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Abstract. We present uniform Riemann-Liouville left and right fractional Landau inequalities over
R and R_, respectively, of fractional orders 1 < v < 2 and 2 < v < 3, and we estimate
lower order fractional derivatives. These inequalities are sharp or nearly sharp with completely
determined constants. We give applications when v = 1.5. We finish with a related new Ostrowski
like inequality for v > 0, v ¢ N.
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1 Introduction

Landau [6]] in 1913 proved if f € C%([0,1]), || fll.o = L /"l = 4, then || f'||, < 4, with 4
the best constant, and the result is not necessarily true for an interval of length < 1. In now days
Landau’s inequality has taken the form [/1]]

111, DIz, 172, (1.1)

where |-, ; is the p-norm on the interval I; p € [1,00], I = Ry or] = R,and f : I — Ris
twice differentiable with f, f” € L, (I). Cp, (I) > 0 is independent of f. And the best constants
are Co, (Ry) = 2and Co (R) = V2.

Research about Landau type inequalities has expanded to many different directions and it is a
very active topic of mathematical activity. Here we are concerned about fractional Landau inequal-
ities of Riemann-Liouville type.
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The main motivation to write this article is [7]], and especially the result that follows:

Let v be a complex number with Rear > 0, where Rea is the real part of o. We define I}
and DY to be the classical Riemann-Liouville fractional integration and differentiation operators of
order «,

I¢ L /x — 0>t (t) dt
Lf(x)_r(a) " (.’E )
a dn+1 n+l—a
DLf(fU):W(IL f) (@),

where I' is the gamma function and n = [Req] (integral part).
The above operators are defined in the natural domain of appropriate function spaces.

We state

Theorem 1.1 ( [7]) Let I} and D¢ be the fractional Riemann-Liouville operators in the Fréchet
space L} ([0,+00)) with the usual topology. If o, B and ~ are complex numbers for which

0 < Rea < ReB < Rev, for every seminorm ||-||,, there exist constants Fy (p,c, 3,7) and
Fs (p, a, B8, 7) that depend on p, «, 3, and =, with the properties that

Re(y—B) Re(B—a
Re(vy—a

)
|27 < B g WP A7 S € L (0400). (1)

and
B %:i)) v || melfoe)
| D], < B . o) NDE AT DA 0 (1.3)

feD (DZ) (domain of D] ).

If Ima = Imf = Imvy, the constants Fy (p, o, B,) and F5 (p, o, B,7) depend only on p and
on an arbitrary integer n > Rer.

For more see [7]]. Other inspirations are the papers [3,/4].

The above motivating results and references are existential without giving exact constants which
are not the best possible. Their methods are based on functional analysis and semigroup theory, in
particular dealing with moment inequalities for fractional powers of operators in Banach spaces.

As a last motivation we also mention [2]]. Our method is classical analytic and we will pro-
duce fractional Landau type inequalities, involving the Riemann-Liouville left and right fractional
derivatives, that are sharp or nearly sharp and all constants are exactly calculated.

We need the following background (based on [[8, Section 2] and [5, Chapter 2]).

Let —o0 < a < b < o0, the left and right Riemann-Liouville fractional integrals of order
a € C (Rea > 0) are defined by

(I2f) (z) :== F(la) /x (x—t)* 1 f(t) dt, xr>a (1.4)
and ,
(I f) (z) = F(la) / (t—2)*tf@)ydt, x<b (1.5)
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respectively.

The Riemann-Liouville left and right fractional derivatives of order « € C (Rea > 0) are
defined by

o) @)= (1) 0@ =t () [@-o o a e

where n = [Rea] + 1; x > a, and

050 )= () ) @ = 2 () [e-ore v a0

where n = [Rea] + 1; x < b, respectively.

In particular, when oo = n € Z, then
(Day) () = (Dp_y) (z) =y (2);

(Diy) () =y (x), and (Dj_y) (z) = (=1)"y™ (&), neN.

