 5 /0 (t — 52 1(s) ds,
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it follows that () is uniformly bounded.
To show that () is compact:

Here we use Arzela-Ascoli theorem. We are required to show that for any t € [0,¥],
{(Qz)(t)|]xr € B} is relatively compact in X. For ¢t = 0, it is obviously true. Therefore, by
fixing ¢ € (0,b], and for € € (0,t), § > 0 and x € B,, we define an operator Q. 5 by

(Qe 51})
= lim a/t 6/ — ) LML (O)T((t — 5)20) By f (s, x(s), (Hz)(s), (Gz)(s)) dbds
t—e

A—00

= aT'(e*)) lim / —8) ML (O)T((t — 5)“0 — €28)Brf(s,2(s), (Hz)(s), (Gz)(s)) dbds.

/\—>oo

From the compactness of T'(e*§), (e*6 > 0), we can conclude that {(Q.sx)(t)|z € B,} is rela-
tively compact in X for all € € (0,¢) and all 6 > 0. Further, for any = € B,, we obtain

1(Qz)(t) — (Qe,52)(D)| B
<aMM/ Y L(s ds/ oM, ( )d9+jrw(g /t (t —5)*7(s)ds

— 0ase— 0,06 — 0.

Therefore, {(Qz)(t)|x € B} is relatively compact in X for all ¢ € (0,b]. Consequently, by
Arzela-Ascoli theorem, () is compact.

Now, Krasnoselskii’s fixed point theorem implies that (1.1]) has at least one integral solution on
C(J, D(A)). This completes the proof of the theorem. O

In order to establish our next result, we now assume the following additional hypotheses:
(HS5)(iii) There exists a function [ € L>°(J,R™) such that

|f(t,z,y,2)||, <I(t), forallz,y,z € X and fort € [0, b].
(H9) for the function v : J x X — X, there exists a constant L; > 0 such that
[u(ty, 1) — u(te, z2)|ly < La([ts — t2| + [lz1 — 22(x),
for all ¢, to € [0, b] and all 1, 25 € X. Further, let My = iuLIID l|lu(t,0)] -
€

The proof of the next result is based on Darbo-Sadovskii’s fixed point theorem.

Theorem 3.3 Suppose that (H4), (H5)(i), (H5)(iii), (H7)—(H9) are satisfied. Then (1.1) has an
integral solution in C(J, D(A)) provided

Ly <1.

Proof. Let B, = {x € C(J,D(A)) : ||z|, < r} where r = 153}:1 = Moy + M||zo|l, +

M||u(0,2(0))]  + Fﬂgﬁ b2 ||l|| o - Define Q : C(J, D(A)) — C(J, D(A)) by
(Q)(t) = u(t, z(t)) + Sa(t)[zo — u(0,z(0))]

+ lim K, (t—s)Bxf(s,x(s),(Hz)(s), (Gx)(s)) ds

A—00

= (Qx)(t ) (Qa)(1),
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(@) (t) = Sa(t)[zo — u(0,2(0))] + lim ; Ka(t — s)Brf(s,2(s), (Hz)(s), (Gz)(s)) ds,

A—00
(Qax)(t) = u(t, x(t)).
Step I: To show that Q) : B, — B,.
It follows in a straightforward manner from the fact that
MM

1(Qz)(t)llx < Lillzlle + Mo + M||zolly + M|lu(0,2(0))  + Tla+1)

|12l oo

<r.

Step II: To show that (); is completely continuous.
(1) Q1 is equicontinuous on B5,;.:

Letx € B, and 0 < t; < t9 < b. Then

(@i2)(t2) — (Qu)(t)lx < [|Sa(t2)[ro — u(0,2(0))] — Sa(t1)[zo — u(0, (0))]]

1 [ *Kalts — 5)Baf (s, 2(s), (Ha)(s), (Go)(5)) ds

— lim [ Koty — s)Brf(s, x(s), (Hz)(s), (Gx)(s)) ds]|

A—00 0

=1 + I,
where

It = [[Sa(t2)[zo — u(0,2(0))] = Sa(t)xo — u(0,2(0))][lx
= Jim | " Kalts — $)Brf(s, 2(s), (Hz)(s), (Gz)(s)) ds

— lim Ko(t1 — 8)Baf(s,z(s), (Hz)(s), (Gz)(s)) ds]| -

A—00 0

For I;, by Lemma[2.7, we have I; — 0 as to — ¢1. Fort; = 0,0 < to <,

MM [t MM
I < — to — ) H(s)ds < ——t$||l|| .. —> Oasty — 0.
0 Ty | (=9 ) s < TS — 0ast
For 0 < t1 <ty <b,

MM 2 a— MM h a— o—
I < m " (tQ - 3) 1l(5) ds + F(a)/o [(tl — 5) T_ (t2 _ S) 1N<3) ds
—i—M/O (11— 87 Palts — 5) = Palts — )|y (5) ds

=11+ 15+ 13,
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where
MM [t
Ir'=—"" ts — )"t (s)d
1 F(Oé) /t1 (2 5) (5) S,
MM [t
=== t; — ) — (ty — 5)* 1i(s)d
= F [ 0= 97 = = 9 i) s
—_ tl
=1 [ (0= 9 Palta = 5) = Palty = 8) |y 1(5) s
0
‘We have
. MM o . .
Il < mHlHLN(tQ_tl) , Le., ]1 —>0asty — 1ty
and

— . t1
1 g e ( [ 0= s [t o as) < R -0

ie., IQ —> OQasty — t;.

Now since
=1 [ (0= 9" | Palt = 9) = Palty = 8) | 1(5) s,
0

therefore, for ¢ > 0 small enough, we have

PR 131
I3 < M/ (t1 — 5)* t(s)ds sup ||Pa(ta —s) — Pa(t; — s)||B<X)
0 s€[0,t1—¢]
t1

T (= 8) [ Palts — 8) — Palty — 8)]] iy, L(s) ds

t1—e
N 1
< M/ (t — ) U(s)ds sup [ Palts — 5) — Palts — )]s,
0 s€[0,t1—¢]
2M M 1
———— t1 —s)* 7 l(s)ds
I'(a) tl_e( )*(s)
o rt 2M M
< M/ (t1—5)* 7 M(s)ds sup [[Palta —8) — Palts — 8)|l pe) + o 11l oo €
0 sE[O,tl—e]‘ ( BT T(a+1) 4.
== Iékl + I§2

From (H4), it follows that I3, — 0 as to — ¢; and also I3, — 0 as € — 0. Thus, [[(Q1z)(t2) —
(Qiz)(t1)]|x — 0 as ta — t1, independent of x € B,, which implies that {Qz|x € B,} is
equicontinuous.

(ii) @, is continuous on B,:
Let {z,}>%, C B, such that z,, — z(n — o0) in B,. Using (H5)(i), (H7), (H8) and

Lebesgue’s dominated convergence theorem, it follows that

F(s,(s), (Haa)(s), (Gan)(s)) — (s, 2(s), (Ha)(s), (Ga)(s)), asn — oc.
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Now for each t € J, by using (HS)(ii), we have

(t =) f(s,2n(s), (Hzn)(s), (Gn)(s)) — f(s,2(s), (Hz)(s), (Gx)(s)) | «
<2(t—s)*(s) € LY(J,RY), fors € [0,t], t € J.

Therefore, by Lebesgue’s dominated convergence theorem, as n — co, we obtain

[ €= 9 9. ()05 () 5)) = Fs.0(5), ()5, (G5 ds — 0
Now, for each ¢ € [0, b], we have

1(@1zn) (1) — (Q1z)(1)]|
< MLIHxn_x”c
@ t — S a-l S, Tnpl\S X S X S — S, XS (S Z)(S S
+F(a)/0(t ) TS (s, 2n(s), (Han)(s), (Gan)(s) — f(s,2(s), (Hz)(s), (Gz)(s))]|x d

—> 0asn — oo.