We denote by

(D f) (z) :== (I3 ) ( / f@#)dt, z>a, Rea>0 (1.8)
and

(D f) () = (Ig-f / f()dt, x<b, Rea>0. (1.9

Based on [[8, p. 44-45] and [, p. 74-76], we will use the following two fractional Taylor theo-
rems. The left one first:

Theorem 1.2 Let v > 0, v ¢ N and m = [v] (ceiling of v); ¢, DY € C ([a,b]). Then

i ‘p (b—a)" 7 + F(ly) /b (b—t)"" ' DV (t) dt. (1.10)

It follows the right one:

Theorem 1.3 Letv > 0, v ¢ Nand m = [v]; ¢, D}_¢ € C ([a,b]). Then

" Dy (b) . b
-2 F(V—;Di ey réy)/ (t—a)""" Di_p (1) dt. (1.11)

Jj=1

2 Main Results

First we give left Riemann-Liouville fractional Landau type inequalities.
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Convention 2.1 Define DYy (x) := 0, for any v < a, forany v > 0, v ¢ N.
We present

Theorem 2.2 Here 1 < v < 2 and ¢ € Cp(Ry) and DYp € Cp (la,+0)), ¥V a € Ry, where

C'g means continuous and bounded functions. We assume that sup || D} ¢l r . < +o0. Then
a€R ¢ ’

1 v—1

_ Fv+1) \¥ 1 ’
sup | D%t (a)| < <> ol sup || Dy ; 2.1
GGR+\ v (a)] w17 ol r, Sup 1Dg¢lloo k.

a sharp inequality with a precisely determined constant. That is sup ‘Dg_lga (a)’ < +o00.
O/ER+

Proof. Forany b € (a,+00) we get (by Theorem|1.2))

v—1 a v—2 a b
o) =P 20 @yt JE 2 gt [ e 0 D) . 22)

Notice that (z € [a, +0))

DY 2o (z) = D, * My (2) = F(21—1/) / ) (z =)' p(t) dt,

and
) 1 /ac 1—v H@Hoo,[a,Jroo) /;r 1—v
< - < 1T oolatoo) -
D20 @) < iy | @0 e de < ST [Tt ar
H@Hoo,[aﬂroo) (33 - a)Q—y |’90Hoo,[a,+oo) 2—v
“Te-y 2w Te-y T -
That is
_ ||30Hoo a,+0oo iy
D72 @) < FEET =0 Ve e fa o). (2.4)
Clearly, it is DY ~2¢ (a) = 0.
Hence by we get
DY 1y (a)(b—a) " 1 b b
@ (b) = —= SO(F)(I(/) ) +T o) / (b—t)" ' DVo(t) dt, Vbe (a,+0). (2.5)
So that
DZ_1</7 ((1) v—1 1 b v—1 v
F0) (b—a)" " =p(b) — ) (b—1t)"""Dfp(t) dt, Vbe (a,+0). (2.6)
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Hence (set h:=b—a > 0)
b
D2 ()| 0 = ‘F(V)@(b) - [[o-0 e dt]
b
<T () |o ()] + / (b— )"~ D (1)) dt

b
<T () ¢ (0)] + D20l oo / (bt dr

b—a)’
= D)l )] + 1Dl oy
hV
= D)l )] + 1Dl 0y )
That is we have
hV

[DZ e (@] A7 ST @) e O + 1D lloo fa,100) -,

h
ST Ieloor, + 7 S0P 100l oo (2.8)
a4

Furthermore we see that

I'(v) el h
HOIRe L Doy V> OandVa €L Q)

v—1
D e ()] < —— 5 ) S

Consequently it holds

I' (@) [[6lloo L h

Dyt < D Vh > 0. 2.10
aseuRli\ o e < — g V a€p+H aPlloor, (2.10)
Call
=T ) lelwr, 211
sup || Dg¢lloor,
g .= L , (2.12)

v
both are greater than zero.

Herel <v <2and0<v—1<1.Setalsop:=v—1,ie. 0<p<1.