Therefore, ()1 is continuous.
Further, it is obvious that ()1 is uniformly bounded.
To show that for any ¢ € J, {Q12(t)|z € B, } is relatively compact in X:

For t = 0, it is obvious. Therefore, we fix ¢ € (0, b]. Since

()0 — u(0, 2(0))] = ml_a) /0 (t — 5)~s% 1P (8) w0 — u(0, 2(0))] ds
1

T —a) t —5) s 0004 590)[zo — u(0, x s
_F(la)/o(t ) /0 O M, (0)T (s*0)[wo — u(0,z(0))] dods,

then for e € (0,¢) and § > 0, we define

(Qy°=)(t)

.« t—e — ) %I () [0 — w(0. = 5
L[ M) = 9 T o — w0.2(0)] o

+ lim a/o E6009]\401((9)@ —8)*IT((t — 5)*0) Brf(s,2(s), (Hz)(s), (Gx)(s)) dfds

A—00
_ a7 )L @0 e — w(0. 2 ot T
- F(l—a)/o 5 OMa(O)(t — 5) T(s%0)[xo — u(0,(0))] dfds + T (*d)
X Alim / O(t — 5)* T Mo (O)T((t — 5)0 — €28) By f (s, x(s), (Hz)(s), (Gz)(s)) dfds.
— 00 0 Fy

From the compactness of T'(¢%), (¢*0 > 0), we obtain that {(Qi"sm)(t)]m € B,} is relatively
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compact in X for all € € (0,¢) and all § > 0. Moreover, for any x € B,., we have

W&@U (Q7°2) ()l

l—a H/ (t—s) %™ 1/ OM(6)[xo — u(0,2(0))] deSHX

+F(1—04H/t E(t—8>_a8a_l/§ OMa(6)leo — u(0,2(0))] dods]|

*(\i%&;ljfu/) = )" Mo (O)T (1~ )°0)Baf (s.2(s), (Ha)(s), (Ga)(s)) d0ds|
+ H/\li_{r;oa/t / = )" MO (¢~ 9)°0)Baf(s,0(s), (Ha)(5), (Ga)(s)) s
Mo 5
SFO_MBWJ—MWMX+W@J@WAAGMJmM
+ m_]‘fm[uxoux + (0, 2(0)] ] /t_ (¢ — 551 s

t 1)
M — gyt s s
+aMM/O /O 0(t — $)* 1M, (0)I(s) dod

+ oM / t / T 00t — 8 M (0)1(s) déds

Mo 5
< Bl = 0)lleol + [u0.20))1] [ o (0)as
+ lﬂ(l_j\i)r@[”mon + [Ju(0, 2(0))]| <] /t (t —s)" sl ds
é
« a 1 s ;
* MM/ I(s)d /0 OM,,(0) do

t (o)
+aMM [ (t—s)*"(s) ds/ OM,(0)d6.
0

t—e

Therefore,

1(@Q12)(t) — (QY°2) (1)l < i+ Ja + J3 + Ju.

Using the inequality fooo OM,(6)do = ﬁ, it is found that .J;, J3 and J4 tend to O as €, — O.
Also, upon application of the absolute continuity of the Lebesgue integral, .J tends to 0 as ¢, 0 — 0.
Therefore, there exist relatively compact sets arbitrarily close to the set {(Q1z)(t)|x € B, },t > 0
which implies that {(Q1x)(t)|x € B}, t > 0 is relatively compact. Consequently, {Q1z|z € B, }
is a relatively compact set in X.

Step III: To show that () is continuous on B;..
Proceeding similarly as in Step I1, it can be shown that () is continuous on B,..
Step IV: To show that ()5 is a contraction on B,..

For any z,y € B,, we have

[(Q22)(t) — (Qay) (D)l x < Lallz(t) — y(®)llx-
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Thus

|Q22 = Qayllc < Lallz =yl

which implies that a.(Q2B,) < Lia.(B;). Also, Q1 B, is relatively compact in X which gives
ac(Q1B;) = 0. Therefore,

ac(QBr) < ac(QlBr) + ac(Q2Br) < Llac(Br)-

As L1 < 1, @ is an a-contraction on B,. Hence, from Darbo-Sadovskii’s fixed point theorem, it
follows that ) has at least one fixed point on B,.. This completes the proof of the theorem. U

Our next result for problem (I.I)) is for the case where the associated Cp-semigroup is not
compact. Here the following assumptions are required:

(H5)(iv) there exist a constant «v; € (0, «) and a function [ € Llel (J,R™) such that
1tz y, 2l <UDzl x +[lyllx +[2]lx), forallz, y, z € X and for ¢ € [0, b],
(v) there exist Iy, lo, I3 € C(J,R™") such that
a(f(t, D1, D2, D3)) < li(t)e(D1) + la(t)(D2) + I3(t)(D3)

for any bounded sets Dy, Do, D3 C X andt € J. Let [ = sup;c; |l;(t)], i =1,2,3.
(H7)(iii) for any bounded set D C X, and (¢,s) € A, there exists a function m : A — R such
that

a(h(t,s, D)) < m(t,s)a(D)

t

with m* = sup/ m(t,s)ds < oco.
teJ JO

(H8)(iii) for any bounded set D C X, and (¢, s) € J x J, there exists a functionn : J x J — RT

such that

a(g(t,s, D)) < nft, s)a(D)

b

with n* = sup/ n(t,s)ds < oo.
teJ JO

(H10) for each t > 0, T'(¢) is equicontinuous.

Theorem 3.4 Assume that (H5)(), (iv), (v), (H7)(), (ii), (iii), (H8)(), (ii), (iii), (H9) and (H10)
hold. Then (1.1)) has an integral solution provided

pr—a1

MM
ba=L1+ ——~1+H +G")

F(OJ) Hl”Llel (?:311)1*7041 <1
and
AMM - ~
2Ly (1 + M) + b (I} + 205" + 2137%) < 1.

Ia+1)
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Proof. Choose r = 1= g , where ¢ = My + M||xo||, + M|u(0,2(0))|, and let B, = {z €
C(J,D(A)) | Hx||c < r}. Define Q : C(J, D(A)) — C(J, D(A)) by

(Q)(t) = u(t, z(t)) + Sa(t)[zo — u(0,2(0))]
+ lim K (t —s)Baf(s,z(s), (Hz)(s), (Gz)(s))ds, t e J

A—00

Then proceeding similarly as in Theorem 3.3 it can be shown that ) : B, — B, is continuous as
well as equicontinuous. Now, it remains to show that ) : B, — B, is a condensing operator.

For all D C B,, Q(D) is bounded and equicontinuous. Hence, by Lemma [2.2] there exists a
countable set Dy = {x,,}°°; C D such that

ac(Q(D)) < 20(Q(Do))- 3.1
Since Q(Dy) C Q(B,) is equicontinuous, so by using Lemma[2.3] we get
ae(@(Do)) = max a(Q(Do)(t))- (3.2)
Now, let
(Q)(t) = (Quz)(t) + (Q22)(t),
where

(Qu)(t) = u(t, x(t)) + Sa(t)[zo — u(0,2(0))],
(Q2z)(t) = lim K (t = s)Brf(s,2(s), (Hx)(s), (Gz)(s)) ds.

A—00

For z, y € Dy, we have
@1z — Quylle < Li(1 + M)z — yl|o-
Therefore, it follows that
c(Q1(Do)) < L1(1 + M)ae(Do).

Now, for ¢t € J, we get

Oé({Qﬂn( )}ne 1)

~ af{ 1im K (t = $)BAf (s, n(s), () s, (Garn)(5)) ds ) )

)\—>oo

QMo?f / (t = ) a({f(s,2a(s), (Haa)(s), (Gaa)(5))}22y) ds
0

<

IN

2MM [ o . N N
F(Oé)/o (t —s)> ! [ll(S)a({xn(s)}nzl) + lo(s)a({Hzn(s)}22) + ZS(S)Q({G%(S)}”:Q} ds

@o& ¢ — 1 () ds o t (e ds . t e s
srm)ADﬂA@ )* U (s) ds + 2 A@ 1oy () ds + 2 A@ )*a(s) ds]
2MM

(D) + i + 25
S o+ 1) 2P+ 205m7 + 2570,
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Therefore,

a(Q(Do)(t)) < a(Q1(Do)(t)) + OJ(Qi(Do)(t))

2MM

< L1(1+M)+m

b (1% + 2L5m* + 2z;;ﬁ*)} (D).