We consider the function

y(h):=ph ™" +6h, Vh>0. (2.13)
‘We have
y (h) = —pph™ "™ + 6 =0 (2.14)
and
puh’(p“) =0,
then
(1) — i
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with the only critical number

1
_ (Pry
ho = ( ; ) > 0. (2.15)
Also it holds
y' (ho) = p(p+1) phy" ™% > 0. (2.16)

Thus y has a global minimum over R which is

1) o 1
y (ho) = puhy” + 6ho = <pt )epilmil. (2.17)

pp+1

Consequently we derive that

NI

sup [ Dyl (a)] <

v—1

v—1
, Sup 1DZelloor, \ *
a
(( ) - () ¢l )

a€R ¢ v — 1)% v
v—1
<P(”+1) )iu I IDYy| C forl<v<2 Q18
= —" su , v . (2.
(v — 1)”71 Plloo Ry ae]RIj_ aPlloo Ry
The theorem is proved. O

We continue with

Theorem 2.3 Here 2 < v < 3 and ¢ € Cp(Ry) and DY¢ € Cp([a,+0)), Va € Ry. We

assume that sup || Dyl g, < +oo. Then
(ZER+ ’
i)
sup | Dy~ (a)|
acR4
v—1 v—1
5 v _ 1 1 v
< ( — 1) (v (1 +22)T )" el Lk, <sup r!DZso!oo,R+> , (219
v ac€R4
ii)
sup | DY %¢ (a) (2.20)
GER+

: <<—1>Gl—z>) )

The above inequalities are nearly sharp with precisely determined constants.

v

2 2
(v (1 +2'") T (v = 1) ol r, ( Sup ”DZW’oo,Jm)
a€Ry

That is sup ‘Dg_lgo(a) , sup ‘Dg_2<p(a)| < +o0.
a€R+ a€R+
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Proof. Forany b € (a,+0o0) we get (by Theorem [1.2)

D: 2o (a)

Tw—1 a)”*

p(b) = "o (b—a)’ T +

I'v-2)
Notice that (z € [a, +00))

1

DY 3¢ (x) = D, By (2) = TG0 / ) (z—1)* " p(t) dt,

and

b
(b—a)" ™+ F(ly) / (b—t)" ' DV (t) dt.

(2.21)

1 r oo, |a o0 r —
DL @) < g [ (x—t)Q_”|gp(t)|dt§M|’[’+)/ (z— )" dt

G- /. r3-v)

_ HSDHOO,[afFOO) ) (QT — (I)S_V _ ”90”00,[61,+oo) ( - a)37y'

ra-v) (3—v) I'4—v)

That is

[l
v—3 < lleojfa,to) (3w
’Da 90(35)‘ S TTa—v) (x—a)”™", Vze€la,+00).

Clearly, it is DY 3¢ (a) = 0.
Hence by (2.21)), for all b € (a, +0c0), we get

Dl ¢ (a)

o (b) = == ) (b—a) '+ Oy (b—a)”—2+r(y)
So that, for all b € (a, +00)

DZ_1$0 (a’) —a v—1 DZ_QSD (a) —a v—2 __ . 1
b TR R ) = e ()

Letb=a+ h,h > 0,ie. b—a = h,then

v—1 v—2
Da ¥ (CL) hz/—l + Da 14 ((I) hzx—2
I'(v) 'v—-1)
1

a+h
)/ (a+h—1)""' DV (t) dt =: A.
v a

For b = a + 2h,ie. b —a = 2h, we get

Dilo(a), , 1,1, Di%0(a),, 9, 9
a 21/ hV a 21/ hV
T () E YOS
1 a+2h 1
— 2h) — o9 — )" "1 DY (1) dt =: B.
clat2h) == [ (@t 2m=07 Dip ()

(2.22)

(2.23)

b
/ (b—t)" 1 DV (t) dt. (2.24)

b
/ (b—t)"" ' D¥p (t) dt. (2.25)

(2.26)

(2.27)

We solve the system of two equations (2.26)), (2.27) for two unknowns D%~ (a) and D% ~2¢ (a).

We calculate the determinants:
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hufl hu72
T(v) T(v-1) QU—2p2v=3 _ gu—1p2v-3
D - =
2u—1hu—1 21/—2h1/—2 F (V) F (V - 1)
T'(v) T'(v-1)
h2u—3 2u—2h2u—3
- - (21/72 o 21/71) -__- -
rvry-1) rvrwy-1)
Hence we get
21/72h21/73
D=——— <0,
T T w—1) =
Next we find ,
hY~
A I'(v-1) hy—2 )
Dy = =—(2"?A-B
! B oQv—2pr—2 F (V — 1) ( ) ’
I'(v—-1)
and )
hY~
I'(v) A pr—1
Dy = = (B—2""14A).
ov—1pr—1 B F (V)
I'(v)

hu72 v— _

pr-1 D1 T (2724 - B) _I'(v) (B —2""24)

vla) = D _ 2v72hp2v3 - u—2pr—1 .
T'(w)I'(v—-1)

a pla)=— = v—2p2v—3 - o —
D __2v"2h Qv—2pv—2
T'(v)I'(v-1)

‘We notice that

\A|:'<p(a+h) ! )/aa+h(a+ht)”1Dg<p(t) dt‘

r'(v
hl/
< llloors + 77y RS 4 1Dz¢lloo g, -

and

1
I'(v)

a+2h
1B| = '¢(a+2h)— / (a+2h— )" DVy () dt‘

17N %

2R
< _cr DY .
< lelloor, + o+ 1)555 1Dzl o,

Therefore we have

I (v) (|B] +2v2A4]) - I'(v)
2u—2hu—1 — 2V—2hl/—1

1Dy e (a)] <

D, 47 (B=27'4) r_1)(2'A-B)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)
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a€R4 a€R4

WVhHY 5 21/72 v
16/l oor +msup 1Deelloor, +2° " llelloor, + Tor)p 1Dzl ook,

T (v) v (2" +2"7%) n
= a1 [(2 +1) lelloor, + TTein Ju sup [|Dgolloor,

acRy
ro) [ 522
= a1 [(ZV +1) lelloor, + Waseu% 1Dz ook
(14227 T () el |, 5h

- D 2.
=1 vaelﬁzq” 0#lloor, - (2.36)

That is, forall h > 0, 2 < v < 3,

. (1+22) T (1) |19l o g L 5h
sup |D Yo (a)] < T == + = sup | Dy¢ll ok, - (2.37)
a€R+ v QER+

Furthermore we have

'v-1)

2 1
|DZ ’ - Qu— 2h1/ 2 (2V |A| + |B‘)
'v—-1) 1 h
< G2 <\|<PHOO,R+ + mf&g HDa<PHooR+>

2YhY
+ | llelloor, + To+1) P 1Dzl ook,

a€R4

'v—-1)
= 2V—2hl/—2

21/—1 4 21/) hY
21/—1 1 ( Dl/
( + ) ||g0Hoo,]R+ + T (V + 1) aseuRli || aSOHoo,R_g.

) L G S et L U N SO
_ su
Q=2 pr—2 2v72T (v 4 1) h? aeRp+ Pl
2(1+2")T (v —1) ¢l g 65
) . Dy 2.38
hv—2 + v(v— l)aSEuIi I (p”OORJr ( |

That is, forall h > 0, 2 < v < 3,

2(1+2"7) 0 (v = 1) @l r 6h?
D2 < St D 2.39
aseligr } v gp(a)‘ < = + v (v — 1)aseull 1Dz ¢l Ry (2:39)

Next we are working on (2.37).

Call
=(1+22")T () l9ll ok, »

(2.40)
0 := 5 sup ||Dyy|

OOR+’
aE +

both are greater than zero.

Here2 <v<3andl <v—1<2. Setalsop:=v—1,ie 1 <p<2.
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We consider again the function
y(h) :==puh ™" +60h, Yh>D0.

1
As in the proof of Theorem , y has a global minimum at hy = (%) »+1 > (), which is

1 o 1
y (ho) = pi 07T e

prt

Consequently we derive

sup |Dy " ¢ (a)
acR4

v—1

v 5 v _ 5
< — = (25w 1Di¢lr, | ((1+227)T W) ol )
(v—1)~ VaeRy

v—1
v

11
(v (1 +227") T ()" llellz w, (f&ep IIDZ<PHOO,R+> ,2<v <3
+

v—1
J— 5 Y
C\rv—1

Next we are working on (2.39).