From equations (3.1)) and (3.2)), we have
2M M

au(Q(D) < 2[La(1+ M) + s

b (I + 205 + 2zgﬁ*)} (D)
< a.(D).

Thus @ : B, — B, is a condensing operator and therefore from Lemma [2.3] we conclude that Q)
has a fixed point on B,. This completes the proof of the theorem. U

4 Examples

Consider the following fractional partial differential system:

C 82

D3+ [:B(t> y) - u(tv l‘(t, y))] = 87y2[$(t7 y) - u(t7 l‘(t, y))]
¢ b
0 0

z(t,0) =0=x(t,m), tel0,b],

2(0,y) = zo(y), y € Q,
where b > 0 is finite and zg € C(£2, R) with 2¢(0) = 0 = zo(7).

Next, let X = C'(©2,R) and consider A : D(A) C X — X defined by

9*w
AU) = aiyZ
with its domain of definition
0w
D(A)={weX: 7 € X and w = 0 on 9Q}.

Then,
D(A)={we X :w=00n00} # X.

Also, from [4], it is known that A satisfies Hille-Yosida condition with (0,00) C p(A), ||[R(X :
1

A)|| < A=t and M = 1 and generates a compact Co-semigroup {7 (t)}4~¢ on D(A) with M =

Let us take
2(t)(y) = «(t,y), and

t b
£t 2(t), (Ha) (), (Gr)(0)(y) = f (b, 2(t.y), /0 Wt s,2(s,y)) ds, /0 o(t, 5, 2(s,y)) ds)
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fort € [0,b], y € Q. Consequently, (I.1) is the abstract formulation of the above considered
problem.

For validation of Theorem consider u(t,z(t,y)) = tx(t,y). Then u satisfies (H6) with
1 Also, take
5 ’

Ly

Bt s,2(s,y)) = tsina(s,y) and g(t,s,2(s,y)) = ssina(s, y).

b2
Then h and g satisfy (H7) and (HS8), respectively, with H* = b? and G* = 5 Consider

b

f(t,x(t,y),/o h(t,s,av(s,y))ds,/0 g(t,s,x(s,y))ds)
— t3 cos Pyl t s, (s s ’ s, x(s s
—theos o [ atsatass [Cotsasaas).

+[z(t,y

If we choose [(t) = t%, then f satisfies the assumptions in (H5). Thus all the conditions of Theorem
are fulfilled and therefore, we can confirm the existence of an integral solution.

Next, for Theorem consider
t b
Fltatty). [ hit.sats.p)ds. [ glt.sals0)ds)
0 0

= eX — COS M ' S, TS S
— exp(—1) (1+xmy”+[;Ma,<,mﬁi+ﬂ;

b

g(t,s,x(s,y)) ds) .

Here, choose [(t) = exp(—t) and assuming u to be a suitable function satisfying (H9), Theorem
implies the existence of integral solution of this problem.

5 Conclusion

This article is concerned with the existence of integral solution of a class of neutral fractional
integro-differential equation of mixed type when the operator A is not dense. By using various
fixed point theorems, fractional calculus and measure of noncompactness, we obtain some suffi-
cient conditions which ensure the existence of integral solutions of the problem under consideration
when the associated Cy-semigroup generated by the part of A in D(A) is compact or non-compact.
Under suitable assumptions, four theorems are proposed and proved. Two theorems are verified by
considering appropriate examples. These results are expected to enrich the analysis with regard to
solutions for mixed Volterra-Fredholm integro fractional differential equations.
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