Call
E£=201+2"")T (W -1)¢llogr, »

6
= ——35 DY
0 e 1Dz¢elloo k., -

both are greater than zero.
Callalsop:=v—2,2<v < 3.
We consider the function

y(h) ==&~ +h% Y h>0.

Hence
y' (h) = —psh™ P+ 4 29k = 0,

1
+2
hO = hcm’t. = <§§)> ’ .

with the only critical number

We need
y'(h) = p(p+1)Eh~ ) 29,

We calculate

¢ L —(p+2)
y”<ho>=p<p+1>sho<”2>+2w=p<p+1>5(("’) ) +2

2¢
—p(p+1)§<2pz§> +2¢ = (p+1)2¢ +2¢ =24 (p+2) > 0.

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)
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Thus y has a global minimum, which is
_2
ymwza%ﬁ+w%=%(&ﬁﬁ”+¢)=<%>”2

20 5((5) ><H”+¢
~(8)7 G )= () )

2

p2\ (pE\ 7 _ £\ (P75
() (E) e ()

That is

2 o
2+4p p+2
v =42 (5)7 (4) @51)
)
Therefore it holds for 2 < v < 3
sup | Dy ¢ (a)|
acR4
v—2
2 6 ”
142" T (w1 ) DY 252
V(( + ) (l/ )HSOHOO,R_‘_ (V(V-l) (V_Q)aselﬁ{% H QOHOOR_;_ ( 5 )
v—2 v—2
- 0 T2 )T - 1) el ID%ols, |
- (V _ 1) (l/ _ 2) (V ( + ) v—= ) ¥ oo, R4 aseull a®Plloo Ry
The theorem is proved. (|

Next we give right Riemann-Liouville fractional Landau type inequalities.
Convention 2.4 Define D} ¢ (x) := 0, forany x > b, forany v > 0, v ¢ N.
We present

Theorem 2.5 Here 1 < v < 2and ¢ € Cg(R_) and D} _¢ € Cp((—oc0 b]) Vb e R_, where

Cp means continuous and bounded functions. We assume that sup HD” ~ < +o0. Then
bER_
v—1
(v +1) : , ’
ap 957400 < (L) ot HDMHOOR) o ew
beR_ -1) beR_ ’
a sharp inequality with a precisely determined constant. That is sup ‘Dg’:lgo (b)‘ < +o0.
bER_
Proof. For any a € (—o0,b) we get (by Theorem [1.3))
Dy~ (b) Dy~*¢ () I
b— v—1 b— v—2 v=1 v
=———"(b— ——(b— t— D t) dt. (2.54
plo) = LB o) T T 6 s [T Do () an @39
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Notice that (z € (—o0, b))

v— —\e—V 1 b -V
Dy~ (z) = Db_(2 Vo (a) = F(2—y)/ (t—2) " p(t) dt,
and
v—2 1 b 1-v
|Db, 90(33)‘ < I‘(2—y)/ (t—z) " p(t) dt
||30Hoo (—o00,b] b 1 HQOHOO (—o00,b] 2
< —=7 —z)  Vdt=———"——(b—x2)".
= Te-1 /x(t x) Y dt TG —) (b—x)
That is ol
v—2 QD OO,(—OO,b] 2—v
< R (p — - .
‘Db_ cp(:c)}_ TG—0) (b—x)"", Vze (—o0,b

In particular we have D} "%y (b) = 0.

Hence by (2.54) we get
Dy—l b b
¢ (a)= bl:(f)U (b—a) ' + . 2}/) /a (t— )" DY o(t) dt. Vac (—oo.b).
So that
DY (b) o 1 b ) )
%W(bia) =) - T () /a (t—a)" ' Dy ¢(t) dt, Vae (—oo,b).

Hence (seth :=b—a > 0)
b
DY ()| h ! = \r Wt~ [ - D) dt'
b
<T () g (a)] + / (t —a) " [DY_p (1)] dt

b
<L) lon + 1D Pl gy | (60 e
(b—a)”

v

=T (W) lellsr_ + 1D5-#ll oo (—sony

That is
-1 1 h”
Do ) B < T 0) el + (1Dl oy
hV
ST llellaop + 7 552 D50l (oo

Furthermore we see that

W) el h

Dy~ (b)] < i Db/l o (—oesys YR >0and Vb ER_.

hl/
=T W) eloor + D5l oo (—ocss 7

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)

(2.60)

(2.61)
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Consequently it holds

W) lelloer | h

v—1 v
sup |Dy "l (b)] < o 0w 1Dy_¢llop - Yh>0. (2.62)
Call
= r (l/) ||¢“oo,R_ ) (263)
1
0 :=— Dy , 2.64
S 30 || D¢l e (2.64)

both are greater than zero.
Herel <v<2and0<v—1<1.Setalsop:=v—1,ie. 0<p<1.

We consider the function
y(h) :=ph ™" +60h, Yh>D0. (2.65)
As in the proof of Theorem [2.2] y has a global minimum over R which is

1 o 1
y (ho) = pi Hvilwil, (2.66)

PPl

where the critical number
ho

() o

Consequently we derive that

v—1
v

sup |Dy =t (b)] < <V1) (1 sup \\Dz’i_v\}wR_) (F (v) HSOIIOO,R,>

cR_ (]/—]_) v VheR_

N

v—1

1
F(v+1) \v, 1 y Y
_ <(()V_>1> Il 5 (bsﬁp Hwaum,R) forl < v <2 (267)
cIR _

v—1
The theorem is proved. ]
We continue with

Theorem 2.6 Here 2 < v < 3and ¢ € Cp(R_) and D}_¢ € Cp((—00,b]), Vb € R_. We
assume that sup HDZ_Q@HOOR < 4o00. Then
beR T

i)

sup [Dy ' (b))
beR_

1 v—1
v

1 1
(v (1+22) T )" lellp (;&p HDZ—SOHOO,R> (268

v

<)
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ii)

sup |Dy %o (b)] (2.69)
beR

v—2
v

v—2

6 v —v % % v
S((—l)(—m) (v(1+27) T (v = 1) rsonoo,R(bse%p HDb-soHooR_>

The above inequalities are nearly sharp with precisely determined constants.

That is sup ‘Dg:lgo(b)’, sup !ng2g0(b)| < +o0.
bER _ beR_

Proof. For any a € (—o0,b) we get (by Theorem [1.3)

DY 1y (b D20, (b
DV__3()0 (b) b 1 b L y
ﬁ(b_“) 3+p(,,)/a (t—a)”"' Dy o (t) dt. (2.70)

Notice that (z € (—o0, b))

- (@3- 1 b _V
Dy (@) = D0 @) = s [ =2 e at
e ol
v— ¥ 00,(—o0, —
Dy (@) < Tyt b2 Ve e (~oo,) @.71)

That is D}~ (b) = 0.
Hence by (2.70), for all a € (—o0,b), we get

Dy~ (b) Dy~ % (b)
I'(v) 'v-1)

b
(b—a) '+ (b—a)?=¢p(a)— / (t—a)’" DY o(t) dt, (2.72)

Leth>0:b—a=h,ie b=a+ h,then

Dylo () ,_y  Dy%e(b) - I v —
”FWM l+ﬁh” 2= p(a)— 0 / (t—a)" ' DY o (t) dt =: A. (2.73)
For b — a = 2h,i.e. b= a+ 2h, we get
Dyl (), Dy "% (b)
V= hz/fl 21/72]11/72
T () TTeon
1 a+2h ) -

We solve the system of two equations (2.73)), 1| for two unknowns D;)’:lcp (b) and Db”:Qgp (b).
As in the proof of Theorem[2.3] we find

I (v) (B —2""24)

v—2pr—1 ’ 2.75)

Dyl (b) =
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and
I'(v—1) (2" 'A- B)
-2
Dgi p(b) = v —2j 2 . (2.76)
We notice that
_ hY y
Al < llelloor + 77773 oD IDV_¢ll o s Q.77)
and
— 2
B| < _— Dy . 2.78
‘ ‘ = ||90H00,R, + F(V + 1)bsel]11£p, H b—SOHOO,R_ ( )
As in the proof of Theorem [2.3] we obtain
(1+22) T W) llaor_  5h
sup | DYoo (b)| < 2=+ Zsup || DY , (2.79)
beRIi} o # )‘ —1 U hen H b ‘PHOO,R_
andforallh > 0,2 <v <3
2(1+2") 0 (v = 1) [0l 6h?
D20 ()| < S DY 2.80
2 [Die )] < = o 10z @80
As in the proof of Theorem [2.3] we find similarly optimal upper bounds in and (2.80).
We derive
sup |Dy~ ' (b)]
beR_
v—1
1% 5 v 2—v %
< (Zsw IDeln | (O+2)T @) ¢l )
(V _ 1) v VpeRr_ ’
v—1 v=1
5 v 2—v 1 i v Y
= (v (+22) T )" lele | sup [|DFell o | - @8D
v—1 ’ bER_ ’
andfor2 <v <3
v—2
sup }Db_ gp(b)‘
beR_
v—2
1 ; 6 ’
<v((1+2")T(w—1 ) DY 2.82
SV <( + ) (V ) HSOH()o,R, <V(V _ 1) (V _ 2)bSGIIlR1:i H b_SOHOO,R_) ( )
v—2 v—2
(L) w2 -0 ells (s 1DE el |
(V — ].) (7/ — 2) oo,R— bER_ - oo,R_
The theorem is proved. ]

An application of Theorem [2.2|follows (v = 1.5).
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Corollary 2.7 Let ¢ € Cp (Ry) such that D}*¢p € Cp([a,+)), V a € R,. Assume that

aselﬁ%er HD61L'5QOHOOR+ < +o0. Then

0.333333333
) . (2.83)

sup ‘D2'5g0 (a)‘ < 1.52323665 HSOH%?%TGGGG? <sup HD;'E’QDHOOR+
a€]R+ a€R+ ’

a sharp inequality. That is sup ‘Dg"r’go (a)‘ < +o0.
(IER+

An application of Theorem [2.5|follows (v = 1.5).

Corollary 2.8 Let ¢ € Cp(R_) such that D{°¢ € Cp((—o0,b]), Vb € R_. Assume that
sup HDg'_‘r’cpHooR < +00. Then
beR_ T

0.333333333
sup [ Dy (b)] < 152323665 ||| 005 %7 (Sup HD;%}|00R> . (284
beR_ beR_ ’
a sharp inequality. That is sup ‘Dgf’go (b)} < +o0.
beR_
3 Appendix
We give the following simplified fractional Taylor formulae.
Corollary 3.1 Letv >0, v ¢ Nand m = [v]; ¢, D4p € C ([a,b]). Then
m—1 v—j b
Dy ¢ (a) —j 1 -1
b) = ,b—al’]—i—/ b—1t)""" DYy (t) dt. 3.1
o0 =3 gy 0 gy - Do) G
Proof. Itism > v, hence m — v > 0. We have that
DY (@) = Dy " @) = o [ =" ) at
@ @ r'(m-v)/, ’
and
1 r 1
Dy < ——m— —t)mr t)| dt
D @) < =g [ (=" e )
< ||90Hoo,[a,b] /ac (ZL‘ _ t)m_y_l dt — (CC - a)m—l/ H(pHoo,[a,b]
“I'(m-v) J, (m—v)I'(m—v)
=—""—(z— . 3.2
F(mfZ/Jrl)($ 2 (3-2)
That is
Do (2)] < Melloo o (x—a)™", Vz€la,b] (3.3)
@ “T'(m-v+1) ’ T '
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Hence D} (a) = 0.
Use also Theorem [T.2 O

Corollary 3.2 Letv > 0, v ¢ Nand m = [v]; ¢, D]_p € C ([a,b]). Then

m—1 DV JQO Vi 1 b o
r(y—g+1) (b—a) +P(V)/ (t—a)" ' Dy_o(t) dt. (3.4)

Jj=1

Proof. 'We have that

—(m— 1 b
Dl/—m = D (m V) = / — m—v—1
b— QO(II,') b— (p(l’) F(m—u) - (t .’B) Sp(t) dta
" ol
v— e [a b] m—v
D —=—(b— v b]. 3.5
‘ b— ‘—F( —V+1)< 1)) ) $€[G,] (3.5)
Hence D; "™ (b) = 0. Use also Theorem E O

We give also an interesting new fractional inequality of Ostrowski like.

Theorem 3.3 Let v > 0, v ¢ N and m = [v], with ¢ € C ([a,b]). Let also xy € [a,b] be fixed.
Assumed that D3, € C ([xo,b]) and D% _¢ € C([a,xo]). Then

b m—1
1 v— v—j
[ o) de = Y s [P (an) (= a0 DL w0) (i~ )]
a j=1
1 14 v

< 573 P50y 0 20 + 1Dl o (20— )]

max 3 ||[DY _¢ ar fN7) -
_ma{z, b 1251 9] (1 a4 0 1. o

Proof. 'We have that

m—1 z
$ X v—7 v— 1%
0 90 0>(x—1:0) J—i—y/ (x —t) leogp(t) dt, Vz € [z9,b]. (3.7)
o

Also we have

m—1

_ D;;_jgp (‘TO) v—j 1 o v—1 v
w(w)—;w(xo—x) +F(1/)/$ (t—a)" ' DY _p(t) dt, Va € [a,20]. (3.8)
Thus
m—1 D;O jSO (1'0) i 1 T vl
¢ (x) — Tw—j11) (x—x0)" 7 = o) /ﬂco(x_t) DY o (t) dt, Yz € [x0,b], (3.9)
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and

m—1

4130 Soxo) v—j 1 o v— v
ZF —jr1) er(y)/x (t—x)" "D ¢ (t) dt, Yz € [a,z0]. (3.10)

J=1

Therefore we get

m—1

b V j
) d 20 (b—zo) It = // — )" DY p(t)dtdz (3.11
/.TO o ZF Vﬁ] +2) ‘TO) xoY To v ( ) * ( )

Jj=1
and

o sy xo SO SL'()) v—j+1 1 o [0 v—1
/a ) do— ;F v—7+2) (o — a) :F(V)/a/ (t—x)"" "Dy _p(t)dtdz. (3.12)

T

Adding (3.T1) and (3.12) we derive
b m—1 1

,_ j+1 —j+1

b ,_/a¢(x) dx_;F (v—j+2) [Dyo @(0) (b= 20)” 7! 4 DY (0) (20 — )" 7|

[/ / (x —t)"~ 1D”0g0 dtdx+/ / —xz)"" 1D”0 @ (t) dtdx}. (3.13)
xo J x0

Therefore we obtain

\_F U/ (z — )" 1| DY o (t)] dtdx—l—/o/o(t— )1 DY _p (1) dtdx]
xo J T
[\ o Plloo [mb]// (¢ — )"t dtde + | DY _o| . MO]// (t—z)’~ 1dtdx]

1 v ,
= m |:H Q?()SDH ﬂUO,b] (b - 1'0 + + HD To— QOH amo] (IL‘O — a) +1:|
ma.X{HD;o*(pHoo OSDH [z0,b] } il "
= I(v+ 2) [(b —x0)" " + (w0 —a) ] : (3.14)
O

We finish with
Corollary 3.4 Assume all as in Theorem[3.3with 1 < v < 2. Then

b
[ ) o s (D2 ) = 20+ D2 ) (o = )

1920 ] gy & = 200+ D20l oy (20 — )]

a)l/—l-l

STw+2)

o (b= 20)" ! + (w0 —
mo‘PH [zo,b]} - )

I'(v+2) (3.15)

Ja,zo]

< max {[|D%, ¢,
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